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Preface

The aim of this second revision (third edition) of the Society’s successful Principles
of Naval Architecture was to bring the subject matter up-to-date through revising
or rewriting areas of greatest recent technical advances, which meant that some
chapters would require many more changes than others. The basic objective of the
book, however, remained unchanged: to provide a timely survey of the basic prin-
ciples in the field of naval architecture for the use of both students and active
professionals, making clear that research and engineering are continuing in almost
all branches of the subject. References to available sources of additional details
and to ongoing work to be followed in the future are included.

The preparation of this third edition was simplified by an earlier decision to
incorporate a number of sections into the companion SNAME publication, Ship
Design and Construction, which was revised in 1980. The topics of Load Lines,
Tonnage Admeasurement and Launching seemed to be more appropriate for the
latter book, and so Chapters V, VI, and XI became IV, V and XVII respectively,
in Ship Design and Construction. This left eight chapters, instead of 11, for the
revised Principles of Naval Architecture, which has since become nine in three
volumes.

At the outset of work on the revision, the Control Committee decided that the
increasing importance of high-speed computers demanded that their use be dis-
cussed in the individual chapters instead of in a separate appendix as before. It
was also decided that throughout the book more attention should be given to the
rapidly developing advanced marine vehicles.

In regard to units of measure, it was decided that the basic policy would be to
use the International System of Units (S.I.). Since this is a transition period,
conventional U.S. (or “English”) units would be given in parentheses, where prac-
tical, throughout the book. This follows the practice adopted for the Society’s
companion volume, Ship Design and Construction. The U.S. Metric Conversion Act
of 1975 (P.L. 94-168) declared a national policy of increasing the use of metric
systems of measurement and established the U.S. Metric Board to coordinate
voluntary conversion to S.I. The Maritime Administration, assisted by a SNAME
ad hoc task group, developed a Metric Practice Guide to “help obtain uniform
metric practice in the marine industry,” and this guide was used here as a basic
reference. Following this guide, ship displacement in metric tons (1000 kg) rep-
resents mass rather than weight. (In this book the familiar symbol, A, is reserved
for the displacement mass). When forces are considered, the corresponding unit is
the kilonewton (kN), which applies, for example, to resistance and to displacement
weight (symbol W, where W = pAg) or to buoyancy forces. When conventional or
English units are used, displacement weight is in the familiar long ton unit

(Continued)
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(2240 1b), which numerically is 1.015 X metric ton. Power is usually in kilowatts
(1 kW = 1.34 hp). A conversion table also is included in the Nomenclature at the
end of each volume

The first volume of the third edition of Principles of Naval Architecture, com-
prising Chapters I through IV, deals with the essentially static principles of naval
architecture, leaving dynamic aspects to the remaining volumes. The second vol-
ume consists of Chapters V Resistance, VI Propulsion and VII Vibration, each of
which has been extensively revised or rewritten.

Volume III contains the two final chapters, VIII Motions in Waves and IX
Controllability. Because of important recent theoretical and experimental devel-
opments in these fields, it was necessary to rewrite most of both chapters and to
add much new material. But the state-of-the-art continues to advance, and so
extensive references to continuing work are included.

November 1989 Edward V. Lewis
Editor
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CHAPTER VIII

Motions in Waves

Section 1
Introduction’

1.1 Ship motions at sea have always been a problem
for the naval architect. His or her responsibility has
been to insure not only that the ship can safely ride
out the roughest storms but that it can proceed on
course under severe conditions with a minimum of
delay, or carry out other specific missions successfully.
However, the problem has changed through the years.
Sailing vessels followed the prevailing winds—Colum-
bus sailed west on the northeast trades and rode the
prevailing westerlies farther north on his return voy-
ages. The early clipper ships and the later grain racers
from Australia to Kurope made wide detours to take
advantage of the trade winds. In so doing they made
good time in spite of the extra distance travelled, but
the important fact for the present purpose is that they
seldom encountered head seas.

With the advent of steam, for the first time in the
history of navigation, ships were able to move directly
to windward. Hence, shipping water in heavy weather
caused damage to superstructures, deck fittings and
hatches to increase, and structural bottom damage
near the bow appeared as a result of slamming. Strue-
tural improvements and easing of bottom lines for-
ward relieved the latter situation, and for many years
moderately powered cargo ships could use full engine
power in almost any weather, even though speed was
reduced by wind and sea. The same is true even today
for giant, comparatively low-powered tankers and
many dry-bulk carriers.

For many years the pilot charts issued by the U.S.
Navy Oceanographic Office still showed special routes
for “low-powered steamers” to avoid head winds and
seas. It should be emphasized that the routes shown
for the North Atlantic, for example, did not involve
avoiding bad weather as such, for eastbound the routes
for low and high-powered steamers were the same; but
they did attempt to avoid the prevailing head winds

'This section written by the editor.

and head seas westbound that greatly reduced the
speed of low-powered ships.

The situation is different for today’s modern fast
passenger vessels and high-powered cargo ships. In
really rough head seas, their available power is ex-
cessive and must be reduced voluntarily to avoid ship-
ping of water forward or incurring structural damage
to the bottom from slamming. Hence, maintaining
schedule now depends as much on ship motions as on
available power.

Similarly, high-powered naval vessels must often
slow down in rough seas in order to reduce the motions
that affect the performance of their particular mission
or function—such as sonar search, landing of aircraft
or helicopters and convoy escort duty. Furthermore,
new and unusual high-performance craft—compara-
tively small in size—have appeared whose perform-
ance is even more drastically affected by ocean waves.
These include high-speed planing craft, hydrofoil
boats, catamarans and surface effect ships, most but
not all being developed or considered for military uses.

A very different but related set of problems has
arisen in the development of large floating structures
and platforms that must be towed long distances and
be accurately positioned in stormy seas for ocean-drill-
ing and other purposes.

As seakeeping problems have thus became more se-
rious, particularly for the design of higher-speed
oceangoing vessels, rapid expansion began in the mid-
1950s in the application of hydrodynamic theory, use
of experimental model techniques and collection of full-
scale empirical data. These important developments led
to a better understanding of the problems and ways
of dealing with them. Along with remarkable advances
in oceanography and computer technology, they made
it possible to predict in statistical terms many aspects
of ship performance at sea. Furthermore, they could
be applied to the seagoing problems involved in the
design of the unusual new high-speed craft and float-
ing platforms previously mentioned.



In view of the increasing importance of theoretical
approaches to seakeeping problems, it is felt to be
essential to cover in this chapter in a general way the
basic hydrodynamic prineiples and mathematical tech-
niques involved in predicting ship motions in both reg-
ular and irregular seas (Sections 2, 3 and 4). Some
readers may wish to proceed directly to Sections 5-8,
which discuss more practical aspects of ship motions
and the problems of design for good seakeeping per-
formance.

The understanding of ship motions at sea, and the
ability to predict the behavior of any ship or marine
structure in the design stage, begins with the study
of the nature of the ocean waves that constitute the
environment of the seagoing vessel. The outstanding
characteristic of the open ocean is its irregularity, not
only when storm winds are blowing but even under
relatively calm conditions. Oceanographers have found
that irregular seas can be described by statistical
mathematics on the basis of the assumption that a
large number of regular waves having different
lengths, directions, and amplitudes are linearly super-
imposed. This powerful concept is discussed in Section
2 of this chapter, but it is important to understand
that the characteristics of idealized regular waves,
found in reality only in the laboratory, are also fun-
damental for the description and understanding of re-
alistic irregular seas.

Consequently, in Section 2—after a brief discussion
of the origin and propagation of ocean waves—the
theory of regular gravity waves of simple form is
presented. Mathematical models describing the com-
plex irregular patterns actually observed at sea and
encountered by a moving ship are then discussed in
some detail. The essential feature of these models is
the concept of a spectrum, defining the distribution
of energy among the different hypothetical regular
components having various frequencies (wave
lengths) and directions. It is shown that various sta-
tistical characteristics of any seaway can be deter-
mined from such spectra. Sources of data on wave
characteristics and spectra for various oceans of the
world are presented.

It has been found that the irregular motions of a
ship in a seaway can be described as the linear super-
position of the responses of the ship to all the wave
components of such a seaway. This principle of su-
perposition, which was first applied to ships by St.
Denis and Pierson (1953),? requires knowledge of both
the sea components and the ship responses to them.

Hence, the vitally important linear theory of ship
motions in simple, regular waves is next developed in
Section 3. It begins with the simple case of pitch, heave
and surge in head seas and then goes on to the general
case of six degrees of freedom. The equations of mo-

‘Complete references are listed at end of chapter.
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tion are presented and the hydrodynamic forces eval-
uated on the basis of potential theory. The use of strip
theory is then described as a convenient way to per-
form the integration for a slender body such as a ship.

Finally, practical data and experimental results for
two cases are presented: the longitudinal motions of
pitch-heave-surge alone, and the transverse motions
of roll-sway-yaw.

In Section 4 the extension of the problem of ship
motions to realistic irregular seas is considered in de-
tail, the object being to show how modern techniques
make it possible to predict motions of almost any type
of craft or floating structure in any seaway in prob-
ability terms. It is shown that, knowing the wave spec-
trum and the characteristic response of a ship to the
component waves of the irregular sea, a response spec-
trum can be determined. From it various statistical
parameters of response can be obtained, just as wave
characteristics are obtainable from wave spectra. Re-
sponses to long-crested seas are treated first, and then
the more general case of short-crested seas. Particular
attention is given to the short-term statistics of peaks,
or maxima, of responses such as pitch, heave and roll;
both motions and accelerations. Examples of typical
calculations are included.

Section 5 considers the prediction of responses other
than the simple motions of pitch, heave, roll, ete. These
so-called derived responses include first the vertical
motion (and velocity and acceleration) of any point in
a ship as the result of the combined effect of all six
modes, or degrees of freedom.

Consideration is given next to the relative motion of
points in the ship and the water surface, which leads
to methods of calculating probabilities of shipping
water on deck, bow emergence and slamming. Non-
linear effects come in here and are discussed, along
with non-linear responses such as added resistance and
power in waves. Finally, various wave-induced loads
on a ship’s hull structure are considered, some of which
also involve non-linear effects.

Section 6 discusses the control of ship motions by
means of various devices. Passive devices that do not
require power or controls comprise bilge keels, anti-
rolling tanks and moving weights. Five performance
criteria for such devices are presented, and the influ-
ence of each is shown by calculations for a ship rolling
in beam seas. Active devices, such as gyroscopes, con-
trollable fins and controlled rudders are then dis-
cussed.

Section 7 deals with criteria and indexes of sea-
keeping performance. It is recognized that, in order
for new designs to be evaluated and their acceptability
determined, it is essential to establish standards of
performance, just as in other chapters where criteria
of stability, subdivision and strength are presented.

Various desirable features of ship behavior have
been listed from time to time under the heading of
seakindliness. These include easy motions, (i.e., low
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accelerations), dry decks, absence of slamming and
propeller racing, and easy steering. For naval ships
important additional considerations include weapon
system performance, landing of helicopters and sonar
search effectiveness. This section considers in detail
specific criteria by which to judge whether or not a
ship can carry out a particular mission in a given sea
condition, speed and heading. These criteria usually
involve values of motion amplitude, velocity or accel-
eration at specific locations in the ship, or motions
relative to the sea affecting shipping of water and
slamming. Available prescribed values of acceptable
performance are tabulated for different types of craft
and various missions.

However, whether or not a ship can meet any of the
criteria depends on factors such as sea condition, speed
and heading. Therefore, a Seakeeping Performance
Index (SPI) is needed that takes account of all the
different sea conditions expected over a period of time
and the speeds and headings attainable in each. It
should measure the effectiveness of a ship in attaining
its mission or missions in service. Two basic SPIs are
described: A Transit Speed SPI and a Mission Effec-
tiveness SPL. The first applies particularly to merchant
ships whose mission is to deliver cargo and passengers
safely and promptly, and is expressed as attainable
average speed over one or more voyages without ex-
ceeding the applicable criteria. This SPI also applies
to some functions of naval ships. The second SPI, Mis-
sion Effectiveness, applies particularly to naval ves-

sels, but also to Coast Guard cutters, fishing vessels
on fishing grounds, oceanographic ships and floating
platforms. For such ships the SPI defines the effec-
tiveness of the ship in fulfilling specific missions or
functions, usually in terms of the fraction of time that
the ship can do so over a stated period. Methods of
calculating these SPIs are given, along with specific
examples.

Finally, having criteria and indexes of performance
whereby predictions can be tested, the naval architect
requires guidance as to choice of ship form, propor-
tions, natural periods of rolling and pitching, freeboard
forward and other characteristics favorable to good
seagoing performance. In Section 8 the theoretical
principles and experimental data developed in preced-
ing sections are applied to providing such needed
guidelines. Emphasis is on choosing the overall ship
proportions and coefficients, since they must be estab-
lished early in the design process and are shown to
have more influence on performance than minor
changes in full form. Consideration is also given to
above-water form and freeboard, and to added power
requirements in waves. Special design problems of
high-performance craft are discussed.

Consideration is also given to design procedures that
permit seakeeping considerations to be taken into ac-
count from the outset. It is shown that a choice among
alternative designs can be made on the basis of eco-
nomic considerations, for both commercial and naval
vessels.

Section 2
Ocean Waves®

2.1 Origin and Propagation of Ocean Waves. As
noted in Section 1, the outstanding visible character-
istic of waves in the open ocean is their irregularity.
Study of wave records confirms this irregularity of the
sea, both in time and space. However, one is equally
impressed by the fact that over a fairly wide area and
often for a period of a half-hour or more the sea may
maintain a characteristic appearance, because record
analyses indicate it is very nearly statistically steady
or stationary. At other times or places the sea con-
dition will be quite different, and yet there will again
be a characteristic appearance, with different but
steady statistical parameters. Hence, for most prob-
lems of behavior of ships and floating structures at
sea, attention can be focused on describing mathe-
matically the surface waves as a random, or stochastic,
process under short-term statistically stationary con-
ditions. Analysis of wave records has also shown that

* By William E. Cummins, with paragraphs by John F. Dalzell.

under such conditions they are approximately Gaus-
sian in character, i.e., wave elevations read at random
or at regular intervals of time have roughly a Gaus-
sian, or normal, probability density function. This char-
acteristic greatly simplifies the application of statistics,
probability theory and Fourier analysis techniques to
the development of suitable models.

The theory of seakeeping uses such mathematical
models of ocean waves, which account for variability
of waves in time and space, so long as conditions re-
main steady, permitting estimates of short-term ship
performance for realistic environmental conditions
over a relatively small area. These theories are based
upon mathematical wave theory as well as on the laws
of probability and statistics. The details of one model,
particularly as they concern the naval architect, will
be developed in this section.

However, for an overall understanding, as well as
for solving some seakeeping problems, the variation
in waves over long periods of time and over great
distances cannot be overlooked. It is useful, therefore,
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to review the physical processes of storm wave gen-
eration and of wave propagation in a general way.

Storm waves are generated by the interaction of
wind and the water surface. There are at least two
physical processes involved, these being the friction
between air and water and the local pressure fields
associated with the wind blowing over the wave sur-
face. Although a great deal of work has been done on
the theory of wave generation by wind, as summarized
by Korvin-Kroukovsky (1961) and Ursell (1956), no
completely satisfactory mechanism has yet been de-
vised to explain the transfer of energy from wind to
sea. Nevertheless, it seems reasonable to assume that
the total storm wave system is the result of many local
interactions distributed over space and time. These
events can be expected to be independent unless they
are very close in both space and time. Each event will
add a small local disturbance to the existing wave
system.

Within the storm area, there will be wave interac-
tions and wave-breaking processes that will affect and
limit the growth and propagation of waves from the
many local disturbances. Nevertheless, wave studies
show that if wave amplitudes are small the principle
of linear superposition governs the propagation and
dispersion of the wave systems outside the generating
area. Specifically, if {,(x, y, t) and (x, y, t) are two
wave systems, {,(x, y, t) + L(x, y, t) is also a wave
system. This implies that one wave system can move
through another wave system without modification.
While this statement is not absolutely true, it is very
nearly so, except when the sum is steep enough for
wave breaking to occur.

A second important characteristic of water waves
that affects the propagation of wave systems is that
in deep water the phase velocity, or celerity, of a sim-
ple regular wave, such as can be generated in an ex-
perimental tank, is a function of wavelength. Longer
waves travel faster than shorter waves. Study and
analysis of ocean wave records has shown that any
local system can be resolved into a sum of component
regular waves of various lengths and directions, using
Fourier Integral techniques. By an extension of the
principle of superposition, the subsequent behavior of
the sum of these component regular wave systems will
determine the visible system of waves. Since these
component waves have different celerities and direc-
tions, the propagating pattern will slowly change with
time.

[f the propagating wave system over a short period
of time is the sum of a very large number of separate
random contributions, all essentially independent, the
surface elevation is

Uz, y, ) = 2 Lix y t) (1)

and the laws of statistics yield some very useful con-
clusions. Since water is incompressible, the average

value of vertical displacement at any instant, ¢, in a
regular component wave, {;, is zero (if it is assumed
to be of sinusoidal form, as discussed subsequently),
and therefore the average value for the wave system,
(x, y, 1)), is also zero. However, the variance (or
mean square deviation from the mean) of {,, which is
the average value of {7 written ({?), is a positive
quantity that measures the severity of the sea. A fun-
damental theorem of statistics states that the variance
of the sum of a set of independent random variables
tends asymptotically to the sum of the variances of
the component variables. Thus, for a very large (infi-
nite) number of components, assumed to be indepen-
dent,

L = 2 L (2)

A final statistical conclusion is a consequence of the
central [imit theorem of statistics. In the case under
discussion, this theorem implies that {(z, y, t) will have
a normal (or Gaussian) density function, even if the
component variables {(x, y, ) are not distributed nor-
mally. The importance of this result is that the density
function of a normal random variable is known if its
mean and variance are known. Therefore, if the vari-
ance of the surface elevation in the multi-component
wave system can be estimated, its probability density
as a random variable is known. Ochi (1986) deals with
the analysis of non-Gaussian random processes.

These conclusions from the laws of statistics all de-
pend upon the previously mentioned principle of su-
perposition, which holds approximately but not
absolutely for water waves, and on the assumption of
independence of component waves. Therefore, the con-
clusions themselves are approximate and this should
be remembered. However, it has been found that over
the short term, deviations become significant only
when the waves are very steep, and even then pri-
marily in those characteristics that are strongly influ-
enced by the crests.

It will be shown that the short-term descriptive
model that has been described leads to a mathematical
technique for describing the irregular sea at a given
location and time, while conditions remain steady or
stationary. Each sea condition can for short periods
of time be as unique as a fingerprint, and yet, as with
a fingerprint, it has order and pattern, as defined by
its directional spectrum, to be explained subsequently
(Section 2.6). However, since the wind velocities and
directions are continually, albeit slowly, changing, the
short-term mathematical description will also change.
Hence, a broader model is also needed to cover large
variations in time, involving wind effects on growth
and decline of local wave systems, as well as propa-
gation and dispersion.

Fig. 1(a) symbolizes a storm-wave generation area.
It may be assumed that disturbances are being gen-
erated by the interaction of the wind and sea surface
throughout the storm area from the time the wind
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starts to blow over the region. Fig. 1(b) shows the
effect at an observation point (z, y, t) of a disturbance
at (z;, ¥, t;). Since a specific disturbance creates a dis-
persive wave system originating with a local interac-
tion between wind and sea, it has the form of radiating
waves spreading from the point (x;, ;). At any distant
observation point it will appear to be a system of locally
long-crested waves progressing from the direction of
the point of origin. The original action (e.g., an im-
pulsive displacement) is assumed to generate a band
of frequencies, each corresponding to a different band
of wavelengths. As different wavelengths advance at
different celerities, the longest waves will reach the
observation point first, and the observed average wave-
length will decrease with increasing time, (¢t — ¢,). The
total wave displacement, {, at the observation point is

the sum of effects due all disturbances in the gener-
ation area that are upwind of a line through the ob-
servation point perpendicular to the wind direction.
Because of angular dispersion, or spreading, the many
wave systems will come from different directions, and
the combined system will generally show short-crest-
edness.

[f there is a boundary to windward of the generation
area, a shore or the edge of the storm, the total wave
systems at a series of observation points will differ in
character as the points approach the boundary, as
there will be fewer disturbances propagating over the
observation point. This distance from the observation
point to the boundary is called the fetch. Also, if the
waves are observed at a fixed point, starting with the
inception of the wind, the wave system will grow with
time. The time interval between storm inception and
observation is called duration. If wind speed is steady,
while fetch and/or duration are increased, the sea
condition eventually takes on a statistically stable
structure which is called fully developed. Further in-
creases in fetch and duration have no significant effect
on the statistical characteristics of the wave pattern.

If the observation point is outside the storm area,
Fig. 1(c), then it is seen that the arriving seas, now
called swells, clearly have a more regular character,
depending upon the distance and area of the storm.
The crests of the various component wave trains be-
come more nearly parallel as the observation point
recedes from the storm area, with the result that actual
waves become more and more [ong-crested, that is,
the identifiable length of a wave crest becomes large
compared with the spacing between crests. Distance
or fetch has the effect of limiting the range of wave-
lengths (frequencies) reaching an observation point at
a given time, i.e., the greater the distance, the nar-
rower the bandwidth of frequencies. This filtering ef-
fect is due to the different celerities of the different
component wavelengths. The lengths of waves in this
band decrease with time, with the shortest identifiable
components being greatly attenuated and perhaps ar-
riving well after the storm has passed. These qualities
of long-crestedness and limited bandwidth are respon-
sible for the characteristic regular appearance of swell.

A complete long-term description can best be pro-
vided by specifying many spectra (short-term) for dif-
ferent points throughout the area under consideration,
and at regular increments of time. Despite the lack of
an entirely satisfactory theory of wave generation,
oceanographers have devised semi-empirical methods
of predicting the changing wave spectra by consider-
ing the effect of winds on the growth or decay of local
wave systems. For example, Pierson, et al (1955) de-
sceribed a method of accomplishing this, making use of
theoretical work of Phillips and Miles, as well as em-
pirical data. See Section 2.9.

Since the short-term irregular wave patterns ob-
served at sea will be described in terms of regular
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component wave trains of different frequency and di-
rection, it is important to consider next the character-
istics of simple gravity waves.

2.2 Theory of Simple Gravity Waves. In the hydro-
dynamic theory of surface waves it is assumed that
the crests are straight, infinitely long, parallel and
equally spaced, and that wave heights are constant.
The wave form advances in a direction perpendicular
to the line of crests at a uniform velocity, V., usually
referred to as celerity to emphasize that it is the wave
form rather than the water particles that advances.
Such simple waves are usually referred to as two-
dimensional waves. It is assumed in wave theory that
water has zero viscosity and is incompressible. It is
convenient also to assume that, although waves are
created by wind forces, atmospheric pressure on the
water surface is constant after the wave train has been
established.

The surface wave is the visible manifestation of
pressure changes and water-particle motions affecting
the entire body of fluid—theoretically to its full depth.
The motion of particles under the idealized conditions
can be characterized conveniently by a quantity known
as the velocity potential ¢ which is defined as a func-
tion whose negative derivative in any direction yields
the velocity component of the fluid in the same direc-
tion. From this function all of the desired wave char-
acteristics can be derived. Treatises on hydrodynamics
give the velocity potential for a two-dimensional wave
in any depth of water and express the resulting wave
form by a Fourier series (Korvin-Kroukovsky, 1961;
Lamb, 1924). If certain simplifications are introduced,
which amount to assuming the waves to be of very
small (theoretically infinitesimal) amplitudes, the so-
called first-order theory reduces the wave to the first
harmonic alone. (A more exact solution is discussed in
Section 2.3). The simplified potential is as follows:

_ cosh k(z + h)
¢ =LV sinh k&

The origin is taken at the still-water level directly over
a hollow, Fig. 2; x is the horizontal coordinate, positive
in the direction of wave propagation, and z is the ver-
tical coordinate, positive upward. This positive upward
convention is adopted for consistency with the work
on ship motions to follow, although it differs from some
references. Also

.sink(xz — V.t) (3)

{ is surface wave amplitude (half-height from
crest to trough)
L, is wave length
h is depth of water
k is the wave number, 27 /L,
V.is wave velocity or celerity
t is time

For the case of deep water (roughly & > L,/2) the
ratio

%._
1 el )

Fig. 2 Coordinates for waves

cosh k(z + h)
sinh ki

approaches ¢** and the expression for the velocity po-
tential becomes

b = —{V.e¥sin k(x — Vi) 4)

Hence, the horizontal and vertical components of water
velocity at any point in deep water are given by

u=— g_i) = kL V.e* cos k(x — V) (5)

and

w:

_9 _ kL Ve sin k(x — V.t) (6)
0z

If the path of a particular particle be traced through
a complete cycle, it will be found that in deep water
all particles describe circular paths having radii that
are [ at the surface and decrease with depth in pro-
portion to e*. Strictly, z should here be measured to
the center of the circular path described by the particle.
In shallow water the particles move in ellipses with a
constant horizontal distance between foci and with ver-
tical semi-axes varying with depth. At the bottom, the
vertical semi-axis is zero, and the particles oscillate
back and forth on straight lines.

To determine the foregoing velocities in any partic-
ular case, it is necessary to derive an expression for
wave velocity V,. Books by Milne-Thompson (1960) and
Korvin-Kroukovsky (1961), show that the conditions
of velocity and pressure at the surface of the wave
require that

Fb b _
3% + 955 (7)

Inserting Equation (3) for the potential in (7), it can
be shown that

V.2 = Z tanh kh (8

IS
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which defines the velocity of a wave in any depth of
water. Then in very shallow water (roughly 2 < L,./25)

2= gh 9
and in deep water (k > L,/2),
V:=g/k = gL,/ 2w (10)

For many problems the most important aspect of
waves is the distribution of pressure below the surface.
It is convenient to compute the pressure relative to
horizontal lines of constant pressure in still water. The
elevation £ of lines of equal pressure in a wave relative
to the still-water pressure lines, Fig. 2, is obtained from
the expression

19¢
g ot
which is derived in hydrodynamics texts (Lamb, 1924)
by means of Bernoulli’s theorem for a gravity force
acting on a body of fluid under uniform atmospheric
pressure, assuming that wave height is small (strictly
speaking, infinitesimal). Then for water of any depth
[ = kL V2 cosh k(z + h)
g sinh kh
Since from Equation (8) £V.2/g = tanh kh, this can
be simplified to
[ = zcosh(z + h)
cosh kh

In deep water (large k) the ratio cosh k(z + h)/
cosh kh approaches €, and

{ = e cos k(x — V.t)

{= (11)

cos k(x — V.it) (12)

cos k(x — V.t) (13)

(14)

These expressions show that contours of equal pres-
sure at any depth are cosine curves which are functions
of time when observed at a fixed point z, or a function
of distance z at a particular instant ¢,. Since e** de-
creases as z decreases, the contours of equal pressure
are attenuated with depth, approaching zero amplitude
as z = — . These contours are the same as those
generated by the orbital motions of individual parti-

cles.
To obtain the surface wave profile, z is taken equal

to zero in Equation (13) or (14). Then
L = { cos k(x — V.t)

for both deep and shallow water.

A more convenient form for the equation of a simple
harmonic wave can be obtained by using circular fre-
quency w = 27/ T,. The period T, is the time required
for the wave to travel one wave length, and hence the
relationship between wave length and period in deep
water can be derived from Equation (10).

L, _ (ZwLw) V2
(gL./2m)" g

(15)

T:

w (16)

L,
V.

Hence, circular frequency

2 ( 2w
T, \L.Jg

w =

)/2 = (ko) = kV, (7

and
Ly = { cos (kx — wt) (18)
When observed at a fixed point, withz = 0
L = L cos(— wt) = [ cos wt
Alternatively, if the wave profile is studied at ¢ = 0
L = { cos kx

The slope of the wave surface is obtained by differ-

entiation:

alo _ =
(—i;—ki; sin kx

The slope is maximum when kx = 7 /2 and sin kz =
1.0. Then

(19)

(20)

where £, is the wave height from hollow to crest. This
maximum slope occurs midway between a crest and a
hollow.

The contours of constant pressure that have been
derived in Equations (13) and (14) also indicate the
increase or decrease in pressure relative to still water
at any point in terms of depth or head. Hence, to obtain
the pressure p at any point we need only multiply the
head by density pg, or

p=p9(—z+ 0
In deep water, then, from Equations (11) and (14)
p = —pgz + {pge” cos (kx — wt)

As previously noted, z should be measured to the cen-
ter of the circular path described by the particle at the
point in question.

Evaluation of the equation for pressure in a deep-
water wave under the crest, at 2 below the original
still-water level (z = —2C), gives, for example

p = —pg(—20) + Lpge™ = plg(2 + &%)
and for £ = 0.015, and Z = 10, for example:
p = plg(2.0 + 0.74) = plg(2.74)

If the pressure were directly proportional to depth
below the surface, it would be pl¢(3.0) at this point.
The difference represents the so-called Smith effect
(Smith, 1883). Similarly, under the wave hollow at a
depth of 2 below still-water level (z = —27),

p = plg(2.0 — 0.74) = plg(1.26)
instead of p{ ¢(1.0). Thus under the crest the pressures
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are decreased, and under the hollow the pressures are
increased, by the Smith effect.

The energy in a train of regular waves consists of
kinetic energy associated with the orbital motion of
water particles and potential energy resulting from
the change of water level in wave hollows and crests.
The kinetic energy can be derived from the velocity
potential. For one wave length L, the kinetic energy
per unit breadth of a wave of small height is given in
books on hydrodynamics (Lamb, 1924; Korvin-Krou-

kovsky, 1961), as
L,.
652 a
A 0z

This is evaluated for a simple cosine wave as

% LPpgL,

The potential energy due to the elevation of water in
one wave length is obtained by taking static moments
about the still-water level. A unit increment of area is
{dx and the lever arm is {,/2. Hence, integrating,
potential energy is

w

pg(Lo/ 2)L,dx

Lo

= % pg Lidx

0

0

For a cosine wave,
L, = { cos k(x — V.t)
andatt = 0
L, = { cos kx
Hence, potential energy is
% CipgL,

These derivations show that wave energy is half
kinetic and half potential when averaged over a wave
length. Total energy is

% p9L’L,
Or the average energy per unit area of surface,
(21)

Another useful property of waves, especially irreg-
ular waves to be discussed in Section 2.6, is the var-
tance, or the mean-square value of surface elevation
as a function of time. In general, the variance of a
continuous function with zero mean is given by,

Ave. unit Energy = % PQZ2

T/2
@y =Lin g [ o (22)
N A
where the brackets ( ) indicate mean value of.
In the case of a simple harmonic wave, as given by
Equation (18) at x = 0, 7 can be taken as the wave
period, and it can be shown that

OB RN (23)

That is, the variance of wave elevation of a single cycle
of a sine wave is equal to one-half the square of the
amplitude. This theorem is also true for a finite number
of complete cycles, or in the limit as T’ — « in Equation
(22).

For the work to follow, the two-dimensional regular
wave can be considered to be a three-dimensional wave
train with straight, infinitely long crests, i.e., a long-
crested regular wave. Furthermore, with axes fixed in
the earth the surface elevation of such waves traveling
at any angle, pu, to the z-axis can be described by the
general equation,

Uz, y, t) = L cos [k(xcos p

(24)
where € is a phase angle. For the case u = 0 this
equation reduces to Equation (18), except for the phase
angle, which is needed when more than one wave is
present.

If a fixed point at the origin is considered (x = 0, y
= 0), the equation becomes

L(t) = T cos (—wt + €

+ ysinp) — ot + €

(25)°

Wave Properties. The following is a summary of
the properties of two-dimensional harmonic waves and
waves of finite height in deep water (any consistent
units):

Wave number k=2n/L,= 0/yg

Surface profile {, = Z cos k(x — V.t) (15)
(first approxima- _
tion) ={ cos (kx — wt) (18)

Velocity potential ¢ = —{ Vie* sin k(x — V) 4)

Wave celerity A 27 27 (10)
L V9T

Wave length “ g 2m (16)
Wave period T.=@nL,/g)" (16)
Maximum wave - 4

slope (first ap-  kf = 2n i = e

proximation) L., L, (20)
Wave energy per _

unit area %pgl? (21)
Wave variance & =4%L? (23)

In feet-seconds units:
Wave celerity V., =226L,"

7 is often taken to represent the complex amplitude, in which
case the imaginary part defines the phase angle and € is unnecessary.
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L,=5118T7,2=0.196 V2
T, = 0.442L,"

Wave length

Wave period

DIFFERENCE BETWEEN
STOKES AND SINE
WAVE - 2nd HARMONIC

\_ SINE WAVE

—_— -

STOKES WAVE

Fig. 3 Comparison of sine wave and Stokes wave

2.3 Waves of Finite Height. A hydrodynamic theory
of waves of finite amplitude, i.e., not infinitesimal as
previously assumed, was formulated by Stokes (1847)
and others. It corresponds with the observed fact that
actual waves have sharper crests and flatter hollows
than the simple cosine wave assumed in the preceding
section. The equation for velocity potential, which
leads with approximations to the simple harmonic
wave, yields a second-order wave profile when the ap-
proximations are not made. The solution can be ex-
tended with further refinements into a series
expansion, and therefore, the wave form, in principle,
can be expressed to any desired precision by taking a
sufficient number of terms. Actually, for all practical
purposes, the Stokes equation to the second order of
approximation is satisfactory for ship problems. Ex-
pressed as a function of x at fixed time ¢ = 0, in deep
water, the surface profile is

_ 72
{o=1Ccoskr +m
L,
In other words, the simple cosine curve is modified by
a harmonic which is half the length of the fundamental,
Fig. 3. The velocity of the harmonic wave, however,
must be the same as for the fundamental.

As wave height increases, the crest approaches a
cusp, the double angle of which is 27 /3 radians or 120
deg, which corresponds to a limiting wave height from
crest to trough of 0.14L,, or approximately % L,.. Real
waves will break well before this height is reached.

Consideration of water-particle velocities in a wave
of finite height reveals that the forward water velocity
at a wave crest is greater than the backward velocity
in the hollow. This difference in particle velocities,
when averaged over wave length, leads to the mean
velocity of water flow or mass transport

u = k*[*V.e (27)

when z is the mean particle depth at which the velocity
is sought. Hence, the particle motion is not exactly
circular.

It can be seen from Equation (27) that the velocity

cos 2kx (26)

reduces rapidly with depth. Even at the surface the
drift velocity is only of the order of 2 to 3 percent of
wave velocity, although it may be a significant per-
centage of the water-particle velocities.

While the Stokes wave, with its sharpened crest and
flattened trough, is a more accurate geometrical model
of real regular waves, it suffers from a limitation that
negates its value in treating storm seas and swell, and
the principle of superposition does not apply. If two
Stokes waves are added, the sum is not a valid wave
form. This is easily seen by simply adding two identical
waves, which is equivalent to multiplying Equation (26)
for ¢, by 2. But for this to be a valid Stokes wave, the
second term should have been multiplied by 4. It has
become standard practice to accept the slight errors
in wave shape of linear harmonic wave theory in order
to achieve simplicity in treating the additive wave sys-
tems that are characteristic of both sea and swell.
Errors in form become significant when waves become
steep enough to approach breaking, and when the ge-
ometry of the wave crest is a factor in the treatment
of a problem. But a correct mathematical analysis of
nonlinear short-crested irregular waves implies a great
increase in complexity (St. Denis, 1980).

2.4 Trochoidal Waves. From the early days of na-
val architecture it has been customary to make use of
a trochoidal wave in some ship-design problems. It is
a convenient form from the geometrical point of view,
but it fails to meet certain requirements of classical
hydrodynamics and cannot be derived from the velocity
potential. Its profile is almost identical with the second-
order Stokes wave. In deep water all particles within
trochoidal waves follow circular orbits about fixed cen-
ters at a constant angular velocity. In any horizontal
line of orbit centers, the radii are equal but the phase
of adjacent particles varies successively. In any ver-
tical line, all the particles have the same phase but the
radii of their orbits decrease exponentially as the depth
increases. Particles which, in still water, may be iden-
tified by the intersections of a rectangular grid, take
the positions shown by the intersections of the dis-
torted grid in Fig. 4 at some instant during the passage
of a wave. Those which were originally in the same
horizontal line lie on undulating surfaces, while those
originally in the same vertical line lie along lines which
sway from side to side, converging under the crests
and diverging under the hollows. The orbit centers are
somewhat above the still-water positions of the cor-
responding particles. The wave form travels to the left
when the generating circles, with fixed centers, revolve
counterclockwise.

The curve joining a series of particles originally in
the same horizontal plane is the same as that which
is generated by a point on the radius of a circle as the
circle rolls along the underside of a horizontal straight
line, as is evident from a comparison of Figs. 4 and 5.
Such curves, whose limit is the cycloid, are called tro-
choids. They are also contours of equal pressure.
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R = RADIUS OF ROLLING CIRCLE.
SEE FIG 5
-+—DIRECTION OF WAVE ADVANCE
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STILL WATER A VOLUME SUCH AS ABCD IN STILL WATER IS

DISTORTED AS AB'C'D' IN WAVE WATER

Fig. 4 Trochoidal wave motion

0 TRACK OF ROLLING CIRCLE
T T

Fig. 5 Geometry of trochoid

If we call the orbit radius » and the amplitude £,
then { = ». Quantities referring to the surface wave
are denoted by subscript 0; thus { = »,. If R is the
radius of the rolling circle and L, is the wave length
from crest to crest, L, = 27 R. To draw a trochoidal-
wave surface, the selected wave length is divided by
a convenient number of equally spaced points, and,
with each as a center, a circle of diameter equal to the
selected wave height is described. In these circles are
drawn radii at successive angles which increase by the
same fraction of 360 deg as the spacing of the circles
in relation to wave length. The curve connecting the
ends of those radii is the desired trochoid.

In Fig. 5, an ordinate z upward, and an angular
velocity w counterclockwise, are considered positive.
From an initial position, shown at the left, the large
circle is assumed to be rolling steadily, counterclock-
wise, and after time ¢ to have reached the position
OCP, having turned through the angle 8 = wt. In this
case 0 is positive since o is counterclockwise.

The parametric equations of the trochoid in Fig. 5
are

xr= RO + rsin @ = Rowt + 7 sin ot
z=R +rcosf =R + rcos wt

(28)

The radii of the circles in which the particles move
decrease exponentially with depth; that is, as in the
case of the harmonic wave

r = r,e

where r, is the radius of a particle at the surface, and
z is measured to the center of the circle in which the
particle moves.

The trochoidal wave is somewhat sharp in the crest
and flat in the trough like a simple wave in a model
tank, and like the Stokes wave, Fig. 3. Consequently,
for equal water volumes the lines of orbit centers must
be somewhat above the corresponding still-water lev-
els in order that the amount of water in the crest will
equal the amount removed in the hollow. It can be
shown that this rise of orbit centers is 7*/2R, Fig. 4.

Although the trochoidal wave is reasonably realistic
for waves up to about L /20 in height, the limiting case
of R = r gives an impossibly steep wave with very
sharp cusps. Other characteristics of the trochoidal
wave, such as velocity, period, pressure change with
depth, are the same as for the simple harmonic wave
previously discussed.

Obviously the pressure at any point-on the surface
of a wave is atmospheric. Furthermore, the sum of all
the hydrodynamic and buoyant forces acting on a sur-
face particle is perpendicular to the surface, as dem-
onstrated by Froude with a little float carrying a
pendulum. Although this statement can be proved on
the basis of the theory of a simple harmonic wave, it
is most easily demonstrated by means of trochoidal
theory.

Following Froude’s approach, it is convenient to deal
with the inertial reactions to the water-pressure forces
acting on the particle P in Fig. 6, although the latter
could also be determined directly. As previously
shown, the buoyancy and hydrodynamic pressure
forces in the wave cause the particle to move in a
circular path, and the equal and opposite reactions
consist of gravity mg acting downward and a centrif-
ugal reaction QF"' resulting from orbital motion of the
particle
mre®
It can be shown that in a trochoidal gravity wave »®
= g/R and therefore the centrifugal reaction is

mg(r/R)

The resultant is PF in Fig. 6.
In triangles QCP and F'FP, PF' is in line with QP
and F"'F is parallel to QC. Also
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Fig. 6 Inertial reactions on water particle in trochoidal wave

Hence the two triangles are similar and PF, the
resultant, is in line with CP and normal to the tro-
choidal surface. Any particle in the surface is acted
upon, therefore, by a resultant pressure force which
is normal to the surface. The net wave pressure force
on the particle is equal and opposite to PF. Since no
tangential force exists, the surface must be one of
equal pressure.

2.5 Compound Gravity Waves. The highly idealized
simple harmonic regular wave provides the hydrody-
namic basis for short-term stochastic models of ocean
waves, but its physical existence is for practical pur-
poses limited to the laboratory. As described in Section
2.1, natural waves may usually be considered to be
sums of many independent regular waves—or surface
disturbances which can themselves be treated as sums
of simple regular waves. Before treating these sto-
chastic models, it is useful to consider several com-
pound wave systems that exhibit important physical
effects, even though they are just as idealized as the
regular progressive wave.

(a) Standing Waves. Suppose we superimpose
two regular waves of the same amplitude and period,
but travelling in opposite directions. From Equation
(18) the sum of surface elevations can be written

{(x, t) = L [cos (kx — wt) + cos (kx + wt)]
= 27 cos kx cos wt

(29)

When t = 0, T, 2T, - - -, the wave form is a cosine
curve with crestsatx =0, L, 2L,, - - -. When ¢ =
% T, %T., - - -, the form is the negative of the first
form, with troughsatx =0, L,,, - - -. Whent = /7,
% T., ..., the surface is completely flat. At inter-
mediate times, the surface has the same shape as at
¢t = 0, but with amplitude 2 cos wt. Thus, the crests
never move but decrease in place and become troughs
after passing through zero. This is known as a stand-
ing wave. By adding the velocity potentials of the two
component progressive waves, it can be shown that
the particle velocity at = 0 is always vertical, and
atx = L,/4,3L,/4, - - -, (the nodes), the velocity is
always horizontal. Therefore, the wave form is the
same as it would be if a wall were placed at x = 0,
and, in fact, a standing wave is generated when a
progressive regular wave is reflected from a vertical
wall perpendicular to its direction of advance.

(b) Wave Groups. It is frequently observed that
natural waves may appear to exist in packets or
groups, with relatively calm patches between groups.
In effect, the waves have an envelope that itself rises
and falls with time and distance. This phenomenon is
particularly characteristic of swell waves and is of
importance in wave propagation.

An idealized wave group pattern can be simulated
by a sum of two progressive waves of the same am-
plitude but with slightly different frequencies, moving
in the same direction. Thus,

Uz, t) = T [cos (k, x — w,t) + cos (k,x — w,t)]
=27 cos Y[(k, + ky)x — (0, + @;)t]
cos % [(k, — k)x — (0, — ©,)t] (30)
The first cosine factor in this equation has the form
of a progressive regular wave with wave length
L,=2m/%(k, +k,)

or,

1,1

L. L, L,
Thus, the wavelength of this factor is the harmonic
mean of the wavelengths of the two components. The

factor is multiplied by another cosine factor with wave-
length,

L, = 2w/ Yk, — ko)
and period
T, = 2w/ f(w, — @)

Since k, and k, have been considered to be nearly
equal, the wavelength of this factor is very large com-
pared with the wavelength of the first cosine factor.
Therefore, it behaves like an envelope slowly advanc-
ing. It has the velocity,
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Fig. 7 Typical record of irregular sea taken at a fixed point

Sw
V,=L,/T, = o
or, in the limit, as dw, 8k approach zero,
_do _ d(kV,) _ dv.
Vg_ﬁ*‘dk _V‘+kdk (31)

This is known as the group velocity. When the water
is very deep its value approaches V./2, or one-half the
celerity of the progressive waves under the envelope.
If a particular wave crest is followed, starting at the
rear of a group, it will move forward through the
group, growing to a peak value, and then shrink and
disappear as it approaches the leading boundary of the
group. In the case of shallow water, the group velocity
approaches V.. In this case, individual waves maintain
their identity within the group, which advances at wave
celerity without change in wave form.

This model of groups is idealized, but group velocity
and group behavior are important aspects of wave
propagation. A wave group can be considered a con-
centration of wave energy, and group velocity is the
velocity of advance of wave energy.

Studies of the statistical characteristics of wave
groups under real conditions in the open ocean have
been reported by Kimura (1980), Longuet-Higgins
(1984) and others.

An important practical consequence of wave group
behavior is that the time required for the wave energy
of a given frequency to arrive (in deep water) at a
specific location is twice that which would be estimated
from wave celerity.

2.6 Waves in the Open Ocean.

(a) A short-term model with constant amplitude
components. A conceptual model to describe ocean
waves has been presented in Section 2.1. It is possible
to give the short-term model more precise mathemat-
ical form at this point, one that has become extremely
useful in the treatment of ship motions in natural en-
vironments. As previously explained, the wave system
in the neighborhood of a particular place and time is
assumed to be the sum of many regular waves, each
progressing in its own direction and celerity. (The
changing long-term situation is discussed in Section
2.9).

It is convenient to begin with the simple case of the
wave pattern observed at a fixed point (x = 0, y =
0), neglecting consideration of the different directions,

w, of wave components, Fig. 7. This is equivalent to
assuming that all wave components travel in the same
direction, with u = 0, resulting in a long-crested ir-
regular wave observed at a fixed point. Later the ef-
fects of wave direction and moving point of
observation will be considered. Following St. Denis and
Pierson (1953), each of the large number of wave com-
ponents is assumed to have a definite frequency and
a random phase angle. The form for the equation of
any component wave is as given in Equation (25),

{(t) = Zi cos (—w;t + ) (32)

where 7, is a component amplitude corresponding to
wave frequency w;, and ¢; is the random phase angle.

The total wave system is then assumed to be a sum-
mation of many (theoretically an infinite number) of
independent components,

{(t) = Z Zi cos (—w;t + ¢) (33)
It has been found convenient to define these wave
components in terms of a function known as a vari-
ance spectrum, S(w). This function is also referred to
as a point spectrum, since the wave is observed at a
fixed point without consideration of the directions of
component waves. At any particular wave frequency,
w;, the variance of all the wave components within a
small finite frequency band, 8w, centered upon w; is
given by
({L(8)*) = S(w)) dw (34)
Finally, in the limit as 8w — 0 this reduces to the var-
iance of a single infinitesimal harmonic component.
It has been shown in Section 2.2 that for a simple,
regular wave (one cycle or an infinite time)
<€i(t)2> = l/zZiz (35)
Hence, if it is desired to visualize the amplitudes of
the wave components, we can substitute Equation (35)
in (34), so that
1/24_.2 = S(w;) dw
and a component amplitude is

{; = V2 S(w;) b0 (36)

in the limit as 8w approaches zero. Of course, it cannot
be evaluated directly, but it can be approximated when
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dw is taken to be very small. See Fig. 8.

More important than the component amplitudes,
however, is the total variance of the wave system,
usually designated £, which is a good measure of the
severity of the sea.

E = L(4)?)

The components on the right-hand side of (33) have
been assumed to be independent random variables by
virtue of their random phases. Since, as noted in Sec-
tion 2.1, the variance of the sum of a large number of
independent random variables approaches the sum of
the variances of these variables, Equation (2) gives

E = ((t)?) = 2 (1))
or integrating Equation (34) and substituting,

E= f S(w) dw 37)

That is, the area under the spectrum is equal to the
variance, E, of the wave system.

Referring to the typical plot of a variance spectrum
at a point (Fig. 8), the areas of the elemental rectan-
gles, S(w;) 8w, may be seen from (34) to define the
variances of the wave components® Strictly speaking,
the foregoing interpretation of the spectrum in terms
of component waves is valid only for the limiting case
dw — 0 and the number of components — .

By Equation (36) the elemental rectangles also define
the amplitudes of the components in the limit. How-
ever, when a large number of components is assumed,
say 15 or 20, a fair finite-sum model of a unidirectional
(long-crested) sea is obtained. (A multi-directional,
short-crested, sea requires many more). Since any par-
ticular rectangle represents the variance in that band
of frequencies, a wave of the indicated finite amplitude
would have the same variance as the infinite number
of components within that band. Hence, the algebraic
addition of these 15 or 20 component waves, shown at
the bottom of Fig. 8, will give a pattern that has the
same total variance and closely resembles the record
from which the spectrum was obtained. It will also
have many of the same statistical properties. However,
we can never match the record exactly, no matter how
many components are assumed, for although an arti-
ficial wave can be made to repeat itself, a real ocean
wave record never does so. This is actually no handi-
cap, for it is statistical information that we ultimately
need for application to ship design.

It is of interest to plot five or more sine curves
through several cycles and to add successive ordinates
algebraically or to carry out the same procedure on
an electronic computer. The resulting curve will dem-
onstrate clearly that the sum of even a small number
of regular sine waves is an irregular pattern, provided
that the component waves are in random phase.

It should be emphasized that the component waves
are not directly visible either at sea or in a wave record.
However, the variance spectrum defining these com-
ponents can be obtained from a wave record by ap-
plying the techniques of generalized harmonic analysis
(Wiener, 1930, 1949), provided that the record is long
enough (15 to 20 min) and that sea conditions remain
steady. Such records have been obtained mainly by
means of shipborne recorders aboard stationary ves-
sels (such as weather ships). Airborne laser and radar
scanning have also been used, and radar altimeters on
spacecraft are under development (Pierson, 1974).

In the analysis procedure developed by Tukey (1949)
and Rice (1945 and 1954) points are first read from the
record at equal increments of time. Then the autocor-
relation function of the data sample is obtained by
evaluating the integral

f Lty - Lt + 7 dt

for discrete values of time lag, 7. The raw point spec-
trum is then obtained by taking the Fourier cosine
transform of the autocorrelation function. Some

M
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Fig. 8 Typical variance spectrum of waves, showing approximation by a
finite sum of components
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1962)

“smoothing” of the raw spectrum is desirable to im-
prove the accuracy of the estimate, involving one of
several smoothing functions. Finally, the theory pro-
vides a means of evaluating the accuracy, that is, de-
fining the confidence bands of the spectral estimates,
taking account of the sampling interval 8¢, the number
of data points in the sample, and the number of lags.
(The procedure is summarized by Korvin-Kroukovsky
(1961), and discussed in detail by Bendat and Piersol
(1971).

The foregoing operations can be readily carried out
on a digital computer. However, in recent years, it has
been found to be more expeditious to employ standard
Fast Fourier programs, which also provide superior
resolution (Bendat and Piersol, 1971). The effects of
using different analysis methods on the same data are
considered by Donelan and Pierson (1983). Many ex-
amples of point spectra have been derived from ocean
wave records. Several of these are shown in Fig. 9.

It should be noted that some authors prefer to use
a spectrum form based on wave period rather than
frequency, since it is more consistent with wave ob-
servations and when plotted gives more emphasis to
the important low frequencies and less to the less
important high frequencies.

It has been shown in Section 2.2 that energy per
unit surface area in a simple harmonic wave is pro-
portional to the square of the amplitude, or, more spe-
cifically,

Unit Energy = % pgl? (21)

Equations (34) and (35) show that the variance of the
wave components within a band of frequencies, dw, is

(L()*) = S(,) 80 = % 1* (38)

which differs only by a factor of pg from the unit
energy of Equation (21). Hence, the spectrum S{w),
which describes the allocation of the variance of a wave
system among components can also be considered an
allocation of Energy/pg. For this reason, it is some-
times called, somewhat loosely, the energy spectrum.

Note that if the sea were unidirectional, or long-
crested, the point spectrum, together with the direc-
tion, would be a complete statistical definition of the
seaway, assuming it to be a Gaussian random process,
with zero mean. This condition is sometimes approxi-
mated in nature when the predominant waves are from
a single distant storm.

Although the variance E, obtained from a point spec-
trum is a good measure of the severity of any sea, it
will be shown that the seaway can be more completely
characterized by considering the component wave di-
rections by means of a directional spectrum. Coming
now to this more general three-dimensional case, a
single wave train is described by Equation (24). The
general equation for the total wave system of com-
ponents moving in different directions, u, is then

Uz, y, t) = Zz L, cos [ki(x cos u,

+ ysin ;) — ot + €] (39)
In a manner similar to the case of the point spectrum,
the wave elevation may be considered at a point (x =
0; y = 0), but component wave direction, u, must still

be accounted for. Hence,

() = 3 Tycos (—at + €) (40)

and

W =E=4%231,

= f ) f 7 S, ) dudo (41

where the variance £, as previously noted, is an im-
portant statistical parameter, and the components are
defined by both frequency, w, and direction, u, with ¢
and j referring to specific values of w and p, respec-
tively, and the directional spectrum S(w, ) defines the
allocation by frequency and direction of the variances
of the components of the wave system. Each of the
infinite number of wave components is assumed to
have a definite frequency and direction, with random
phase angle. The component amplitudes are defined
for the incremental areas, Swdu, in the limit as 8w and
éu — 0, when
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(b) OBSERVED SPECTRUM (CANHAM, ET AL 1962)

Fig. 10 Typical directional sea spectra

L, = V2S(w, p;) 8wdu (42)

Thus, S(w, ) defines the sea state more completely
than the point spectrum. See Fig. 10(a) which can be
considered an idealized contour plot of a three-dimen-
sional figure in which the axis perpendicular to the
paper represents S(w, u). A typical directional spec-
trum obtained from wave buoy records is shown in
Fig. 10(b) (Canham, et al, 1962). An alternate form of
plotting is given in Fig. 11. The latter can be considered
to represent the long-crested irregular wave trains of
different average directions that superimpose to form
the short-crested sea in the limit as §u — 0.

Integrating the directional spectrum, Equation (41),
with respect to u leads to

f S do = %3 {:=E (43)
0 1
where S(w) is the point spectrum previously discussed.

(b) Generational Theory of Ocean Waves.
Another less simple stochastic model of ocean waves
takes account of the process of generating a storm
sea by assuming that the separate disturbances gen-
erated in the storm areas, as discussed in Section 2.1,
are in the form of wave groups rather than simple
trains of regular waves. These component systems
superimpose on one another and propagate away from
the generating area. The final result of this approach
would be a mathematical model that differs from the
simpler case in that Equation (39) requires another
factor representing a wave component of fixed fre-
quency, o —a carrier in electronics terminology—and
the substitution of (w; — w) for w; to account for the
slow amplitude modulation.?

The examples of directional spectra shown in Figs.
10 and 11 apply equally to the present model and to
the simpler one previously given, but in the present
case the spectra will change slowly with time.

Both models are local, in the sense that they describe
the statistical behavior of storm waves in the imme-
diate neighborhood of a geographical point. However,
the first model has the form of a stationary or statis-
tically constant sea over all space and time. The second
model readily allows for changes due to such effects
as fetch and duration. In the first model, any reali-
zation based upon a discrete set of sine waves will
have a random but constant phase between compo-
nents of the same frequency but different directions,
which is inconsistent with the second model. It should
be noted that any realization based upon discrete sine
waves, even if a large number of components is as-
sumed, may lead to erroneous correlations among ship
responses (phase between heave and pitch, for ex-
ample). While the simple statistical parameters will

®(This model, conceived by Dr. W.E. Cummins, has not been de-
veloped in detail. —Ed.)
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generally be identical between the two models, more
complex measures that involve two or more responses
may behave quite differently. Further treatment of this
question is beyond the scope of the discussion here,
and in fact it is an area of controversy and continuing
research. This second model is discussed, not just to
provide a better understanding of the storm sea, but
to lay a foundation for treating complex ship-wave
interaction.

(¢) Characteristics of point spectra. A typical rec-
ord of waves observed at a fixed point is a continuous
irregular function of time, such as Fig. 7, that never
repeats itself exactly. The continuous line in Fig. 12
might represent a segment of such a record of length
T. If it is assumed to be a zero-mean process, its var-
iance is given mathematically by

) _ . 1 T/2 .
(t)® = Lim Tf £2(¢) dt

T-

(22)

Therefore, the variance can be approximated by taking
measurements of a large number of closely spaced
deviations from the mean line, squaring them and in-
tegrating numerically. But we have seen that the area
under the point spectrum, £, is also equal to the var-
iance of the process (Equation 37). Hence, if the spec-
trum is known, the variance can be easily obtained by
integrating the spectrum. Alternatively, if one com-
putes the variance directly from the wave record one
obtains the area under the unknown spectrum, but not
its shape.

A normal distribution is completely defined when the
mean and variance are known. The mean here is zero,

Angular components of directional sea spectrum

and the variance has been shown to be E. The prob-
ability density function for {(¢) is then

(44)

1
= exp (—{*/2F

p© N p (= )
the familiar bell-shaped curve shown in Fig. 13.

For most practical purposes, however, we are more
interested in the statistics of visible or “apparent”
properties of the wave record than in its Gaussian
properties or its invisible component waves. Fortu-
nately, the shape of the spectrum supplies a great deal
of useful information about the visible characteristics
of the ocean wave system to which it corresponds.

As mathematical functions, spectra are always non-
negative (since they represent a squared quantity: the
variance), but with a finite area, E. An infinite area
would imply an infinite mean square surface displace-
ment. Point spectra (Figs. 8 and 9) rise to one or more
peaks or modes, and then vanish at very high fre-
quencies. The modal frequency corresponding to the
highest peak of a spectrum is designated w,,, and the
corresponding period, 27/ w,, is designated T,,. The
frequency of greatest variance density is w,,, and it is
frequently used as an identifying parameter, together
with E, in analyses using sets of spectra. The period
T,, is sometimes called the most probable period, but
this is an erroneous concept, as the point spectrum is
not in any sense a probability density function. While
this parameter has intuitive significance, it should be
used with caution in discussion of spectra derived from
wave records. It can be shown to have poor sampling
characteristics, since its precise value depends solely
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upon the variation of S(w) in the immediate neighbor-
hood of w,,, and the small errors that are inherent in
the calculation from a specific wave record can result
in large shifts in the position of the peak.

More meaningful frequency parameters can be ob-
tained from the set of moments, which depend on
spectrum shape

m, = Jm o" S(w) dw (45)

where 7 is an integer. In particular, the area, m,, is
the variance or £. These moments have better-behaved
statistical sampling characteristics than T,,, as they
depend upon all values of S(w). The moments m, and
m, have a dynamic significance that can be shown by
differentiating Equation (33) with respect to time.

{(t)=2 — o {;sin[wt + €]
= Z — Zi cos [w,-t + (ei - g)] (46)

By analogy with Equations (85) and (36), giving the
component amplitude of wave elevation and its vari-
ance, the amplitude of component vertical velocity
must be w; {; and the variance of component velocity

((o; Z,-)2> = 1/2 (w; Zi)z = (ﬁ’fz S(w,)) dw

Hence, the spectrum of velocity, ¢ (¢), is seen to be
0’S(w). Similarly, the spectrum of acceleration,
L (t), is w'S(w). Therefore,
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There are a number of descriptive parameters that
can be computed from the spectral moments, which
are valuable for characterizing the visual appearance
of the wave record. These include the zero-crossing
period (average time interval between zero upcross-
ings), average peak-to-peak period, average slope, av-
erage wavelength, and average wave height (vertical
distance, trough to crest). The quantities being aver-
aged are illustrated in the sample time record shown
in Fig. 12, except for wave slope which is not defined
in a time record.

Average period of component waves,

f TS(w)dw/f S(w) do

20 m_,/m,

T,

(49)

Period corresponding to average frequency of com-
ponent waves,

~1

T,

ZW(JM w S(w) dw/mo)

(50)

Average period between zero upcrossings of £(t),
see Price and Bishop (1974),

T, = 2m\m,/m, (51)

Average period between peaks (maxima) or hollows

(minima),
T.=2ax\ymy,/m,

2rmy,/ m,

(52)

m, = (L (1)) (47) .
“ A statistical measure of the slope of the wave sur-
m, = (L (t)%) (48) face (' is its variance,
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(L)) = m,/g* (53)

o\ oL\
Nt =[2) 4+ (=2
©) (é)x) (Gy)
See Section 2.7 and Cummins and Bales (1980).

Average wave length between zero up-crossings
(Price and Bishop, 1974),

where

Ly =L (54)
2

In considering visual wave amplitudes and heights,
we note first that, as a consequence of the zero-mean
Gaussian assumption, the process is statistically sym-
metrical about the zero line. For example, in the long
run the average positive deviation from zero is equal
to the average negative deviation. More importantly,
in the present context, the Gaussian property requires
that the maxima and minima of a record also be sta-
tistically symmetrical.

In the wave and ship response processes of interest
the qualitative behavior sketched in Fig. 12 is not un-
common; that is, small short-period oscillations some-
times ride on long-period oscillations. Thus the
possibility arises that there can be more than one max-
imum in an excursion of the process above zero. This
necessarily means that there can also be minima that
are positive. Thus, in contrast to the usual “givens”
about maxima and minima of sinusoids, we have the
prospect of dealing with positive maxima, negative

maxima, negative minima, and positive minima, as il-
lustrated in Fig. 12.

The maxima of the process are random variables, £,
that are derivable from the process. The theory for
the probability density of all maxima (or minima) of a
stationary zero-mean Gaussian process was first
worked out by Rice (1945), and extensively discussed
by Cartwright, et al (1956). The most compact form of
the result is obtained by normalizing the dimensional
maxima by m, = E (the root-mean-square value of

the process):
= = E/ym,

Then the probability density of the non-dimensional
maxima, =, may be written (Cartwright, et al, 1956)

&= —
p =
=T = @exp [-Z22/2] bEVT = ez/e)] (55)

where the so-called spectral broadness parameter e,
is

[e exp [—(E/¢€)?/2]

2
m,
1 —

mom,

and the function, ¢(E1 — €/¢), is defined:

=J1 - é/e
$ENT= e = |

exp [—v?/2] dv.
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amplitudes in record of irregular waves in a model basin

where v is a dummy variable.

The most important thing to note about the result
is that the probability density of maxima is completely
defined (through Z and €) by the first three even spec-
tral moments, m,, m,, and m,. Once the spectrum is
known, the moments can be worked out, and the prob-
ability function of the maxima is defined. Recalling
Equations (51) and (52), € can be expressed as:

e =+1—-(T,/T,)? (56)

and it can be seen that this parameter is related to the
ratio of the average period between peaks and the
average period between zero up-crossings. When there
are no multiple maxima in any excursions of the proc-
ess above or below zero, T, = T,, ¢ = 0, and the
spectrum is called narrow band. When € = 0 is sub-
stituted into Equation (55) the result is:

p(E) = Zexp [—-E%/2] (57)

which is a non-dimensional form of the Rayleigh den-
sity function shown in Fig. 14. Conversely, when there
are a very large number of maxima within each ex-
cursion of the process above or below zero, T, <<T,
and € - 1; the spectrum is considered broad.® Substi-
tution of € = 1 into Equation (55) yields a non-dimen-
sional Gaussian density function:

_ 1
P(E) = —— exp [—=2/2]
27

(58)

® Note that a white noise spectrum of infinite broadness has an
€ of only %,

Essentially, the probability density functions for the
maxima of the process given by Equation (55) make a
continuous transition from the Rayleigh to the Gaus-
sian density functions, dependent upon the relative
broadness of the spectrum.

Another measure of magnitude customarily used is
the estimate of the average value of the 1/ nth highest
maxima of the process. To illustrate the idea, if 1000
maxima were measured from a sample, the average
of the 1/10th highest would be obtained by first iden-
tifying the highest 100 maxima and then averaging
them. The analogous estimate from the theory is il-
lustrated by Fig. 15, which represents a probability
density of maxima, p(Z). The shaded area in the tail
represents a probability (1/%) that a maximum will
exceed Z,,,. Mathematically this is written:

(Zy,)

It
~—

(=

| 2.

—_
=
=,

& /n

—_—

Fig. 15 Definition of (Z,,.) in relation to p(E)
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Fig. 16 Graphs of (Z,,,) the average of the 1/nth highest maxima as a
function of ¢, for n = 1,2,3,5, and 10 (Korvin-Kroukovsky, 1961)

Prob [Z > Z,,,] = (59)

- f p(E) d=

S|

Given an expression for p(Z) [Equations (55), (57), (58)],
the value of =,,, may be worked out numerically from
Equation (59). The statistical mean value of the values
of = above Z,,, is then:

o

(Eyn) = m f = p(E)d=

Zi/n

(60)

which is the abscissa of the centroid of the shaded area
in the figure, and the statistic desired.

Because the parameters in Equation (55) are non-
dimensional, the process just outlined can be per-
formed numerically once for all as a function of = and
e. The result is given in Fig. 16 (Cartwright, et al 1956).
To illustrate practical use, if the spectral broadness
parameter, ¢ = 0.8, and the average of the % highest
is desired, (£,,) =~ 2.0, and in this case the average

of the % highest dimensional maxima is 2.0y/m,.

The most common practical measure of wave (or
response) magnitude is the significant amplitude.
This is taken to be the average of the % highest max-
ima. Another common measure is the average of the
tenth highest. It will be noted from Fig. 16 that for

broadness parameters, €, less than 0.5 or 0.6 the de-
pendence of <El/a> and (El/w) on € is relatively small.
In this range of ¢ if the value of (Z,,,) is taken as
that for the narrow-band case (¢ = 0) the error com-
mitted is typically less than 10 percent. Fortunately,
for most cases of interest (especially ship responses)
the broadness parameter is less than 0.6. In the event
a double amplitude is required (as wave height), the
values for a narrow-band process are doubled.

Thus various statistical values of wave properties
can be calculated from £ = m, by taking advantage
of the fact that the peak-to-trough wave heights, as
well as maxima, of a record follow approximately a
Rayleigh density function. (See Fig. 14). For this pur-
pose, from Equation (57), the probability density func-
tion of the wave height, %, (Fig. 12), may be written

plh) = 2 exp (—h,2/8E) (61)

4F
From this law, useful parameters are: _
Average apparent wave height, crest to trough (2{)
is,
(h,) = 25E"
or average amplitude
({) = 1.25E"

Similarly, the average of the 4 highest waves, or sig-
nificant height:

((h),,) = 4.0E™

And the average of the }, highest waves is
((hu)y,) = 5.1E"

As explained in Section 4, all of the above relations
apply also to most ship responses to ocean waves.
These measures are of a magnitude that would often
be noticed in a relatively short observation of the proc-
ess. There are occasions, however, when it is desired
to estimate magnitudes of wave or response maxima
that are unlikely to be exceeded very often; that is, to
estimate extremes. The statistical theory of extreme
values used in conjunction with the narrow-band as-
sumption results in the estimates for the expected
highest in a sample of N successive wave heights,

N=100, 65E"
N =1000, 1T.7E"
N = 10,000, 89E"*
However, if a large number of samples of the stated

size are taken, 5 percent of them would be expected
to have maximum heights as follows:

N =100, 78E"

N = 1000, 8.9E "
Since the heights given were arrived at by doubling
the results for maxima, estimated values of the cor-
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responding amplitudes may be obtained by halving the S(w, p) = S(w) M(n) (62)
numbers given above.

(d) Characteristics of directional spectra. All of
the parameters that have been defined for point spec-
tra apply equally well for directional spectra, but ad-
ditional parameters are needed to characterize the

where S(w) is the point spectrum and M(u) is called
the spreading function. It is common practice to take

directional qualities. In most applications it is conve- M) — 1 w (B T
nient to assume that S(w, p) is separable into two () = o cos )2 O = s < Huw < Ko
factors, one a function of frequency and one a function
of direction: = 0 elsewhere
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where p, is the angle between a wave component and
the dominant wave direction and p, is the angular
range of components on either side of the dominant
wave direction. When 7 is taken as 2 and p, as 90 deg,
this is called a cosine-squared or cos? spreading func-
tion. Then

2
Mp) = - cos’p (63)

which is generally used pending availability of better
data.

A two-dimensional spectrum is much more difficult
to obtain at sea than a simple point spectrum, and only
a few are presently available. One method involves a
lengthy numerical autocorrelation analysis of stereo-
photographs (Chase, et al, 1960). Another method
makes use of a buoy that records wave slopes as well
as directions (Canham, et al, 1962). A third employs a
fixed array of wave height recorders (Barber, 1963;
Oakley, 1974). For further developments in directional
spectra see Mitsuyasu (1975) and Hasselmann, et al
(1976).

2.7 Wave Slope and the Slope Spectrum. Many ma-
rine systems (ships, platforms) are more sensitive to
wave slope in certain modes of response than to wave
height. Roll is an obvious example. But slope of a short-
crested sea is a vector quantity since it has two per-
pendicular components,

and must be treated somewhat differently from the

scalars that have been discussed to this point. The

magnitude of the slope, {’, is never negative. It is

easiest to discuss slope in terms of its components.
Starting with Equation (39),

{(x, y, t) = ZZ L, cos [ki(x cos p;

+ ysin ;) — ot +€;] (39
Then
9 _
_g = —zz gi_] ki Ccos ’J’] X
ox i
sin [k,(x cos p, + ¥ sin p) — ot + €;]

The origin is a typical point, so let x, ¥ be zero. Noting
that &k, = 0?/g.

9L

= 2; ({; ®? cos p,;/g) sin (w;t — €;) (64)
The coefficients in the summation for 9/ dx are those
of the summation for { multiplied by w? cos p;/g.
Therefore, since the spectrum is proportional to the
square of the coefficients, 9{/dx has the spectrum

S, p) = o' cos’u S(w, p)/g* (65a)

Similarly,
S, (v, p) = o sin’p S(w, p)/g* (65b)

Note that
Si(o,p) =8, + S, = 'S, p)/g*°  (65¢)

The function S,.(w, p) cannot be considered the spec-
trum of the slope of & short-crested sea but it can be
considered the density function of the mean-square
absolute slope over the w, u plane, associated with the
variance (or displacement) spectrum S(w, u). If the
wave spectrum is unidirectional (long-crested), say
from the x direction,

Sp(w) = S (0) = 0'S(0)/ ¢’ (66)

and S, can be considered the point spectrum of the
slope in the direction of the source of the wave system,
or simply a slope spectrum. Note that it is equivalent
also to the vertical acceleration spectrum, except for
the factor 1/g* A sample variance spectrum and the
corresponding wave-slope spectrum are shown in Fig.
17(a) and (b). An interesting feature of the slope spec-
trum is that it is fairly uniform at the high frequencies
beyond the peak of the variance spectrum. Thus, any
marine system response mode that is primarily sen-
sitive to wave slope may be insensitive to the location
of the peak of the displacement spectrum (See Section
4). Note that the variance of wave slope is

fsg,(w) do = m,/g".

Slope is dimensionless, and for certain purposes it
is desirable to have a dimensionless plot of the slope
spectrum. This can be achieved by plotting it against
the logarithm to base e, In w. To make this transfor-
mation, we must first determine the increment on the
In w scale, §(In w), corresponding to Sw.

s(inw) = 20 4, _ 50
1)
Then, for an incremental area to be the same in both
systems,
S, (In ) S(w) ) w0’ S(w)
| = Slne) = 7
S, (In w) FoE m(gz/w“ 7 (67)

The transformed spectrum in log-slope form is shown
in Fig. 17(c), where it will be noted that the range of
general interest to us is negative in sign, and that
short waves are to the left.

2.8 Frequency-of-Encounter Spectrum. Up to this
point, the discussion of waves and wave spectra has
been with respect to a fixed reference point. The time
history of waves encountered by a moving point (a
ship under way, for example) is significantly modified
by the Doppler Shift in the component frequencies of
the wave system. Suppose an x,, ¥, coordinate system,
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fixed in relation to the earth, and a regular progressive
wave of amplitude  and wave number, k, propagating
in a direction p relative to the z,-axis. In the fixed
coordinate system the free surface of the wave field
is described by (24):

Lz, Yo, t) = L cos [k(x, cos p

+ yosin p) — ot + €] (24)

Now suppose further that a ship proceeds in the di-
rection of the z,axis at constant velocity U,, and we
wish to describe the wave field as would be observed
from the moving ship. We assume a moving, z-y co-
ordinate system with origin in the ship and whose 2-
axis is aligned with the fixed x,-axis. Since the location
of the ship at any instant, ¢, is U,t, the relation be-
tween the two coordinate systems is:

xo = x + Uyt

Yo=Y

Substituting in Equation (24) the expression for the
wave field as seen from the moving ship becomes:

L(x y, t) = cos [kxr cos p + ky sin u
— (w — kU, cos u)t + €] (68)

The coefficient of ¢ in Equation (68) defines a frequency
of encounter, o,, and noting that £ = »®/g for deep
water:

w?U, cos p
g

If attention is fixed upon the wave elevation at a
single point relative to the ship, the moving coordinate
positions, x and y, may be taken to be zero without
loss of generality, and then, with Equation (69), the
wave elevation that would be sensed at a point in the
moving ship becomes:

Lt p, Uy, k) = [ cos [e — w.t]

where the notation in the argument denotes that the
function of time depends upon wave direction, ship
speed, and wave number as parameters defining w,.
In a short-crested sea, the wave field relative to fixed
coordinates has been approximated as a superposition
of many components having different wave numbers
and directions, Equation (39). Transforming (39) to
moving coordinates, the wave elevation sensed at a
point in a ship moving in short-crested seas becomes:

L(t, Uy = 22 Zij cos [eij - (we)ijt] (71)

(69)

w, = 0 —

(70)

The variance of this representation of the encountered
waves is the same as that of waves defined with respect
to fixed axes because only the point of observation has
changed. Thus, writing the variance of the encountered
waves as before:

([L(t U?) = 1/222 Zijz

i
o 2m

=F = ff S(w., 1) du do,
00

and we may identify the spectrum of encounter as
before as a limit as 8w, and dp approach zero:

S[(we)ij; }ij] = 1/2{1‘]'2/8‘098“' (72)
Noting that:
b, = (1 - M)aw
g
/ .
we can write
S(w,, p) = S(w, w/[1 — CwlU,/g) cos u] (73)

Care must be taken in using this relation, for there
may be three points in the w, n plane corresponding
to any w,, p when U, cos p is negative. Also, S(w,, w)
will have a pole at the point corresponding to w =
—g/2U, cos p as dw, — 0 for finite Sw, unless S(w,
w) = 0 at this point.

While S(w,, p) is the spectrum actually experienced

(@) INCREASE
OF WAVES

Sy(w)

S! ()

Fig. 18 Growth and decay of storm sea spectra (ljima, 1957)
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by a moving marine system, the complications can be
avoided by keeping all calculations in the w, pu plane.
This can usually be done with little difficulty. Never-
theless, it is useful to be aware of the peculiarities
that the Doppler Shift may produce in the encounter
spectrum, and the complexities that they may lead to
in the interpretation of the responses of a moving ship.
These considerations will be discussed further in Sec-
tion 4.

2.9 Development and Decay of Spectra. So far we
have been considering primarily the short-term local
description of the ocean under stationary conditions
by means of point spectra, or better, by directional
spectra. Attention will now be directed to the processes
of changing wave patterns, as described by their spec-
tra, in particular the manner in which the point spec-
trum in a wave generation area grows as the wind
blows and how it decays after the wind has passed.
Fig. 18 (Ijima, 1957) shows a case of wave growth as
a function of wind duration. It can be seen that, at the
high-frequency end, the spectrum quickly approaches
an asymptotic curve. Further energy generated in
these frequencies is dissipated by non-linear processes
such as wave-breaking. The growth at lower frequen-
cies is much slower, and the energy required for prop-
agation at the high group velocities of these wave
lengths may be more of a limiting factor to growth
than wave-breaking. In any case, it can take many
hours before the spectrum reaches its limiting form
for high wind speeds.

It is believed that, for winds up to about 30 knots,
waves frequently reach the fully-developed stage, be-
yond which there is little change in the spectrum area.

PRINCIPLES OF NAVAL ARCHITECTURE

But fully developed seas corresponding to the greater
wind velocities are found to be less frequent because
these strong winds do not blow long enough. It should
be noted that spectra, particularly for high winds, may
also be limited by the fetch (distance over which the
wind blows). As has been noted, fetch is determined
by the size of the storm as well as by the presence of
a shoreline to windward.

Winds affect the maintenance and decay of wave
systems, as well as their generation. A wind that op-
poses an existing sea will damp it out, quickly or
slowly, depending on wind velocity and direction. On
the other hand, a wind continuing to blow steadily after
developing a typical sea may maintain it essentially
constant (in statistical terms) for many hours. Fig. 18
shows the decline of a spectrum as wind dies out and
wave dispersion takes effect.

In the absence of wind, internal friction also results
in a gradual decrease of wave amplitude. However,
theory shows that this decay is very slow, particularly
for wavelengths of, say, 100 ft or longer. This explains
why swells from severe storms can travel for thou-
sands of miles with little loss of energy if not damped
out by an adverse wind. Consequently, new storms
usually act on water already affected by previous
storms. A typical condition would be a storm sea su-
perimposed on a swell, each having a different average
direction. Theoretically the spectrum of the combined
disturbance is initially simply the sum of the spectra
of the two separate wave trains, which gives rise to
spectra with double peaks. Another important effect
is the dispersion which occurs as a storm wave pattern
leaves a generating area. Here, the wave energy

70
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Fig. 19 Former weather ship locations in the North Atlantic, from Roll (1958)



Wave
Frequencies
(hertz)

Spectral
Densities

Point
Spectrum*

S
Skt
Si(w)

.308

0.00
0.00
0.00
0.00
0.67
1.05
1.12
0.90
0.52
0.00
0.00
0.00

0.68
0.06

.208

0.00
0.00
0.00
0.00
3.15
4.65
5.10
3.90
3.15
0.00
0.00
0.00

19.94
3.17
0.29

.158

0.00
0.00
0.00
0.00
9.00
13.80
14.40
12.00
11.10
0.00
0.00
0.00

60.29
9.60
0.89

.133

0.00
0.00
0.00
0.00
19.21
28.81
30.01
25.81
21.61
0.00
0.00
0.00

125.45
19.97
1.85

*S.(f) in ft>-seconds, S,(w) in ft>-seconds-radians™!

Table 1—Typical Hindcast Directional Spectrum (Converted to Densities)

Time, Date - 9z, 8 Dec 66, Location - 58.579N / 18.175W
WDDR - 280.565, WDSP - 56.386 (knots), White Caps - 28, USTR 2.936) (Friction Velocity knots)

117

0.00
0.00
0.00
0.00
37.19
55.719
57.59
45.59
33.59
0.00
0.00
0.00

229.75
36.57
3.40

.103

0.00
0.00
0.00
2.10
69.31
102.61
106.21
79.21
45.00
0.90
0.00
0.00

405.94
64.61
6.00

.092

0.00
0.00
0.00
126.80
118.71
178.96
185.25
133.09
62.95
2.70
0.00
0.00

808.45
128.67
11.95

.081

0.00
0.00
0.00
38.74
214.41
337.84
348.65
231.53
101.80
8.11
0.00
0.00

1281.08
203.89
18.94

.072

0.00
0.00
0.00
78.85
336.92
571.68
587.81
351.25
137.99
10.75
0.00
0.00

2075.27
330.29
30.68

.067

0.00
0.00
0.00
114.13
456.52
838.77
856.88
460.14
116.74
7.25
0.00
0.00

2880.43
458.44
42.59

.061 056  .050

0.00 0.00 0.00
0.00 0.00 0.00
0.00 0.00 0.00
128.57 21.82 1.8
582.14 80364 21.35
1201.79 174545 62.28
1208.93 1707.27 58.72
533.93 538.18 23.13
155.36 121.82  3.56
5.36 1.82  0.00
0.00 0.00 0.00
0.00 0.00 0.00

3816.07 4940.00 170.82
607.35 1786.23 27.19
56.42 73.04 253

Significant Wave Height = 42.9 ft (13.1 m)

.044

0.00
0.00
0.00
0.00
5.45
21.82
21.82
9.09
1.82
0.00
0.00
0.00

60.00
9.556
0.89

, Ss(w) in meters®seconds-radians !

.039

0.00
0.00
0.00
0.00
3.67
8.93
8.93
3.57
0.00
0.00
0.00
0.00

25.00
3.98
0.37

Total

Variance Wave
From Each Directions

Direction (From)
0.00 91.56
0.00 65.56
0.00 31.56
13.79 1.56
18.26 331.56
83.87 301.56
34.21 271.56
17.55 241.56
7.05 211.56
0.27 181.56
0.00 151.56
0.00 121.56

175.00

Total

Variance (ft?)

SIAVM NI SNOILOW

T4



26

PRINCIPLES OF NAVAL ARCHITECTURE

. WAVE - PERIODS IN SEC. < 3
s 7 3 1 i 15 17 S !
WAVE - LENGTHS IN m pemioos| = |
39 76 126 189 264 352 452 <!
_ |
30 2.3 X ) 2.0 o 04 40 | % !
LY R 17.1 38— 25 2 ot 0.5 681 i
SIS 55.¢ 18 58 .7 o3 - 0.3 1628
B, 957 | <403 8. e o e
) n s G.i - 20 0.4 82s | & |
\\VS,S\ ho75.3 P 537 ) — | o2 T———0, 172001 03 1606 | I i
T Yas Y .:esx\\ 473 13.0 I e 0.3 0.l 01— 1160 2 i
M NI 8.1 428 s 2. c.6 o1 ci_ |90 | w i
EANEEETAN 30.3 1.0 7% ) 03 =3 0.1 o sel T
Ay e -
£ 3% N 73 7.7 3.0 15 0.6 : c.0 [ 0.1 3 =3
~ 5 7 61 <
FRNANEAN 17,5 94 1.9 05 - iy 0.0 363 w l
3o\ 28 Y 87 52 Xo.a 05 ot 00 82 | >
- s Q. 23 |N\__67 33 B 0.6 0.2 T~ 0.1 0 1aq !
= o 7 N 64\ €5 2.8 0.6 o.t 0.0 160 i
z 28 T\ Liy 3.6 N 2.5 I 0.7 —~ 02 ou 0.0 82 | = |
so_ 1 \o2\ 25 2.2 0.7 0.! PR 58 (ool
= 2.0 04 AN 20 o7 _ o1 00 Lo 52 |
o S 0.5 16 \ D) 0.6 N 0 0.1 G0~ a8 i
= z2 0 s N ] 0.4 - l
. s . . X1 - 1ol 33 i
= 3 ) c.7 RN c.6 I X L G0 S X} 2. a3
s 0.2\ c.3 AN A 1.0 ce 0. 0.0 Z Q.
3 B co \ c.2 X \ <. ’ T 04 | !
< C.i BXl N Y 1 0.1 :
.\ . a1 2. X ! . 7 00 0%
z uf 35 \ EXIN - QLOBK B < i Sol ™ T o2 !
.2\ ~ ~ . 00 I
t 7 -
F \ 00 \ XN 04 N 0.0 N 00 0% ;
- - 7\7 N X N 0.0 RN X9 :
N | 0.0 \\ o ~ : o | ;
- . #'\ _\\ =0 ) 0. S ‘ ao 52 | &
S \ ,A\QJ,_ N - \\ <% os | 2
= l o ] i
e e S S e S
" z = - S N 3¢
s el N e % g —— 3¢
54:‘; 1 2 s 1
SvE ] &
A 798| 3 : (35
g €68 306.8 131 24.3 54 il L7 40000,5; i
. . : {es

Fig. 20 Data on average wave characteristics and frequency of occurrence
in the North Atlantic (Roll, 1958)

spreads over a widening arc.

As previously noted, semi-empirical, computer-based
models for predicting the growth, decay and propa-
gation of ocean wave spectra have been developed, for
example, by Pierson et al (1955). Wave generation,
decay and propagation are analyzed in time steps for
a set of grid points extending over an entire ocean
basin. The waves arriving at a grid point at a given
time step, from all other grid points in the basin at
preceding time steps, are estimated and combined with
the waves currently being generated by local winds.
These wave systems are then propagated in the ap-
propriate directions to provide a basis for the calcu-
lation at the next time step. Local winds forecast by
means of available meteorological data are used to
estimate the locally generated seas. The procedure was
further developed at the U.S. Navy’s Fleet Numerical
Oceanographic Center (FNOC) at Monterey, Califor-
nia, into the Spectral Ocean Wave Model (SOWM)
(Pierson, 1982). The entire calculation is massive, re-
quiring 1575 grid points in the Northern Hemisphere,
with time steps every six hours.

The SOWM has been in regular use since 1974 for
forecasting wave conditions in the North Atlantic and
North Pacific Oceans. A sample of the resulting di-
rectional spectra for a particular grid point is shown
in Table 1. Because of computer limitations, the res-
olution in both frequency and direction is not as sharp

as the engineer would desire. Nevertheless, such spec-
tra provide far more information about the wave con-
ditions expected at a given location at a given time
than a point spectrum.

Comparisons of these forecasts with measurements
are rather limited. However, there have been sufficient
comparisons with point spectra from wave height mea-
surements, at least, to justify such operational use as
ship weather-routing, a routine function at FNOC. A
further application of these wave forecasting tech-
niques is discussed in Section 2.10.

2.10 Ocean Wave Data. As explained in Section
2.6, individual ocean wave conditions can be described
adequately only by directional spectra. For a proper
definition of a ship’s operational environment, ship de-
signers need many representative spectra for different
trade routes, with probability measures of the condi-
tions they represent. An adequate set of directional
spectra derived from measurements in the open sea is
not available, and will not be until greatly improved
measurement techniques exist and are in routine use.
Satellite-based systems, mentioned under (c) following,
will undoubtedly be utilized in future. However, the
U.S. Navy has essentially completed a hindcast wave
climatology program that will go far toward satisfying
the designer’s needs for data on the oceans of the
Northern Hemisphere. Some results from this effort
are described under (d), to follow.
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Table 2—Percentage Frequency of Occurrence of Wave Heights in One Meter Steps
(Hogben and Lumb data)

Ocean area (Numbers from Fig. 21)

Northern
World wide North Atlantic North Atlantic
Wave height, m (1-50) Total (1,2,6,17,8)
0-1 30.88 25.43 19.03
1-2 41.39 41.21 36.29
2-3 17.35 19.43 22.96
34 6.31 7.92 11.57
4-5 2.46 3.47 5.64
56 0.57 0.83 1.37
6-7 0.54 0.84 1.46
7-8 0.25 0.42 0.78
8-9 0.14 0.24 0.46
9-10 0.116 0.22 0.42
10-11 0.002 0.004 0.009
11-12 0.0013 0.003 0.007

Table 3—Observed Percentage Frequency of Occurrence of Wave Heights and Periods (Hogben and Lumb data)

Worldwide
Wave Wave Period T, sec
height, m 2.5 6.5 8.5 10.5 12.5 14.5 16.5 18.5 20.5 Over 21 Total

0-1 24.0470 4.6416 0.9954 0.3316 0.1253 0.0440 0.0245 0.0147 0.1041 0.5480 30.8762
1-2 15.5208 17.0941 6.1091 1.7475 0.5498 0.1784 0.0626 0.0175 0.0194 0.0910 41.3902
2-3 1.3763 6.0543 6.0000 2.6736 0.8712 0.2668 0.0778 0.0188  0.0054 0.0057 17.3499
34 0.2008 1.2153 21165 1.6245 0.7848 0.2611 0.0817 0.0226 0.0026 0.0030 6.3129
4-5 0.0506 0.3278 0.6969 0.6998 0.4151 0.1726 0.0687 0.0196 0.0033 0.0020 2.4564
5-6 0.0187 0.0604 0.1469 0.1614 0.1063 0.0509 0.0180 0.0033 0.0012 0.0014 0.5685
6-7 0.0158 0.0587 0.1275 0.1551 0.1039 0.0490 0.0215 0.0039 0.0010 0.0011 0.5375
7-8 0.0032 0.0240 0.0622 0.0702 0.0501 0.0249 0.0120 0.0026 0.0008 0.0012 0.2512
89 0.0028 0.0102 0.0266 0.0380 0.0311 0.0169 0.0084 0.0018 0.0013 0.0011 0.1382
9-10 0.0013 0.0064 0.0182 0.0308 0.0247 0.0174 0.0093 0.0041 0.0022 0.0012 0.1156

10-11 0.0003 0.0002 0.0006 0.0006 0.0003 0.0001 0.0001 0.0022
11+ 0.0001 0.0001  0.0004 0.0007 0.0001 0.0014

Totals 41.2373 29.4932 16.2996 7.5335 3.0636 1.0823 0.3846 0.1090 0.1414  0.6557 100.000

Table 4—Observed Percentage Frequency of Occurrence of Wave Heights and Periods (Hogben and Lumb data)
North Atlantic

Wave Period T, sec

Wave
height, m 2.5 6.5 8.5 10.5 12.5 14.5 16.5 18.5 20.5 Over 21 Total

0-1 18.6846 4.5036 1.0144 0.3511 0.1381 0.0512 0.0341 0.0179 0.0976 0.5336 25.4262
1- 14.4152  17.6097 6.4484 1.7936 0.5534 0.1852 0.0721 0.0218 0.0213 0.0913 41.2120
2-3 1.5051 6.9322 6.7253 2.9229 0.9292 0.2935 0.0825 0.0230 0.0064 0.0074 19.4275
3-4 0.2466 1.5878 27234 1.9934 0.9298 0.3039 0.0945 0.0299 0.0039 0.0032 7.9164
4-5 0.0666 0.4775 1.0347 09763 0.5518 0.2304 0.0907 0.0290 0.0058 0.0037 3.4665
5-6 0.0197 0.0868 0.2222 0.2434 0.1522 0.0701 0.0237 0.0048 0.0019 0.0018 0.8266
6-7 0.0191 0.0903 0.2038 0.2534 0.1622 0.0723 0.0271 0.0064 0.0017 0.0017 0.8380
7-8 0.0045 0.0384 0.0996 0.1212 0.0873 0.0425 0.0189 0.0037  0.0009 0.0017 0.4187
8-9 0.0023 0.0172 0.0450 0.0671 0.0570 0.0304 0.0155 0.0026 0.0014 0.0024 0.2409
9-10 0.0018 0.0110 0.0353 0.0602 0.0495 0.0315 0.0163 0.0080 0.0043 0.0024 0.2203
10-11 0.0003 0.0005 0.0010 0.0014 0.0005 0.0002 0.0039
11+ 0.0003 0.0003 0.0008 0.0018 0.0001 0.0001 0.0034

Totals 349655 31.3551 18.5529 8.7844 3.6137 1.3116 0.4754 0.1473 0.1453  0.6492 100.000

Meanwhile, the designer’s needs can be partially sat-  India, discussed in (b). But the largest collections of
isfied by point spectra that can be associated with wind ~ sea data are visual observations of height and period,
speeds or Beaufort numbers. A small set of such spec-  some by trained observers on weather ships and some
tra is available for a specific location, Weather Station by officers of merchant ships making routine reports
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Table 5—Observed Percentage Frequency of Occurrence of Wave Heights and Periods (Hogben and Lumb data)
Northern North Atlantic

Wave Period T}, sec

Wave
height, m 2.5 6.5 8.5 10.5 12.5 14.5 16.5 18.5 20.5 Over 21 Total

0-1 13.7204 3.4934 0.8559 0.3301 0.1127 0.0438 0.0249 0.0172 0.0723 0.3584 19.0291
1-2 11.4889  15.5036 6.4817 1.8618 0.5807 0.1883 0.0671 0.0254  0.0203 0.0763 36.2941
2-3 1.5944 7.8562 8.0854 8.7270 1.1790 0.3713 0.1002 0.0321 0.0091 0.0082 22.9629
3-4 0.3244 2.2487 4.0393 29762 1.3536 0.4477 0.1307 0.0428 0.0050 0.0040 11.5724
4-5 0.1027 0.7838 1.6998 1.5882 0.9084 0.3574 0.1443 0.0433 0.0072 0.0049 5.6400
5-6 0.0263 0.1456 0.3749 0.4038 0.2493 0.1200 0.0382 0.0067 0.0027 0.0027 1.3702
6-7 0.0277 0.1477 0.3614 0.4472 0.2804 0.1301 0.0504 0.0113 0.0011 0.0032 1.4605
7-8 0.0084 0.0714 0.1882 0.2199 0.1634 0.0785 0.0353 0.0069 0.0018 0.0034 0.7772
89 0.0037 0.0325 0.0856 0.1252 0.1119 0.0558 0.0303 0.0045 0.0027 0.0033 0.4555
9-10 0.0034 0.0204 0.0674 0.1173 0.0983 0.0550 0.0303 0.0173 0.0079 0.0047 0.4220

10-11 0.0005 0.0012 0.0023 0.0031 0.0012 0.0005 0.0088
11+ 0.0005 0.0007 0.0019 0.0035 0.0002 0.0005 0.0073

Totals 27.3003 30.3043 22.2415 11.8009 50143 1.8493 0.6517 0.2080 0.1306  0.4691 100.000

Table 6—Annual Sea-State Occurrences in the Open Ocean, North Atlantic

Significant Wave Significant Wave Sustained Wind Modal Wave Period
Sea Height (m) Height (ft) Speed (Knots)* Percentage (Sec)
State Probability Most
Number Range Mean Range Mean Range Mean of Sea State Range** Probable***
0-1 0-0.1 0.05 0-0.3 0.15 0-6 3 0.70 — —
2 0.1-0.5 0.3 0.3-1.6 1.0 7-10 8.5 6.80 3.3-12.8 7.5
3 0.5-1.25 0.88 1.6-4.1 2.9 11-16 13.5 23.70 5.0-14.8 7.5
4 1.25-2.5 1.88 4.1-8.2 6.2 17-21 19 27.80 6.1-15.2 8.8
5 2.54 3.25 8.2-13.1 10.7 22-27 24.5 20.64 8.3-15.5 9.7
6 4-6 5 18.1-19.7 16.4 28-47 37.5 13.15 9.8-16.2 124
7 6-9 7.5 19.7-29.5 246 48-55 51.5 6.05 11.8-18.5 15.0
8 9-14 11.5 29.5-45.9 37.7 56-63 59.5 1.11 14.2-18.6 16.4
>8 >14 >14 >45.9 45.9 > 63 > 63 0.05 18.0-23.7 20.0

* Ambient wind sustained at 19.5 m above surface to generate fully-developed seas. To convert to another altitude, H,,
a?PIKIV = V,(H,/19.5)""
inimum is 5 percentlle and maximum is 95 percentile for periods given wave height range.
*** Based on periods associated with central frequencies mcludpd in Hindcast Climatology.
Source: Lee and Bales (1984).

Table 7—Annual Sea State Occurrences in the Open Ocean, North Pacific

Significant Wave Significant Wave Sustained Wind Modal Wave Period
Sea Height (m) Height (ft) Speed (Knots)” Percentage (Sec)
State Probability Most
Number Range Mean Range Mean Range Mean of Sea State Range** Probable***
0-1 0-0.1 0.05 3-0.3 0.15 0-6 3 1.30 — —
2 0.1-0.5 0.3 0.3-1.6 1.0 7-10 8.5 6.40 5.1-14.9 6.2
3 0.5-1.25 0.88 1.6-4.1 2.9 11-16 13.5 15.50 5.3-16.1 7.5
4 1.25-2.5 1.88 4.1-8.2 6.2 17-21 19 31.60 6.1-17.2 8.8
5 2.54 3.25 8.2-13.1 10.7 22-27 24.5 20.94 7.7-17.8 9.7
6 4-6 5 13.1-19.7 16.4 28-47 37.5 15.08 10.0-18.7 124
7 6-9 7.5 19.7-29.5 24.6 48-55 51.5 7.60 11.7-19.8 15.0
8 9-14 115 29.5-45.9 37.7 56-63 59.5 1.56 14.5-21.5 16.4
>8 >14 >14 >45.9 45.9 >63 > 63 0.07 16.4-22.5 20.0

* Ambient wind sustained at 19.5 m above surface to generate fully-developed seas. To convert to another altitude, A,
aPPlgj[ V, = V.(H,/19.5)""
inimum is 5 percentile and maximum is 95 percentile for periods given wave height range.
*** Based on periods associated with central frequencies included in Hindcast Climatology.
Source: Lee and Bales (1984).
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Fig. 21

to the Weather Service. These visual collections have
provided the widest coverage of the world’s oceans
presently available. Although there are inevitable
questions as to the meaning and accuracy of these
visual estimates, they have provided the only available
information about the wave conditions in certain ocean
areas.

(a) Visual estimates of wave conditions. Visual
estimates of height and period by trained observers
aboard weather ships can be expected to be more con-
sistent than those by officers reporting from so-called
“ships of opportunity.” The weather ships are at least
of roughly the same size, a factor of importance, as
the visual impression of the seaway is sensitive to the
height of the observer above the water surface. Un-
fortunately, published weather ship data are limited
to the North Atlantic. There are two collections avail-
able. In the first, Roll (1958) presents a statistical anal-
ysis of data collected during two years at the stations
shown in Fig. 19 (Note that the weather ships have
since been relocated). Results in terms of frequency
of occurrence of waves of different average period and
height are given in Fig. 20. These can well be consid-
ered as representative for the North Atlantic north of
30 deg latitude on account of the vessels’ uniform
distribution.

Because the data are limited to just two years and
the variability of weather conditions from year to year

Grouping of Marsden squares into areas (Hogben and Lumb, 1967)

is significant. Roll’s data suffer from the inherent sta-
tistical inaccuracies of small samples, even though the
amount of data for those years may be large. This
limitation is partially overcome by Walden’s (1964)
analysis of ten years of data, although it is limited to
stations I and J. These stations both lie in a region
that experiences very severe weather throughout the
year (Cummins and Bales, 1980), and such statistics
can hardly be considered representative of even the
North Atlantic.

The most comprehensive collection currently avail-
able is that of Hogben and Lumb (1967), collected from
log entries of some 500 British ships. These observa-
tions were taken during the period 1953 to 1961, and
were taken on routes followed by British ships in all
of the oceans of the world, Fig. 21. There are gaps,
as there are important operational areas that rarely
see ships of British flag, and some of the data are
sparse. Nevertheless, this collection provides the most
extensive coverage available. Yamanouchi and Ogawa
(1970) and Research Panel (1980) provide additional
data of the same nature obtained by Japanese ships
in the North Pacific.

Tables 2 to 5 summarize the data presented by Hog-
ben and Lumb—World-Wide, North Atlantic, and
Northern North Atlantic. These tables, taken from
Lofft and Price (1973), provide a valuable overview of
over a million observations. The entries relating to the
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Table 8—Available Noon Weather Ship Records at Station India 1954-67,
from Hoffman and Miles (1976)

Grou Wind Speed, Winter Spring Summer Fall

No. Knots (Dec-Feb) (Mar-May) (Jun-Aug) (Sept-Nov)  Total

I 0-10 27 48 85 38 198

11 11-21 90 117 138 91 436

II1 22-33 112 83 57 102 354

14Y 34-47 41 22 5 22 90

A% 48-71 4 1 2 7

Total 274 270 286 255 1085
two North Atlantic areas are probably as good as the H, =168 H'" (75a)
visual estimate technique permits, since the coverage T = (.82 T 0% (75D)

in area and in numbers of seasonps is large. The “World-
Wide” statistics should be used with caution, as there
are serious geographical gaps, and biases where there
are no gaps. As all observations were weighted
equally, those regions with many observations in effect
received much more weight than those regions with
few observations. While these tables are useful for
gross estimates of conditions to be expected, a more
refined estimate should be based upon the complete
data (Hogben and Lumb, 1967), for the region in ques-
tion (Research Panel 1980).

Such tabulated data on joint probabilities of wave
heights and periods can also be presented graphically
(See Fig. 14 in Chapter IV of Vol. I, for example).

The basic question remains as to the reliability of
visual estimates and just how they relate to the pa-
rameters derived from the directional or point spec-
trum. For some years it was considered that the
visually estimated wave height could be taken as the
significant wave height, H 15> and the observed period

was thought to be the zero-crossing period, 7T,. These
hypotheses were tested by Hogben and Lumb (1967),
using simultaneous data from “trained” weather ship
observers and wave recordings. The wave records
were converted into point spectra, taking into account
a high-frequency attenuation by the wave recorder.
About 400 pairs of visual and measured data were
available. Using linear regression, the following re-
lationships were obtained:

H
T,

= 1.23 + 0.88H,, m (74a)

Ly

4.70 + 0.32 T, sec (74b)
where H, and T, are visually estimated height and
period. While these are satisfactory fits within the
range of the rather scattered data, they seem to be in
error for small values of H, and 7,. Nordenstrom
(1969) re-analyzed the same data, assuming log-normal
distributions for wave height and period measures. He
derived “calibration” equations for such visual obser-
vations:

These curves fit the available data about as well as
the preceding straight line fits, and at least do not lead
to obvious error outside the range of data. They are
recommended for use for deriving estimates of the
spectral parameters H, ,, and 7, from visual estimates.

This assumes that the calibration equations for trained
weather ship observers are the same as those for mer-
chant ship officers, and this assumption is suspect.
However, there exists no other large body of data of
measurements and observations that could provide
better calibration.

Tables 6 and 7 (Lee and Bales, 1984) summarize U.S.
Navy data on probabilities of different wind and wave
conditions in two areas of open ocean, based on the
so-called “hindcast climatology” discussed in item (d)
to follow. The table for the North Atlantic is also a
NATO standard.

Although many tabulations of wave data make use
of significant wave height, it will be noted that these
tables utilize a scale of “Sea State Numbers.” The
significant height ranges are those adopted by the
World Meteorological Organization and are becoming
more generally used by ship operators. However, other
scales are also in use, including some based on the
Beaufort scale, which was originally a wind-speed
scale. Care must be exercised to ascertain what scale
is intended when sea state numbers are given.

(b) Point spectra from wave measurements. Point
spectra have been computed from wave records since
shortly after the wave spectral model was invented.
Any accurate wave trace of sufficient duration is us-
able for this purpose, and the Tucker meter, a ship-
borne wave meter, has made it possible to obtain
records in the open ocean (Tucker, 1956). While in such
an instrument there is a frequency attenuation effect
for the shorter wavelengths, the spectrum can be par-
tially corrected for the error introduced. Certain of the
British weather ships have been fitted with Tucker
meters, and wave height records have been collected
on a routine basis while on station, although these
strip chart records have not been routinely used to
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Fig. 22 Typical contour plot of the sea—from stereo photos

calculate the point spectra. Floating buoys with ver-
tical accelerometers have also been used for source
data.

The shipborne records attracted the attention of
oceanographers Pierson and Moskowitz, who were in-
terested in the wave generation process and fully-de-
veloped spectra in particular. 460 wave records were
selected that appeared to represent the proper met-
erological conditions, but it was discovered after spec-
tra had been computed that even in this deliberately
biased set only about one in seven could be considered
to represent an ‘‘uncontaminated”” fully-developed sea-
way (Moskowitz, et al, 1962, 1963). While these spectra
provide valuable information, the biases toward fully-
developed seas in the selection process make the set
unsuitable for general use. Wave conditions are more
typically either rising or decaying, and are usually
contaminated with swell from other storms.

The problem of obtaining a more representative set
was addressed by Hoffman and Miles (1976) using the
statistical technique of stratified sampling. Hoffman

reviewed a listing of the wave records obtained on
three weather ships at Station India (I on Fig. 19)
during the period 1954-1967. A total of 1085 records
was available, roughly equally spread over the year.
These were sorted into groups by wind speed and sea-
son (Table 8). A set of 334 records was then selected
by a reasonably random process, so as to have ap-
proximately equal numbers in the various wind speed-
season groups, except in the higher sea states (Table
9).
This collection of point spectra provides a very use-
ful display of typical conditions to be expected in the
severe weather region of Station India. The set is free
from a bias toward fully-developed seas, and multi-
modal (double-peaked) spectra are frequent. While Ta-
bles 8 and 9 show the set to be biased toward more
severe seas, there are sufficient data to restore the
balance. Indeed, if it be assumed that the types of seas
associated with a wind of given intensity are indepen-
dent of location, the data can be used to predict ship
behavior in any region for which there is knowledge

Table 9—Records at Station India Selected for Stratified Sample
by Hoffman and Miles (1976)

Group Wind Speed
No. Knots Winter Spring Summer Fall Total
I 0-10 21 22 25 21 89
11 11-21 19 21 22 19 81
11 22-33 22 22 23 19 86
v 34-47 23 10 13* 11 57*
\Y 48-71 7* — 2* 1 10*
Total 92 75 85 71 323

* Includes some records selected for hours other than noon.
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Fig. 23a Typical families of wave spectra significant wave height range of
7.6-10.7 m. (5-35 ft.)

of wind climatology. While this assumption cannot be
taken as strictly true (swell patterns, storm durations,
and fetch can be expected to have geographical vari-
ation independently of wind speed), it is still possible
to generate an approximate wave climatology.

The variability of spectra having approximately the
same area and hence the same average or significant
wave height is interesting and important for ship de-
sign. Figs. 23 (a) and (b) show sets of such spectra
from Hoffman and Miles (1976) for two ranges of
H, .If a particular ship response is sharply tuned to
a natural frequency (as is the usual case with roll,
Section 3) it would behave in quite different ways in
the various seas shown in any one set. This suggests
that height and period should be considered as sepa-
rate variables in predicting seakeeping performance
in a given environmental area.

(¢) Directional spectra. As previously noted there
does not exist a collection of directional spectra derived
from wave pattern measurements comparable to the

sets of point spectra described in the previous section.

While such spectra are needed for both oceanographic

and engineering purposes, the vast amount of simul-
taneous wave pattern data required and the complexity
of the analysis have made such a project prohibitively
expensive for other than a few samples. In effect, an
instantaneous contour map of the surface is needed,
or, if directional ambiguities are to be eliminated, con-
tour maps that are slightly displaced in time are re-
quired. An example of such a map is shown in Fig. 22.
While such an analysis has been tried, using stereo
pairs of photographs from an airplane (Chase, et al
1960) the sets of spectra are so limited as to be of little
use for engineering purposes.

An alternative approach has been to fit a buoy with
an inertial measurement system. The quantities re-
corded are wave slope in two perpendicular known
compass directions, and surface displacement (by dou-
ble integration of the measured vertical acceleration).
From records of these quantities against time, it is
possible to estimate the distribution of variance with
respect to direction in any frequency band (Longuet-
Higgins, Cartwright and Smith, 1963). If assumptions
are made as to the nature of the spreading function,
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Fig. 23b Typical families of wave spectra significant wave height range of
10.7-13.7 m (35-45 1) {Hoffman and Miles, 1976)

it is possible to generate a simplified directional spec-
trum estimate from these data. This technique has
been used primarily for special situations such as full-
scale trials, and no large collections are available for
more general application.

However, new techniques are being developed for

obtaining directional spectra in the open ocean. For
example, there are airborne instrument systems that
are operable, and one of which is used from a satellite
spacecraft (Jackson, et al, 1985). Also, estimated di-
rectional spectra, based on available wind data, have
been obtained systematically in connection with the

Table 10—Relative Frequency of Occurrence of Significant Wave Heights within
Sub-Regions of the North Atlantic, from Stratified Sample of Hindcasts in U.S.
Navy Wave Climatology

\Stratum 1 2 3
Region 0-lm 12m 23m
A 0.087 0.207 0.211
B 132 .226 211
C 441 317 137
D .320 .296 162
E 270 .341 .188
Total A-E 252 278 181
North Sea .276 .347 .204
G. of Mexico .5417 .352 .081

4 5 6
Sample
35m 58m >8m Size
0304 0.153  0.039 1133
.254 139 .038 1599
.088 .015 .002 1007
.156 .057 .009 2486
154 .042 .006 1300
190 .081 .018 7525
141 .026 .007 427
.020 0 0 298
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Fig. 24 Subregions for stratified sample of hindcasts of wave conditions in the North Atlantic. Locations
included in sample are marked with an X, from Cummins and Bales (1980)

U.S. Navy’s Hindcast Wave Climatology.

(d) US. Navy hindcast wave climatology. Since
little wave data are available in spectral form, an al-
ternative approach to meeting the needs of the ship
designer is to calculate a set of spectra from the com-
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m 4 4
3 2
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2 3
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Fig. 25 Relative frequency of occurrence of significant wave heights within
strata of sub-regions of the North Atlantic (U.S. Navy hindcast wave cli-
matology, Cummins and Bales, 1980)

prehensive wind data that have been reported and col-
lected for years over the world’s important trade
routes. Accordingly, the U.S. Navy undertook to make
use of the forecasting tool SOWM (described in Section
2.9), in conjunction with observed rather than forecast
wind data, to Zindcast conditions for the entire North-
ern Hemisphere over a twenty-year period.

Since these spectra are based upon previously re-
corded, rather than forecast, meteorological data, they
presumably should be somewhat more accurate than
the routine forecasts. It should be noted, however, that
the primary need of the ship designer is unbiased sta-
tistical sets of spectra, typical of region and season.
Precise accuracy of the spectra for a given location
and time is not essential so long as the discrepancies
between the hindcast and actual spectra are relatively
unbiased. An added feature of this approach is that it
provides estimated directional as well as point spectra.

From the large quantity of calculated directional
wave spectra stored on magnetic tape in the format
of Table 1, a wave climatology has been generated,
organized for the ship designer (Cummins and Bales,
1980; Bales, et al, 1982; Bales, 1984). Stratified samples
of hindcast spectra were prepared for both the North
Atlantic and the North Pacific. Each of these sets in-
cludes approximately 2000 spectra, divided into six
strata (by significant wave height), randomly distrib-
uted by season and location. Fig. 24 shows the North
Atlantic divided into 5 sub-regions, A to E. Fig. 25
shows the relative weights (i.e., frequencies of occur-
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Fig. 26 Comparison of most probable modal periods for North Atlantic
during winter, from Cummins and Bales (1980)

rence) of the six strata for the five regions, while
numerical values are given in Table 10.

It should not be expected that statistics derived from
hindeasts will be identical (or even very similar) to
those from other sources. The hindcasts are free from
geographical and observer biases, although wind data
are more plentiful in some areas than in others. But
they substitute the inaccuracies of the pressure field-
wind-wave propagation model, with its computational
limitations. Comparisons with recorded data are at
least as good for hindcasts as for visual estimates. The
two elements of the hindcasts that are absent from all
other data sets are information on the directional as-
pects, which, though approximate, can be critical for
ship design, and a valid measure of probability of oc-
currence associated with each hindcast.

The wave climatology also includes a wealth of sta-
tistical data on parameters describing the collected
wave spectra, as for example, the significant wave
heights and modal periods, that can be used to gen-
erate Bretschneider point spectra, as discussed in Sec-
tion 2.11(b). Other data include primary wave direction,
wave persistence (duration), and corresponding wind
speed and direction (U.S. Navy 1983, 1985), (Bales, et
al 1981) and (Lee, et al 1985).

Cummins and Bales (1980) review a ten-year span
of results in the North Atlantic. Conclusions of general
interest follow. There is a band across the North At-
lantic from Ireland to Newfoundland that experiences
severe sea conditions (over 3 m average significant
wave height) for over six months of the year. Several
times a year storms may be expected in this region
with significant wave heights exceeding 10 m. Modal
wave periods exceed values that would be estimated
from observed data such as found in Hogben and Lumb
(1967), particularly for the more severe seas. Fig. 26
compares the most probable modal period for a given
significant wave height, as obtained from Hogben and
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Fig. 30 Various Bretschneider spectra for 5-m significant wave height

Lumb, with the hindcast data. The frequency of oc-
currence of high waves also exceeds Hogben and
Lumb estimates, as shown in Fig. 27. (The location of
grid point 127 is shown in Fig. 28). These differences
are significant and should eventually be resolved as
more observed and measured data become available.
Meanwhile, for design purposes the hindecast clima-
tology seems to differ on the safe side.

Cummins, Bales and Gentile (1981) examined hind-
casts over a ten-year period at three locations in the
severe North Atlantic weather zone, one on each side
of the basin and one in the center, Fig. 28. While there
are differences that can be associated with geograph-
ical location (relation of prevailing wind to land
masses, for example) the similarities are even more
striking. Fig. 29 shows the almost identical cumulative
distributions of significant wave height. Therefore, a
climatology based on any one of these locations would
not be greatly in error for the entire zone, except for
slight displacement of the seasons.

The directional parameters of the climatology and
their inter-relations were examined, although assump-
tions made in the mathematical forecasting model per-
mit only general conclusions to be drawn until better
data on directionality become available. A typical pat-
tern begins to emerge, that is, severe sea states (above
5 m or 16 ft significant wave height) tend to be quite
uniform in their spectral structure, while moderate
seas (less than 2 m or 6 ft) vary greatly. The spectra
of severe seas are usually unimodal, nearly symmetric
about the dominant direction, and have a spreading
function near cos? over =90 deg from the dominant
direction. Moderate sea states vary from near unidi-
rectional to a locally generated wind sea superimposed
on one or more identifiable swells from random direc-
tions. Thus, the spectral structure is likely to be far
more complex than that of the severe storm seas. See
Fig. 29.

Bales, Cummins and Comstock (1982) are primarily

concerned with estimates of the performance of var-
ious ships in sets of the hindcast sea states. However,
this reference includes a comparison between the Sta-
tion /ndia wave data and hindcasts for the same dates
at a nearby grid point. A similar comparison is avail-
able in Chen, Chen and Hoffman (1979). Both of these
evaluations conclude that point spectra derived from
the hindcasts are reasonably consistent with weather
ship measurements.

2.11 Idealized Spectral Families. The variation in
form of both directional and point spectra is great,
even for spectra with nearly identical significant wave
heights. Designing for this multiplicity of environ-
mental conditions introduces some difficult logical
questions. While these questions can be treated, an
attractive alternative is provided by certain idealized
families of spectra that have been devised for special
purposes. The spectra in these families are identified
by a small number of parameters, permitting an anal-
ysis of the variations of some ship operational quality
with respect to variation of a particular sea parameter.
Where a probability of occurrence can be assigned to
members of the family, these families are particularly
useful for design. But even when such probability mea-
sures are not available, a design based upon acceptable
performance over the entire set should be a successful
design. The following discussion of particular families
of point spectra will review limitations that can affect
their use in design of ships and floating structures.

(a) The Pierson-Moskowitz Spectrum. This spec-
tral form, which depends upon a single parameter, was
developed primarily for oceanographic use, and in fact
is a basic element in the forecasting of storm waves.
It is intended to represent the point spectrum of a
fully-developed sea, that is, fetch and duration are
great, and there is no contaminating swell from other
generating areas. As previously mentioned, from 460
available point spectra Moskowitz, et al (1962, 1963)
chose 54 spectra that met the appropriate weather
criteria. The winds for the chosen spectra had to be
of reasonable duration, to be less at the beginning and
end of the wave record than the mean, and to be within
*45 deg of the mean wind direction throughout the
record. Since forward speed affects the records the
ship making the wave measurements by means of a
Tucker wave recorder had to have a speed less than
2 knots. Spectra containing noticeable swell were elim-
inated by inspection.

These selected spectra were grouped into a family
of five wind speeds: 20, 25, 30, 35, and 40 knots. Using
this spectral family, along with the similarity theory
of 8. A. Kitaigorodskii, Pierson and Moskowitz (1964)
arrived at the following analytical formulation for
ideal sea spectra representing fully-developed seas,

S(w) = %% exp [~ Blg/V.) (76)

where
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S(w) = spectral ordinate in cm*sec
o = frequency in radians/sec
a =810 x 10°*
B = 0.74
g = acceleration of gravity in em/ sec?
V, = wind speed in cm/sec (19.5 m above the
surface)

It is clear that the only parameter is the wind speed.

This spectral family is inappropriate for general de-
sign use. While its oceanographic importance is great,
it should be recognized as an asymptotic form, reached
after an extended period of steady wind, with no con-
tamination from an underlying swell. While it might
seem an appropriate model for extreme storm condi-
tions, fully-developed seas for very high winds are
known to be rare, as the duration and fetch are seldom
sufficient for spectral stability to be reached.

(b) The Bretschneider Spectrum. This spectrum is
a two-parameter family that permits period and wave
height to be assigned separately (Bretschneider, 1952,
1957). It has the form,

S(w) = %exp [—B/o'] (1
where the two parameters A and B depend upon the
modal frequency, w,,, and the variance, E. The modal
(peak) frequency is

(78)

and
E = A/4B (79)

A family of these spectra for fixed significant wave
height of 5m is shown in Fig. 30. This family was
designed to represent rising and falling seas as well
as fully-developed seas. While it must be considered
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approximate, at best, it has proven to be of great value
for engineering purposes. A Pierson-Moskowitz spec-
trum family is obtained when
A = ag’
B/w* = B(g/V.)

Useful forms of the Bretschneider spectrum can be
obtained by normalizing frequency with respect to the
modal value, w,,. Then,

ﬂ'zf(E"’—/“’—'"-) = 5 (w,,/®) exp [—1.25(w,/0)*]

The two parameters are seen to be o,, and E. See Fig.
31, which is identical for all the members of the family.
It is often more convenient to substitute Hy; for E.

With a narrow-band spectrum,” Hy; = 4\/E. Then
@, S(0/®,)
fI‘/‘s2

(80)

= 0.312 (w,,/ @)’ exp
[—1.25(w,./@)'] (81)

The parameters w,, and Hi, can be directly related to
the extensive data available on observed wave heights
and periods, as discussed later.

The moments of the Bretschneider family are

m_, = 0.8572 E/w,, (82a)
m, = 1.294 Ew,, (82b)
m, = 1.982 Ew,? (82c)

The fourth moment diverges, which implies that the
mean crest-to-crest frequency and the mean-square
slope are infinite. This is a complication in treating
certain problems analytically. However, the integrand
is asymptotic to Constant/ o for large w; so the integral
for m, diverges very slowly. In problems involving m,,
the spectrum should be truncated at some reasonable
value (St. Denis, 1980). If w does not exceed Sw,,,
corresponding to a wavelength %th of the modal wave-
length, m, = 7.049 Ew,".

From the moments, the various period parameters
can be calculated:

T ,=0857T, = 5.385/w, (83a)
T, = 0713 T, (83b)
T, = 0.710 T, (83c)

The 15th International Towing Tank Conference
(ITTC, 1978) recommended the use of a form of the
Bretschneider spectrum (for average conditions, not
fully developed seas) when more specifically appro-
priate spectral forms are not known. This is Equation
(77), with

7 But with a Bretschneider spectrum, where ¢ = 1, St. Denis (1980)
points out that Hy, = 3JE = % JA/B.
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parameters are T, and Hy,. The ITTC further recom-
mended a directional spectrum that combines the
above spectrum and a spreading function,

Il

(84)

with —7/2 < p < #/2. In this modification p is the
angle between the predominant wave direction and a
wave component. The values of n = 2 and x = 2/»
are suggested for use until more definitive data be-
come available.

The Bretschneider spectral form has no associated
probability measure that would assign a probability
(frequency of occurrence) for spectra defined by the
pair w,, (or T}) and Hy;. It is common practice to es-
timate such probabilities from tables of visually-ob-
served height and period. In order to obtain the
spectra, use is made of Equation (75a), which relates
observed height, H,, to Hy;:

Hy, = 1.68 H ™ (85)
and Equations (75b) and (83c), which relate observed
period, 7, to T, and w,,:

2m 2r 544

W, = ——— = — = ____
Tv0.96

r, T,.71

Tables 3, 4, and 5 or similar tables derived from specific
area-season tabulations in Hogben and Lumb (1967)
can be considered as defining a two-parameter Bret-

S(w, p) = k S(w) cos"u

(86)

schneider spectral family, with probability measures
for each member.

The basic assumption in such a procedure is that
any seaway can be adequately represented by a Bret-
schneider spectral form, or at least that errors in form
introduce no bias in the corresponding measures of
ship performance when using sets of Bretschneider
spectra. But the errors in form in particular cases may
be considerable. Point spectra from wave records (such
as Figs. 9 and 23) show that multi-modal spectra are
common, and no single-modal Bretschneider form can
match the shape of such a spectrum very well. A more
subtle error may be present in the fit of the spectrum
of a swell from a distant storm that is sufficiently
dominant to hide the effects of any local disturbance.
This is also a fairly common condition. In such a case,
the effect of distance from the wave source is to limit
the band width of the waves reaching the observation
point. In effect, the high-frequency tail is reduced or
eliminated. The Bretschneider form will be a poor fit,
as it has a well-defined tail, proportioned to the modal
value of the spectrum. This could lead to a prediction
of a high-frequency response much greater than that
which would actually occur (St. Denis, 1980a).

Accepting the fact that some of the spectra corre-
sponding to a particular pair H,, T, may deviate from
the corresponding Bretschneider form, the latter may
still provide a good measure of ship performance if
the deviations collectively do not introduce a large bias.
Comparisons have been made between calculated ship
performance in observed spectra and ‘“matching” Bret-
schneider spectra (Ochi and Bales, 1977). While there
were the expected differences in performance for spe-
cific pairs, these differences tended to disappear
through statistical averaging when sets of pairs were
compared. This study is reassuring for those who have
made use of this very powerful tool. However, in any
particular problem the possibility of bias should always
be considered. An example where bias might be pres-
ent is a search for extreme conditions, i.e., those that
would induce extreme ship rolling or hull bending mo-
ment. It is probable that such conditions are more
likely to occur in a narrow-band swell rather than in
the wider band of a Bretschneider spectrum. In this
case, average response is not desired. Rather, a mea-
sure is needed of seas within a period-height cell that
induces large responses.

(¢c) The JONSWAP Spectrum. The ideal spectral
forms described in the preceding sub-sections are in-
tended to represent open-ocean wave conditions. How-
ever, there are many regions of engineering
importance where there are geographical boundaries
that limit the fetch in the generating area. The North
Sea is such a region. Extensive oceanographic mea-
surements have been made there under the Joint North
Sea Wave Project (JONSWAP) (Hasselman, 1973, and
Ewing, 1975). Wave measurements were made at a
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Table 11—Ochi Six-Parameter Wave Spectrum Family—Values of Six Parameters as a Function of Significant Wave
Height (Hg, m)

H, H, [ @2 A Ao
Most Probable

Spectrum 0.84 H, 0.54 H, 0.70 =0 #s 1.15 ¢ 0059 A, 3.00 1.54 ¢ 0062 H,
0.95 H, 0.31 H, 0.70 ¢ 0046 H 0.50 g0 H#, 1.35 2.48 ¢~0102 4,

0.65 H, 0.76 H, 0.61 e Hs 0.94 ¢~ 093 H, 4.95 9 4R ¢~ 0102 H,

0.84 Hs 0.54 Hs 0.93 0056 H 1.50 ¢—%046 A, 3.00 277 ¢~0112 H,

0.84 H, 0.54 H, 0.41 e #s 0.88 ¢~ 0% H, 2.55 1.82 ¢ 008 H,

0.95 Confidence Spectra 0.90 H, 0.44 H, 0.81 g% 1.60 ¢33 Hs 1.80 2.95 ¢ 0105 H,
077 H, 0.64 H, 0.54 0039 4, 0.61 4.50 1.95 ¢—0982 H,

0.73 H, 0.68 H, 0.70 e~ Hs 0.99 ¢~ 6.40 1.78 700 s

0.92 H, 0.39 H, 0.70 ¢~ # 1.37 @700 H 0.70 1.78 ¢700% #

0.84 H, 0.54 H, 0.74 =% Hs 1.30 ¢ 03 4 2.65 3.90 0085 4,

0.84 H, 0.54 H, 0.62 ¢ Hs 1.03 =00 2.60 0.53 =009
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series of positions at various distances from the island
of Sylt in the German Bight when the wind was off-
shore. The distances of the observation positions from
the coast ranged up to 160 km (100 mi).

As a family, the spectra computed from these rec-
ords had much narrower peaks than the Pierson-Mos-
kowitz family. An extensive analysis found that the
spectra could be fitted by the form;

S(w) = agw™® exp [—% —w—]—

87

Rl wm)?/20% wp 2]

where

vis 3.3
0 is 0.07 for w<w,,
is 0.09 for w > w,,
ais 0.076 z—°%
@ 18 27 £, g/ Vyno (modal frequency)
Zis g x/ Vil
S8 3.5 7703
x is fetch
Vo 1s wind speed at 10m (32 ft) above sea level

Note that the JONSWAP spectrum is simply a form
of Bretschneider spectrum, Equation (87), multiplied
by a frequency dependent factor;

P (0020700
The JONSWAP spectra for a constant wind speed are
shown in Fig. 32 for various fetches. However, recent
research has shown that this parameter, v, is affected
by sampling variability and that reduced values may
be more appropriate (Donelan and Pierson, 1983).

(d) The Ochi 6-parameter spectrum. As noted pre-
viously, the variability in form of point spectra is very
great, and many of them do not resemble the Bret-
schneider form. Ochi and Hubble (1976) have developed
a theoretical family which can provide a much better
fit to most spectra derived from wave measurements
(see also Ochi, 1978). They start with a basic form,

43 + 1 © )A
4 ™ H?
Stw) = ¥ LA
IXEN Pl
[—(ﬂ}l—’ /o) (8

using a new shape parameter, A. I’'(A) is a gamma
function, and the parameter H, is the significant wave
height, Hys. This modification of the Bretschneider
form reduces to the latter when A = 1. It is unimodal,
with the peak becoming sharper with increasing A. By
adding two of these forms, Ochi obtained a six-param-

eter spectral form with great latitude to match the
shapes of observed spectra:

4r + 1 4)‘1
4 mj H '2
= 1 - SJ
S(w) A ; F(}\j) o™ 1
exp [_w (wmj/wy] (89)

where j = 1, 2 stands for the lower and higher-fre-
quency components, respectively. The six parameters,
H,, H,, w,, 0, A\ and A, may be determined nu-
merically to minimize the difference from a specific
observed spectrum. Figs. 33 and 34 suggest the range
of shapes within the family in fitting to quite different
spectral types. In the case of double peaks (Fig. 33),
suggesting the superposition of waves from two dif-
ferent storms, no indication of their relative directions
is given.

Ochi explored the statistics of the six parameters
by fitting some 800 point-spectra from British weather
ship wave records. From these, he developed statisti-
cally a specific set of 11 spectra for a given significant
wave height for use in ship design. One spectrum,
essentially that corresponding to the modal values of
the various parameters, he calls the most probable
spectrum. The other spectra are defined in terms of
0.95 confidence bands of the various parameters. These
ten sets of parameters are specified as functions of
the significant wave height, Hi, or H,; see Table 11.
Ochi recommends a weight of 0.5 for the most probable
spectrum and 0.05 for each of the other spectra. The
families for H, equal to 3 m and 9 m, all unimodal, are
shown in Fig. 35. ‘

The sets of observational spectra that were used to
explore the statistics of the six parameters include
some inherent bias. The set used by Pierson and Mos-
kowitz for the development of the full-developed sea
spectrum was biased toward pure, uncontaminated lo-
cal sea conditions; the stratified sample from Station
India was biased toward severe sea conditions; and
both of these sets were used by Ochi. All of these
spectra were from British weather ships in the North
Atlantic; so there is a geographical bias as well. The
lack of directional information is a further limitation.

The Ochi six-parameter family should not be taken
to be a valid statistical representation of all seas. But
with this reservation, it can be very useful in exploring
the range of response of any engineering structure as
a function of spectral form. While the complexity of
the form and the large number of members limit its
attractiveness for desk calculator use, this is no hand-
icap when a computer is available.
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Section 3
Ship Responses to Regular Waves®

3.1 Introduction. Thé response of a ship advancing
in a seaway is a complicated phenomenon involving
the interactions between the vessel dynamics and sev-
eral distinct hydrodynamic forces. It would be impos-
sible to cover comprehensively the entire subject of
ship motions in one short chapter. Therefore, we will
concentrate on those aspects of ship motion theory and
experiment that have proven useful to the designer.
Specifically, a linear theory of ship motions will be
presented. All ship responses are nonlinear to some
extent, but in many cases when nonlinearities are small
a linear theory will yield good predictions.

The assumption of linearity for the ship response
allows us to use many powerful analysis techniques
developed in other fields. As discussed in the previous
section, the seaway can be considered a random proc-
ess and spectral techniques can be used to define the
characteristics of the seaway. The response of the ship
to a seaway is also a random process, and therefore
the same spectral techniques can be used to analyze
the ship responses. In Section 4 of this chapter the
applicable theory of random processes and linear sys-
tem theory will be explained. For the present we need
to note only that by knowing the responses of a ship
to regular waves of different frequencies, we can pre-
dict the statistics of the responses to actual random
seaways. Accordingly, in this section the responses of
a vessel to regular waves will be discussed.

A ship advancing at a steady mean forward speed
with arbitrary heading in a train of regular waves will
move in six degrees of freedom. That is, the ship’s
motion can be considered to be made up of three trans-
lational components, surge, sway and heave, and three
rotational components, roll, pitch and yaw (Fig. 37).
Consequently, for an arbitrarily shaped vessel, six non-
linear equations of motion, with six unknowns, must
be set up and solved simultaneously. However, for
slender vessels in low to moderate sea states it is
possible to assume that the ship motions will be small
and hence to develop a linearized theory. For the usual
case of an unrestrained ship with port/starboard sym-
metry, the six non-linear equations reduce to two sets
of three linear equations. The vertical-plane or longi-
tudinal motions (surge, heave and pitch) are uncoupled
from the horizontal-plane or transverse motions (sway,
roll and yaw).

In this section, a strip theory will be developed for
the motion of a ship in regular waves at forward speed
and arbitrary heading. Strip theory is the method most
widely used to predict ship motions; it gives reasonably
accurate results over a wide range of parameters. Sub-
Sequent to the discussion of strip theory, a brief review
of other ship motion theories under development will
be presented. The final subsections will be devoted to

m}
p!
: 4
e 7 B
N AR

1 1
! |
\ ——— ———— —— — — ——— — -
m = surge n = heave ns = pitch
7 = sway 7 = roll N = yaw

Fig. 37 Sign convention for translatory and angular displacements

discussing the various responses in detail. The coeffi-
cients and exciting forces in the equations of motion
will be examined and comparisons between theory and
experiment for the vessel responses will be made.
The derivation and solution of the equations that
must be solved to determine the motions in all six
degrees of freedom involve advanced calculus and hy-
drodynamics. As an aid to the reader not concerned
with the theoretical details, the results for the simpli-
fied case of heave and pitch in head seas will be pre-
sented in the next sub-section. A discussion of the
theory for all six degrees of freedom follows in Sub-
sections 3.3-3.6. Some readers may wish to proceed
from the simple case directly to the practical experi-
mental and theoretical results presented in the re-
maining Sections 3.7 and 3.8. Newman (1978) gives a
complete history of the development of theoretical
methods to predict ship motions in regular waves.
3.2 A Simplified Head-Sea Case. As noted in the
preceding sub-section, the longitudinal motions of
pitch, heave and surge of a symmetrical ship in regular
waves can be considered separately from the trans-
verse modes. Furthermore, it has been found that for
most comparatively long and slender ships surge has
a minor effect and can be neglected. This implies that
forward speed U, is constant. The further simplifica-
tion in this sub-section is to consider only the case of
head seas, or waves from directly ahead (u = 180 deg).
It is assumed that both the wave excitation forces and
the resultant oscillatory motions are linear and har-
monic, acting at the frequency of wave encounter,

(90)

The equations of motion are based on Newton’s sec-
ond law of motion which in one form states that for

0w, = o + olg/U,

® Section 3 by Robert F. Beck, except for Subsection 3.8 by William
C. Webster.
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translational modes the forces acting on a body must
equal the mass times the acceleration. For the rota-
tional modes the moments acting on the body equal
the mass moment of inertia times the angular accel-
eration. Thus, for heave, n,, with the origin at the
center of gravity (which must be located at the WL
for this simple case),

A7y = F,y (91)

and for pitch, n;,
155 s = Fy (92)

where A is the mass (displacement), 7, is the mass
moment of inertia about the y-axis and F,; and F; rep-
resent the total force and moment, respectively, acting
on the body, as functions of time. For the simplified
case, the total force and moment consist mainly of
fluid forces, both hydrostatic and hydrodynamic. (The
heave gravitational force is balanced by the static
buoyancy force in calm water and this defines the 7,
= 0 position). In a linear theory, the fluid forces (and
moments) can be conveniently divided between the
forces due to the waves acting on a restrained ship,
i.e., the forces that excite the motions, and the radia-
tion forces due to the motions of the ship in an as-
sumed calm sea. That is,

Fy(t) = FEXa(t) + FHS(t)
Fi(t) = Fix(t) + Fult)

(92)

The excitations for sinusoidal waves are expressed
as,

Fex(t) = |Fgx,| cos (0t + €)
FEX5(t) = |FEX5I cos (w,t + €5)

93)

where |Fgx,| refers to the amplitude of the heave force
and |Fgx,| to the amplitude of the pitch moment, and
where €, and ¢, are the phase angles between the ex-
citation and the waves.

In linear theory, the hydrodynamic radiation forces
due to the coupled motions of the vessel in otherwise
calm water can be expressed in terms that are directly
proportional to the vertical displacements, velocities
and accelerations. For sinusoidal motions, the hy-
drodynamic radiation force and moment can be written
as,

FH3 = — [Agu(0) 9 + By(w) M5 + Camy
+ A 55(w) s + Bis(w) M5+ Cys 775] (94)
FH5 = = [As(@) i) + Bs(w) N + Cssms

+ Ag(w) s + B5(w) ns + Css")s]

where A (w) and B),(w) are coefficients that are func-
tions of frequency. The minus sign is introduced for
convenience in the final equations of motion.

The double-subseript notation for the coefficients

Aj, By, Cy 1s adopted in anticipation of its necessary
use for the complete 6-degree of freedom case to be
discussed subsequently. Where the subscripts are the
same (A, Bs;) a simple, uncoupled coefficient in the
heave (3) or pitch (5) mode is intended. Where the
subscripts are different (4,5, B,;) the meaning is that
the k-mode is coupled into the j-mode (e.g., 4 5 #); rep-
resents the force in the heave mode due to a pitch
acceleration).

The final coupled equations of motion for heave and
pitch of a vessel in regular head seas are obtained by
combining Equations (91), (92), (93) and (94). The ra-
diation forces are moved to the left-hand side of the
equations because they are proportional to the un-
known motions. Thus,

(A + Ag) s + By + Casmy + Ags s
+ Bysis + Cyss = [Fex,| €08 (0.t + €)

(Iss + Ag) s + By + Cosms + Ass s
+ Bsgs + Csamy = |Fx,| cos (w.t + €)

(95)

The A ;-terms correspond to added mass, in phase with
vertical accelerations, the Bj-terms to hydrodynamic
damping, in phase with vertical velocity. Terms in-
volving the coefficient C, are called restoring forces
and moments, representing the net hydrostatic buoy-
ancy effects of the ship motions. It should be noted
that the C,, are related to the hydrostatic coefficients
used in ship stability calculations, i.e., Cs, Ci, and
Css are related to tons per ecm immersion, change in
displacement per cm of trim and moment to trim one
cm, respectively.

Equations (95) are similar to the coupled equations
that would be found for a two-degree-of-freedom
spring-mass-damper system. There are mass, damping
and spring terms on the left-hand side, and on the
right-hand side the excitation. However, the equations
are much different from the usual spring-mass-damper
system in that the coefficients and the excitation are
all functions of frequency. For a given frequency they
are all constant and the system has a solution. For
another frequency the values of the coefficients and
the exciting forces will all be different. Hence, it has
been shown (Ogilvie, 1964) that the correct solution of
these equations of motion in the time domain requires
the addition of complicated convolution integrals. To
overcome this difficulty it is necessary only to consider
the equations in the frequency domain, as shown sub-
sequently. A complete discussion of these points can
be found in Cummins (1962), Ogilvie (1964) and We-
hausen (1971).

The cross-coupling between heave and pitch results
from the coefficients with subscripts 35 or 53. For a
fore-and-aft symmetric ship at zero forward speed the
cross-coupling is zero. Even though typical ships are
almost fore-and-aft symmetric, the cross-coupling be-
tween heave and pitch is very important and must be
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retained in order to correctly predict the motions in
head seas at forward speed.

The terms on the right-hand side of the equations
represent the excitations, the forces or moments that
would act on a restrained ship encountering waves at
a forward speed Uy. | Fipy,| and | Fgx, | are the ampli-
tudes of these harmonic forces and €; and ¢, the phase
angles. In order to apply hydrodynamic theory to ob-
tain expressions for the excitation amplitudes, the ex-
citing forces and moments are usually subdivided into
the Froude-Krylov and diffraction excitations. The
Froude-Krylov excitations represent the integration of
the pressure over the body surface that would exist
in the incident wave system if the body were not pres-
ent. The diffraction exciting forces and moments are
caused by the diffraction or modification of the incident
waves due to the presence of the vessel. The Froude-
Krylov forces and moments are sometimes used to
approximate the total exciting forces. This is a good
approximation if the wavelength is much longer than
the vessel length. For shorter wavelengths the ap-
proximation is increasingly inaccurate because the dif-
fraction force becomes significant. For short waves
the diffraction force may become approximately one-
half of the total exciting force.

Thus, we have the two Equations (95) in two un-
knowns, 1, and n;, which can be readily solved in this
simple case of pitch and heave in head seas. To do this
it is convenient to transform Equation (95) into com-
plex number format, while at the same time taking
the time derivatives to obtain velocity and acceleration.

In linear theory, the harmonic responses of the ves-
sel, ,(¢), will be proportional to the amplitude of the
exciting forces and at the same frequency, but with
phase shift. Consequently, the ship motions will have
the form:

1,(¢) = M| cos (vt + o;) = e
N ,(t) = io, e  j=38,5 (96)
1,(8) = —olmed

where
7, is the complex response amplitude, and
J = 3 represents heave; j = 5 represents pitch,

[7,/is the magnitude or absolute value of re-
sponse amplitude, and
o, is the phase shift of the response.

The complex amplitude is a complex number that con-
tains both the magnitude and phase of the response.
For example, the magnitude and phase of the heave
response are given by

M = M, T i?l-s, 97

where

s, 1S the real part of 7,

M, 1s the imaginary part of m,
77| is the magnitude of heave response ampli-
tude and equals /7, + 73,

o, is the phase angle of heave response or
tan~" (7, / Ms,)

In general it is understood that throughout this
chapter, unless otherwise noted, the real part is to be
taken in all expressions involving e

Similarly the exciting force and moment can be ex-
pressed as

Fex(t) =
Fex(t)

iFEX3| cos ((O t + 63)
= |Fex,

EX3e et

(98)

FX56 ¢

where Fpy, and Fgy, are now taken to be the complex
exciting force and moment amplitudes, containing both
amplitude and phase. Making these substitutions in
Equation (95), the e cancel out, and the resulting
equations are:

("wez(A + Ag) + tw, By + C33)ﬁ3

. _ (heave) (99)
+ (—ol A3 + i, By + C)Ns = Fix,
—w2(ls + As) + iw,Bss + Ci)m
(—w s 55) W D55 " 55) 75 (pitch) ~ (100)
+ (—wlAs + 10,85 + Cyu)Ms = Fexg

J=3,5 k=35

where

A, is the added mass coefficient in j* " direction
due to £* motion.

B, is the damping coefficient in j* direction due
to £™ motion.

C,. is hydrostatic restoring force coefficient in j*
direction due to k£ motion.

Fex; are the complex exciting force and moment

amplitudes in j* direction.

Note that in Equations (99) and (100) the origin is at
the center of gravity, which is assumed to lie in the
WL. The more general case is given in the next sub-
section.

The determination of the coefficients and exciting
force and moment amplitudes represents the major
problem in any ship motion calculation. The problem
is simplified by applying a strip theory (as developed
in the next sub-section), where the ship is divided into
transverse strips, or segments. The added mass and
damping for each strip are relatively easily calculated,
using two-dimensional hydrodynamic theory or by
equivalent two-dimensional experiments. The sectional
values are then appropriately combined to yield values
for A, B, C; and F;. For the case of heave and pitch
in head seas Table 12 lists the formulas for calculating
the coefficients and the exciting forces. Actual theo-
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Table 12—Head Sea Coefficients and Exciting Forces

A33=Jawdx
U,
Assz“fxaaadx“wozBas

e

U,
Ay = —fxassdx+w—1833
) Uy
Asszszaasdx"*_ 02 Ass
we

Coo = f ¢w dz = pg f B(x) dx

By, = J‘ bs; dx

B, = — be%dx + U, A,

By = — fxbsadx — U, Ay
Uy

Bs5=fx2 by dx + , By

e

Cys = Cy3 = —chagdx= —pgij(x)dx

Css=ng—G-M—L+LCF’2033:J-xzc”dx:pgfsz(x)dx

FE‘X

3

) . . U,
FEX5 =—{ f e e [x(caa — @@, a5 — 1b33)) T e

L

where:

-7 f ¢ ¢4 [0y — wo(0, g — ibg)] do
L

0

tbgs) | d

o (0, g3 —
e

a4, is the sectional heave added mass

b, is the sectional heave damping

C33 is the sectional restoring force = pg B(x)
B(z) is the sectional waterline beam
S(x) is the sectional area

T*(x) is the mean sectional draft or

S(x)
B(x)

L is the incident wave amplitude

retical and experimental values for the sectional added
mass and damping in heave for various section shapes
are given in Section 3.5, and the overall coefficients
and exciting forces are given in Section 3.7.

In Table 12 the approximate equation for C; is based
on the assumption that the vertical difference between
the centers of gravity and buoyancy, BG, and the
longitudinal distance between CG and CF are both
very small relative to the length of the ship.

It should also be noted that the amplitudes of the
heave and pitch exciting force and moment listed in
Table 12 depend directly on £, the incident wave am-
plitude. This is a consequence of the linear theory used
in their development. The terms in brackets propor-
tional to ¢4, are the Froude-Krylov exciting force and
moment, and the terms involving a,; and b4, represent
the hydrodynamic diffraction forces. That these forces
are given in terms of the same added mass and damp-
ing coeflicients used in calculating the radiation force
coefficients, 4, and B, is the result of mathematical
manipulation. Physically it can be viewed that the ver-
tical motion of the wave relative to the fixed hull is

similar to the vertical motion of the hull relative to
still water.

The factor e** accounts for the wave profile along
the length of the ship. Both the Froude-Krylov and
diffraction parts of the exciting forces and moments
are multiplied by the term e ~*7"®, where k is the wave
number and 7*(x) is the mean draft for the section,
assumed to be S(x)/ B(x), where S(x) is the sectional
area and B(x) is the local beam at the waterline. This
is the result of the exponential decay of the dynamic
pressure in the incident wave as one moves deeper
below the free surface. This effect is often called the
Smith Effect (Smith, 1883). For depths greater than
approximately one wavelength no variation in pressure
due to the incident waves can be felt. This decay in
the incident wave dynamic pressure results in an equiv-
alent reduction in the magnitude of the exciting forces.

To solve Equations (99) and (100) for the complex
amplitudes, the equations are written in the form:

P.ﬁ:i + Q?’-5 = FEX3 (101)
RB7y + S%; = Fix,
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where
P=—0w?(A + Ag) + iw,By + Cyy
Q= ’““’ezAas + tw,By + Css
R = —wezA53 + iw,,353 + 053
S = —w22(155 + A55) + iweB55 + Css

The solutions to the coupled equations are then given
by

= = FEX3S - FEX5Q
T T PS - QR
—— FEX5P - FEX3R
M5 T PSS~ QR

(102)

The limiting forms of the solutions for 7; and 7,
are easily determined from Equations (102). At the
high-frequency limit, the exciting forces go to zero and
therefore the motions must also approach zero. In the
low-frequency limit, P, @, R, and S approach the values
of their respective hydrostatic restoring force coeffi-
cients. The low-frequency limit of F, and F} are found
by using only the Froude-Krylov terms and expanding
the e™* term for small k. The net result is that in the
limit of low frequency:

ML (103)

M~ —ikl
Thus, for very long waves the heave amplitude ap-
proaches the wave amplitude and the pitch amplitude
is the same as the maximum wave slope. The phasing
is such that the vessel contours the waves. At inter-
mediate frequencies the ship motions may peak. De-
pending on speed and hull form, typical peak values
are in the range of 1 to 2 times the wave amplitude
for heave and 1 to 1.5 times the wave slope for pitch.
Examples of the pitch and heave motions in head seas
are shown in Section 3.7.

The first strip theory for ship motions in regular
waves was developed by Korvin-Kroukovsky (1955) to
predict the heave and pitch motions of a vessel in head
seas. Using concepts from slender-body theory in aero-
dynamics and shrewd physical insight, a linearized the-
ory was developed to compute all the coefficients and
the diffraction excitations. Some refinements and ex-
perimental comparisons were provided in the sequel
by Korvin-Kroukovsky and Jacobs (1957). Further de-
velopments and extension to six degrees of freedom
are discussed.

It is of interest to note that Equations (95), and hence
the solutions given in (102), are basically the same as
those developed by Korvin-Kroukovsky. The formulas
for coefficients and for excitations listed in Table 12
are essentially the same except that they embody a
more rigorous treatment of forward speed terms in
the coefficients and have w,w, as the multiplier in the
excitations instead of 2

3.3 Motions in Regular Waves with Six Degrees of
Freedom. In order to be able to compute all responses
of any vessel to regular waves, it is necessary to deal
with the complete motions of a ship with six degrees
of freedom, considering important couplings among
them. The linear equations of motion will be presented
for a ship advancing at constant mean forward speed
with arbitrary heading in a train of regular sinusoidal
waves. Detailed derivations of the equations of motion
may be found in Salvesen, et al (1970), Newman (1977),
Ogilvie (1964), or Wehausen (1971).

(a) Equations of motion. The linearization of the
equations is made on the basis of small motions. The
motions will in general be small if the ship is stable
and the incident wave amplitude is relatively small.
The principal exceptions to this rule are resonant sit-
uations where the damping is small, e.g., roll resonance
in beam seas, near-pitch resonance of SWATH ships,
heave resonance of semi-submersible oil-drilling ships,
etc. Experimental and theoretical investigations have
shown that a linear analysis of ship motions gives
excellent predictions over a wide variety of sea con-
ditions and vessel types (see Section 3.7), and that
rolling at forward speed can be handled satisfactorily
by equivalent linear equations (Section 3.8). Accord-
ingly, the assumption of linearity will be retained here.
However, in doubtful cases the admissibility of the
assumptions inherent in linear theory can only be de-
termined by comparing the results of calculations as-
suming linearity with experimental and full-scale
measurements.

It is desirable first to define the three axis systems
shown in Fig. 38. The (x,, ¥, 2,) system is fixed in

Ny

w > A ,

~ ~—- X
-
Z0
;f WAES
— Xq

°T 7
/U.

Fig. 38 Coordinate systems
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relation to the earth, with the origin at any desired
location. The z-axis is positive upwards and the zq-y,
plane (with origin 0) is usually coincident with the calm-
water level. The z, axis is normally set in the direction
of travel of the ship. The (x,, ¥,, z,) axis system is
used to define the incident wave system.

The (2, y, z) system moves with constant velocity U,
in the positive z,-direction, and is referred to as in-
ertial coordinates. The z-y plane is also aligned with
the calm water level and z is positive upwards. The z-
axis is coincident with the x,-axis. The transformation
from the (z,, ¥,, 2,) system to the moving system is
then given by

o =x + Ut
Yo=Yy (104)
2y = 2

The T, 7, Z axis system (body axes) is fixed in the
ship and therefore moves with all the motions of the
ship. The -7 plane coincides with the ship’s calm wa-
terplane, with the Z-axis normal to it (positive upward)
and the Z-axis pointing out the bow. In all the work
described in this chapter it will be assumed that the
ship has port/starboard symmetry and the -z plane
is the plane of symmetry. Hence, the origin is in the
center plane, in the calm waterplane and at any con-
venient fore-and-aft location, such as amidships.

The motions of the ship are determined by the ori-
entation of the Z, 7, Z system relative to the z, ¥, 2
system. A total of six components are needed to
uniquely define the motion, typically three translations
and three rotations. The three translations are defined
as surge, sway, and heave. The corresponding rota-
tions of the 7, 7, and 7 axes are called roll, pitch and
yaw, respectively, Fig. 37.

It should be noted that with a ship moving at any
angle, u, to regular waves the frequency of oscillation
will be shifted to the frequency of wave encounter,

2
we=w0—w7°Uocosp=w0—kU0cos;L (105)

This shift is directly analogous to the Doppler shift in
sound and electro-magnetic theory. For waves coming
from ahead (u = 180 deg) the frequency of encounter
is higher than the absolute frequency. In stern seas
(v = 0 deg) the frequency of encounter is lower and
may equal zero when the ship speed equals the phase
velocity of the waves. For very high speeds in stern
seas the frequency of encounter may obtain negative
values. This corresponds to the case where the ship
overtakes the waves so that the waves actually appear
to be coming from ahead (Section 4). We shall see that
the ship responds at the frequency of encounter and
consequently the frequency shift caused by forward
speed has a strong influence on the ship motions.

As in the simple case of a ship in head seas, the
starting point in setting up the more complicated equa-
tions of motion for six degrees of freedom is Newton’s
second law, which must be written in an inertial co-
ordinate system. But the forces and moments acting
on the body are all defined in the body-axis system.
Thus, transformations are used in order to write the
equations of motion in the body-axis system. These
transformations result in the so-called Euler equations
of motion for a rigid body, which are highly nonlinear.
For this reason most ship motion investigations first
linearize the equations before attempting a solution.

The general form of the basic linearized equations
in six degrees of freedom using body axes is,

2 A i) = Fy() j=12...6 (106)

where A, are the components of the generalized inertia
matrix fjor the ship, in which the mass and moment of
inertia terms, A and 7, and all possible couplings, are
included. 17, are the accelerations in mode k; F; rep-
resent the total forces or moments acting on the body
in direction j. The quantities F;, as well as 7,, are
harmonic functions of time.

In linearizing the equations many of the terms in
A, become zero, and Abkowitz (1969) has shown that
for a ship with lateral symmetry (106) reduces to the
following six explicit equations:

A(H + 2 %) =F, (surge)
A(i, —Z, 9y + T, 3) = F, (sway)
A (9 — T.95) = Fy (heave) o)
Ly Wy — g %5 — AZ, %, = F, (roll)
Is 95 + A {Z,%, — Z.43} = F; (pitch)
I g — Loy Wy + AT, 9, = F, (yaw)
where
F(t), j = 1,2,3 are the total forces in the Z, %, Z di-

rections, respectively

4,5,6 are the total moments acting about
the 7, 7, and Z axes. Positive mo-
ments are in the right-hand sense

A is total mass of vessel

1,7 = 4,5,6 are moments of inertia around
the ¥. 7, Z axes, respectively

I is roll - yaw product of inertia

Fit), j

- 64
(., 0, z,) are coordinates of the center of
gravity of the ship in the 7, 7, Z sys-

tem.
N{t) is acceleration in the j* degree of free-
dom, wherej = 1,2,3. ... 6 refers to

surge, sway, heave, roll, pitch and
yaw, respectively.
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It should always be kept in mind that the equations
for j = 1,2,3 are force equations and for j = 4,5,6 are
moment equations.

Comparing (106) to (107), the generalized inertia ma-
trix is:

A 0 0 0 +4z, 0
0 A 0 -4z, 0 +AZ,
0 0 A 0 —AZ, 0

b= o —AZ, 0 L 0 —1,7| 108
+AzZ, 0 —AZ, 0 Iy, 0
0 +AZ, 0 —I; 0 Lss

This matrix can be readily evaluated in any specific
case. Of course, if the origin is vertically in line with
the center of gravity, all , terms will be zero (as in
the simple head-sea case of Section 3.2).

As presented in Equation (107), the F; represent the
total forces (or moments) acting on the vessel resolved
in the 7, ¥, Z body-axis system. Likewise, 1), are the
accelerations resolved in the body-axis system. In the
formulation and solving of the hydrodynamic problems
associated with ship motion it is often more convenient
to work in the z, y, z or inertial system. As far as the
linearized equations of motion are concerned, the res-
olution of the forces, moments, and motion amplitudes
into one system or the other does not matter. The
distinction between the two systems has been lost in
the linearization. For the remainder of this section we
shall in general work in the inertial (z,y,2) reference
frame. However, one must always be aware of the
distinction between the two coordinate systems so that
in the development of a linear hydrodynamic theory
all the terms of the appropriate order of magnitude
are retained.

The only product of inertia that appears is I, the
roll-yaw product, which vanishes if the ship has fore-
and-aft symmetry and is small otherwise. The other
nondiagonal elements all vanish if the origin of the
coordinate system coincides with the center of gravity
of the ship; however, it is more convenient to take the
origin in the waterplane at midship, in which case Z,
and Z, are not equal to zero.

Writing Euler’s equations of motion, Equations
(106), with only gravitational and fluid forces acting
on the ship results in

Mm

Ay ﬁksz(t) =FGj+FHj
j=12....6

k=1 (109)

where

Fg; is the component of the gravitational force
acting on the vessel in the j* direction.

Fy; is the component of the fluid force acting in
the vessel in the j* direction.

Aj is the inertia matrix given by Equation (108).

In a linear theory, the responses of the vessel will
be linear with (i.e., directly proportional to) wave am-
plitude and occur at the frequency at which the ship
perceives the incident waves. This is an important
point. The use of linear analysis allows us to use the
powerful analysis techniques of linear system theory
and obtain many useful results. However, it also puts
limitations on the results which must be recognized.
Since only the vessel response to sinusoidal waves is
being considered in this section, the time-dependent
responses of the vessel, n(¢), will be sinusoidal at the
frequency of encounter and can be written as:

n{t) = met  j=12...6

where,
w, is the frequency of encounter (105), and
equals

(110)

2
Wy
w, — 7 U, cos p

7; is the complex amplitude of vessel response in the
jth direction and j = 1,2. ... 6 refer to surge, sway,
heave, roll, pitch, yaw, respectively.

The gravitational forces are simply due to the weight
of the vessel applied at the center of gravity. Since
the mean gravitational forces cancel the mean buoyant
forces, they are usually combined with the hydrostatic
part of the fluid forces to give the net hydrostatic
forces.

The hydrostatic and hydrodynamic forces acting on
the ship are obtained by integrating the fluid pressure
over the underwater portion of the hull. The compo-
nents of the fluid forces acting in each of the six de-
grees of freedom are thus given by

Fy=[[Pnds j=12..6 aw
s

where

n; is the generalized unit normal to the hull sur-
face into the hull
P is the fluid pressure
s is the underwater hull surface area

The components of the generalized normal are equal
to the usual hull surface normals for the translation
modes (j = 1,2,3) and equal to the moments of the
unit normals for the rotational modes (j = 4,5,6). Con-
sequently, it may be written that

(ny, My M) = 1 (112)
(g, ns, ) = r X 1
where

7 is the unit normal to the hull surface out of
the fluid
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ris the vector from origin to a point on the
hull
=it yj+ zk
The pressure on the body can be found using Ber-
noulli’s equation. Assuming an inviscid and irrotational
flow, the equation for the pressure is

(o
— %p(Vd X Vd) — pgz (113)

P 5t
where p is density, V& is the total velocity vector
representing the fluid flow, and U, is the forward speed
of the ship. The assumption of inviscid, irrotational
flow is critical because it allows the development of a
linear theory. However, the effects of viscosity and
vortex shedding have been lost. For some cases (par-
ticularly roll and yaw) this may not be satisfactory
and empirical corrections have to be added at a later
stage.

In Equation (113), the first three terms represent
the hydrodynamic contributions to the pressure and
the last term represents the hydrostatic contribution.
When the equation for the pressure is substituted into
Equation (111), the fluid forces acting on the vessel
may be divided into the following hydrostatic and hy-
drodynamic contributions:

FHj = FHSj + FHDJ-

P = 1/?_PUO2

where

Fﬂsj (hydrostatic) = — pg ff zmn;ds (114a)
o
Fyp, (hydrodynamic) =

9
—pH (‘/ZUOZ - a—‘i’ - 1/2v<1>.\7<1>)n].als (114b)
<

In order to find expressions for the above to insert
into the equations of motion, the hydrostatic and hy-
drodynamic forces will be considered separately.

(a) Net hydrostatic forces. To find the hydrostatic
forces we must evaluate the integrals in Equation
(114a), a straightforward but tedious process. The
value of z must be replaced by its equivalent values
in the (%, 7, 7) system and the integrals evaluated over
the instantaneous underwater hull surface. Note that
in linear theory the integrals need only be carried out
on the instantaneous wetted surface up to the calm
water level, since the contributions from the small area
between the calm water level and the actual wavy
water surface are of a higher order.

The details of the integral evaluation may be found
in Newman (1977). Because the mean hydrostatic
forces are cancelled by the mean gravitational forces,
the two are usually combined to give the net hydro-
static force as follows:

qu;' =Fg + Fys;

i=12...,6 (115)

where
Fys; = hydrostatic force on the body in the j*
direction.
Fs; = net hydrostatic force on the body in the j*
direction.

The final results for each of the six components for
a vessel with port-starboard symmetry are:

where
Fls = 0 (116)@)
Fys, = 0 (b)
‘;153 = — pgSns + pgSim;s (c)
Fus, = —pgV (Su/V + 23 — Zo) m, (d)

= —pgVGMyn,
F?{s;;:PQSl’?S“PgV(Sn/V+EB_70)775 (e)

= pgSims — pgV (GM, + SLCF*/V) n,
Fuse, =0 (f)

where

GM;is the transverse metacentric height

GM, is the longitudinal metacentric height
Zj is the vertical center of buoyancy location
LCF is the longitudinal center of flotation

S is the waterplane area = fB(x) dx
L

S, is the first moment of waterplane area
around the y-axis

=fxmmm

S, is the second moment of waterplane area
around the y-axis

=fﬁmmm

Sy, is the second moment of waterplane area
around the z-axis

=fJ- ¥ dydx = J[B]f;)]s dx

B(x) is the full breadth of waterplane at x

In order to simplify the notation, the individual force
components expressed in Equations (116) can be writ-
ten in a more general matrix notation as

6
F*Hsj = - Z Cjk Mee™e (117

j=1
where

C;, are the hydrostatic restoring force coefﬁci.ents
and 7,e*¢* replaces the arbitrary motions,

N(2).
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The hydrostatic restoring force coefficients give the
net hydrostatic force acting on the vessel in the jth
direction due to a unit displacement in the kth mode
of motion. The values of C,, are found by comparing
(116) and (117). The final results are:

Ci=0 except for the values

Css = pyg f B(x) dx

Cos = Cs = —pgfxB(x) dr

(118)
Cu=pgV GM,
W?

055=P9V(E_M_L+ S):pgsn

=pg Su + pg V(KB — KG)

where all integrals are taken over the length of the
ship.

For many ships the vertical difference between the
center of gravity and the center of buoyancy is very
small relative to the length of the ship, so that in this
case C;; can be approximated as

Cu= pgSu=pg [#*B@dr  (119)

It should be noted that, after appropriate changes
in units, the hydrostatic restoring force coefficients,
Cj., are equivalent to the hydrostatic coefficients used
in ship stability calculations. Tons per cm, change in
displacement per em of trim aft, righting moment per
degree of heel, and moment to trim one em are related
to Cy3, Cy;, Cyy, and Cy;, respectively.

(b) Hydrodynamic forces. The hydrodynamic
forces acting on the vessel can be found by evaluating
Equation (1144). To accomplish this the total velocity
potential for the fluid flow, ®(z, y, 2, ), must be known.
At the present state of the art, this is impossible, so
that several simplifications are necessary. The first is
to assume that the total velocity potential can be sub-
divided into a simple summation of the various com-
ponents as follows:

O(r,y,2,t) = [—Usx + ds(x, y,2)] + dree
= [ Uex + ds(= 4, 2)]

steady part (120)

6
+ [4’1 +ép+ Zl b7, | e
ji=

unsteady part
Wwhere,

¢sis the perturbation potential due to steady
translation

&ér is the unsteady perturbation potential
6

= ¢t dot 2 47,

¢, is the incident wave potential

&, is the diffracted wave potential

¢, is the radiation potential due to unit motion
in jth direction

Note that ¢,, ¢, ¢, are all independent of time and
depend only on space variables. The steady part of ®
results from the steady forward speed of the vessel.
The — U,z term is the free-steam velocity and the ¢
is the steady perturbation velocity potential due to the
presence of the ship hull. The term (—Uyx + ¢5) is
the solution to the problem of the ship advancing at
constant forward speed in otherwise calm water. The
velocity due to the steady advance of the vessel is
given by

_Iilzv(_on'*'d’s): —U, + Vos  (121)
where V is the gradient differential operator.

The unsteady part contains all the time-dependent
terms. As with the response amplitude, Equation (110),
the time dependence is sinusoidal at the frequency of
encounter. The unsteady part is subdivided into the
incident wave potential ¢,, the diffracted wave poten-
tial ¢,, and the radiation potentials ¢; due to motion
in each degree of freedom. The potentials ¢, and ¢,
result from solving the diffraction problem where
incident waves act upon the vessel in its equilibrium
position. The diffracted waves result from the scatter-
ing of the incident waves as they strike the body. The
hydrodynamic forces that result from the incident plus
diffracted waves are called the exciting forces. The
radiation potentials (¢,) are the solution to the radia-
tion problem in which the vessel undergoes prescribed
oscillatory motion in each of the six degrees of freedom
in otherwise calm water. The hydrodynamic forces that
result from the radiation problem involve added mass
and damping.

The subdivision of the complete velocity potential
into the components shown in (120) is not unique. Other
subdivisions are possible, but the one shown has the
advantage that the various contributions to the total
potential are easily identifiable. In addition, the motion
amplitudes, 7, are separated from the potentials so
that the potentials can be found independently of the
body motion. The interactions between the various un-
steady components are all of higher order and are
neglected in linear theory. As with the motion ampli-
tudes, the assumption of linear theory has allowed
simplification but at the cost of other harmonics in the
response and interactions between the unsteady com-
ponents.

The steady component (— U,z + ¢5) is the solution
to the wave resistance problem in calm water and can
be determined independently of the unsteady compo-
nents. In a consistent linear theory the boundary value
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problem that must be solved to determine the unsteady
components depends on ¢g. Both the boundary con-
ditions on the hull and the free surface contain terms
involving ¢. Thus, there is an interaction between the
steady and unsteady components. Unfortunately, de-
veloping a ship motion theory that properly accounts
for this interaction is extremely difficult. For this rea-
son, the interactions are usually ignored and the steady
component is approximated by the free-stream value
(— U,x) in the unsteady problem. However, neglecting
the interaction between the steady and unsteady per-
turbation potentials has significant effects on the ship
motion predictions for high-speed ships and such prob-
lems as green water on deck and slamming. Hence,
the interaction between the steady and unsteady prob-
lems has become an important area of current re-
search. Further discussion can be found in Newman
(1978) or Ogilvie (1977). Troesch (1981) uses the theory
developed by Ogilvie and Tuck (1969) to compute the
interaction in lateral motions. Inglis and Price (1981)
use three-dimensional numerical techniques to com-
pute the magnitude of the effects.

For the linear development of strip theory presented
in this chapter, it is assumed that the steady velocity
component can be approximated by the free-stream
value. In this case, the value of Wis approximated by:

W = (-U,, 0,0 (122)

In addition, the nonlinearities associated with the V&
X V& term in the Bernoulli equation (113) are also
dropped. Thus, the unsteady pressure equation be-
comes

. 9 :
P~ —p [zwe - U, a—x] br el (123)
Using the approximation for the unsteady pressure

given by (123), the expression, (114b), for the unsteady
hydrodynamic force acting on the vessel reduces to

= . d .
Fupj = —p fJ. n; [lwe - U, 55] dbretds (124)
S

where, consistent with the linearization, the integra-
tion is carried out over the mean underwater hull sur-
face S. The tilde (~) over the hydrodynamic force
denotes that only the unsteady hydrodynamic forces
are being considered.

Substituting the form of ¢, from Equation (120) into
(124) results in two distinct sets of unsteady forces
acting on the vessel as follows:

~

FHDj = ngj + FRJ- (125)

where

F.»:xj are the exciting forces in the jth direction, and
equal

() + FP} e (a)

Fis the complex amplitude of the exciting force
component due to incident waves, usu-
ally called the Froude-Krylov exciting
force, and equals

—p f f n, (iwe — U, a%) &, ds (b)

F? is the complex amplitude of the exciting force
component due to diffracted waves, usu-
ally called the diffraction exciting force,
equalling

—p ff nj(iwe - U, 6%) &p ds (c)

F, is the hydrodynamic force in the j* direction
due to forced motion, represented by

o[ o= 08) ()

—_ C - a —_ iw, t
= kgl [—pffnj(me - an_x) b, ds] e
S

For convenience the above quantity in brackets is
designated 7),, so that

. a
Ty = _Pffn](m’e_ U"é}) b, ds
s

and

6
Fe, = kz_zl Ty M e (126)

where T, 7, is the complex amplitude of the hydro-
dynamic force in the j* direction due to forced motion
in the £™ direction.

1. Exciting forces. The exciting force amplitudes
given in Equations (125b) and (125c¢) are the forces and
moments that excite the motions of the vessel. ¥/ re-
sults from the integration over the body surface of
the pressure which would exist in the wave system if
the body were not present. This component is easily
calculated since no hydrodynamic problem need be
solved. The incident wave potential is known and only
needs to be integrated over the body surface. F; is
usually called the Froude-Krylov exciting force after
the classical work on ship rolling done by Froude
(1861), and generalized to 6 degrees of freedom (Kry-
lov, 1898). They were the first to make the approxi-
mation of using only the incident wave potential in
computing the total exciting force. The Froude-Krylov
approximation increases in accuracy as the wavelength
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of the incident waves increases relative to the body
dimensions. For short wave-lengths the diffraction po-
tential cannot be neglected; in the limit of very short
waves the total exciting force is approximately doubled
over the Froude-Krylov approximation.

The second component of the exciting force, F,?, is
caused by the diffraction of the incident waves due to
the presence of the vessel. Mathematically the dif-
fraction potential is necessary so that the combination
of (b, + ¢,) meets the body boundary condition. In
fact, it can be shown that F/” can be determined with-
out ever solving for ¢, (Newman, 1977). Because ¢;
and ¢, solve very similar mathematical problems, the
Green theorem and the body boundary condition can
be used to derive the so-called Haskind Kelations.
These relations relate the diffraction exciting force to
the incident wave and radiation potentials. They allow
the computation of F” without having to solve for the
diffraction potential. This is important because it
means substantial savings in computer time for ship
motion programs. The development of strip theory in
the next subsection will make use of the Haskind Re-
lations.

2. Radiation forces. The final components of the
unsteady hydrodynamic force are the radiation forces,
F,.. These forces result from the radiation of waves
away from a vessel that is forced to oscillate in the
kth mode of motion in otherwise calm water. The term
T, in Equation (125d) is seen to represent the hydro-
dynamic force on the vessel in the jth direction due to
unit amplitude motion in the kth direction. It is effec-
tively a transfer function from unit motion in the kth
mode to hydrodynamic force in the jth mode. The real
and imaginary parts of 7}, are usually separated as

Z}k = (I)ez Ajk - iwe B]k (127)
From Equation (125c¢),
6
Fr,= Y (07 Ay — i0 By)Mee  (128)

k=1
where

A, is the added mass in the j* mode due to unit
motion in the k* direction, Re (T}./ w.”).

Bj, is the damping coefficient in the j* mode due
to unit motion in the k™ direction,
Im (—=T;/ »,).

_ The products w,’ and —iw, are included in the def-
inition of A,, and Bj, for convenience when the terms
are substituted back into the equations of motion. The
names added mass and damping are chosen because
of the physical significance the terms have in the equa-
tions of motion. As we shall see, the real part of the
hydrodynamic force due to forced motion is in phase
with the acceleration. Thus it acts as an apparent mass,
adding to the mass of the body. Likewise, the damping
term is the hydrodynamic force on the body that is in
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phase with the velocity. It should also be noted that
in general the added mass and damping are functions
of frequency.

Various techniques have been developed to compute
the exciting forces and the added mass and damping.
In the next sub-section the strip theory technique will
be discussed.

(¢) Linearized equations of motion. The expres-
sions for all the different forces can now be substituted
back into the equations of motion (109). %, can be
expressed, from (110), as

t

ﬁk _wez ﬁk eiwe

Taking account of the various force components de-
veloped in the preceding paragraphs, the right-hand
side becomes

FJZFGJ'+FHj=F6j+(FHSj+FHDJ)

= (FGJ- + FHSj) + (FEX]- + FRj) (129)

=F*HSj+FEXj+FRJ'

Equation (109) then becomes
6
F, = kgl —wl A, T = F*HSJ- + stj + FR]-
j=12,.6 (130)
Replacing F'* Hs;» FEXj and FRj by their components,
given in (117), (125), and (128), gives

6

>

k=1

6
_ wez Ajkﬁkeiwee I Z Cjkﬁﬂiwet + ijIEimez
k=1

6
+ FPet + Y (0 Ay — io, By) W, e
k=1
(131)
Finally the hydrostatic restoring forces, the added
mass, and damping terms are all brought to the left-

hand side of the equations and the e¢™< are eliminated
to yield the governing equations:

6
2 [__wez (Ajk + Ajk) + lo, Bjk + C;k] Mk

k=1

=F!'+ FP J=12,...6| (132

The right-hand side, F + F°, represents the two com-
ponents of the exciting force amplitude, as defined in
Equation (125).

Equations (132) are the linearized equations of mo-
tion for an unrestrained vessel in sinusoidal waves.
There are six coupled, linear equations for the six
unknown complex amplitudes, 77,. The mass matrix
(4;,) is given in Equation (108). The hydrostatic re-
storing force coefficient matrix (Cj) is presented in
(117). The coefficients for added mass (4,,), damping
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(B;) and the exciting force complex amplitudes (7,
F?)are found by evaluating the integrals in Equations
(125), (126) and (128). The evaluation requires the so-
lution of the radiation and diffraction problems, and in
the next subsection a strip theory to solve these prob-
lems will be discussed.

The equations of motion (132) look very similar to
the equations of motion for a spring-mass-damper sys-
tem with six degrees of freedom. There are mass terms
(A, + Aj), damping terms (B, and spring constants
(Cy) on the left-hand side. The exciting forces (£ +
FP) are on the right-hand side. The cross-coupling
between the modes results from the terms where j is
not equal to k. The cross-coupling may be large or
small depending on the modes of motion and the ge-
ometry of the vessel.

As previously noted, the principal difference between
the equations of motion (132) and the simple spring-
mass-damper system is that the coefficients 4, B,
F/, F? are all functions of frequency. For the typical
spring-mass-damper they are all constants. The fre-
quency dependence of the coefficients in the equations
of motion is the reason we cannot write the equations
of motion in their usual differential equation form.
Essentially we are solving the equations in the fre-
quency domain where the coefficients are constant for
a given frequency.

The mass term contains both the natural mass (or
moments of inertia) of the vessel and the hydrody-
namic added mass. The damping term is the result of
wave damping of the free surface. The effects of vis-
cous damping have been neglected; but if the incor-
poration of an equivalent viscous damping is
necessary, it can be added to the B, term. Finally the
spring constant terms are the result of the hydrostatic
restoring forces and are proportional to the waterplane
area. For modes of motion in which there are no hy-
drostatic restoring forces, the spring constant terms
are zero. For example, the spring constant term in yaw
(Cg) is zero.

For an arbitrarily shaped vessel the six equations
of motion must be solved simultaneously. However,
for the case of an unrestrained ship with port/star-
board symmetry the six equations in (132) may be
uncoupled into two sets of three equations. The ver-
tical-plane or longitudinal motions (surge, heave and
pitch) are uncoupled from the horizontal-plane or
transverse motions (sway, roll, and yaw). To see this
we note that the cross coupling values of A, and Cj,
are zero if 7 = 1,3,5 and k£ = 2,4,6 or vice versa (for
example, C,, = My, = Mg = C,; = 0). As can be
seen by examining Equations (125¢) and (127), the
same is true for A, and B,,. For example, A, and B,
are the added mass and damping in sway due to heave.
From (125¢) and (127) we have

2 .
w, A23 - lmeBZ3
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Fig. 39 Two-dimensional strip in heave

- U ng(iwe -~ UO%)%dSEO (133)

The right-hand side equals zero because 7, is an odd
function of the port and starboard sides while ¢, is an
even function. Consequently the integral over the en-
tire hull surface must equal zero. Physically, it means
that there is no hydrodynamic force in the sway di-
rection due to a heave motion.

It should be noted that the lack of coupling between
the vertical and horizontal modes is a consequence of
linear theory. In nonlinear theories such cross-coupling
may be present. For some ship motion problems this
nonlinear coupling can be very important. For exam-
ple, there is a nonlinear heave-roll cross-coupling that
can lead to roll instabilities and eventual ship capsizing
(Kerwin, 1955) or (Ogilvie and Beck, 1973). Another
example is the nonlinear pitch-yaw coupling that re-
sults from varying submergence of the bow due to
pitch motion (Korvin-Kroukovsky, 1980).

It should also be pointed out that the final equations
of motion (132) are valid as long as the vessel is in
sinusoidal waves and the responses are linear. Using
different hydrodynamic theories will lead to different
values of the added mass, damping and exciting forces,
but the form of the equations remains the same. The
effects of mooring lines, anti-roll fins, rudder, etec. can
be added to the equations of motion by modifying the
appropriate coefficients. Whether or not the vertical
and horizontal plane motions are then uncoupled will
depend on the form of the coefficients.

Assuming values for all the coefficients (4,,, A,
B, C;) and the exciting forces (F/, F;?) are known,
the equations of motion can be solved using standard
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techniques for the solution of complex simultaneous
equations. For heave and pitch motion alone in head
seas, the solution was given in Section 3.2.

In the next sub-section a method to determine the
coefficients and exciting forces is given.

3.4 Strip Theory. Obtaining numerical values for
the complex motion amplitudes, 77,, requires that val-
ues for the coefficients A; , 4, B;,, C;, and the exciting
force amplitudes /', F';’ can be determined and the
equations of motion solved. The mass matrix, A, , and
the hydrostatic restoring forces, C; , can be evafuated
directly by Equations (108) and (117). The Froude-Kry-
lov exciting force can also be found by a direct inte-
gration of the incident wave potential over the ship
hull. The major difficulty in determining the ship mo-
tions is to perform the calculations needed to find the
coefficients of added mass, damping and the diffraction
exciting forces, which requires the solution of difficult
hydrodynamic problems. In this subsection we shall
discuss a strip theory to compute the hydrodynamic
forces. In a subsequent subsection a brief discussion
of other techniques to compute the coefficients will be
given.

(a) Background. While the details of the mathe-
matical formulation for strip theory are still being
debated, the physical assumptions are relatively easy
to describe. First, it must be assumed that the vessel
is a slender body, (i.e., its beam and draft are much
less than the length and changes in cross-section vary
gradually along the length). Restricting the discussion
to zero forward speed and high frequencies, we would
find that the fluid flow velocities in the transverse di-
rection are much greater than in the longitudinal di-
rection. Consequently, as shown in Fig. 39, the flow
field at any cross section of the ship may be approxi-
mated by the assumed two-dimensional flow in that
strip. To obtain the total effect on the ship, the effects
of all individual strips are integrated along the length.
For example, the strip theory approximation for the
heave added mass is

Ag = f a3 (x) dr (134)

where

a(x) is the two-dimensional added mass.
L denotes that the integration is taken over the ship
length.

The sectional added mass, a3, is found by solving
the two-dimensional hydrodynamic problem shown in
Fig. 89. The essence of strip theory is thus to reduce
a three-dimensional hydrodynamic problem to a series
of two-dimensional problems which are easier to solve.

For low frequencies and vessels with high forward
speed the strip theory approximation is no longer
straightforward and different initial assumptions lead
to different formulations. Newman (1978) gives a com-
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plete history of the development of theoretical methods
to predict ship motions in regular waves.

The previously mentioned Korvin-Kroukovsky and
Jacobs (1957) strip theory has been modified and ex-
tended by many researchers. The most notable is prob-
ably the work of Gerritsma and Beukelman (1967).
Their coefficients have been used extensively for the
verification of strip theory against experimental re-
sults (Gerritsma and Beukelman, 1966), (Smith, 1967),
(Salvesen and Smith, 1970), (Smith and Salvesen, 1969,
1970) and (Loukakis, 1971).

Even though the strip theories of Korvin-Kroukov-
sky and others have given reasonable comparisons
with experiments, they were not entirely satisfactory.
In general they were valid only for head seas. Fur-
thermore, the forward-speed terms in the coefficients
of the equations of motion did not satisfy the sym-
metry relations of Timman and Newman (1962). The
Timman-Newman relations state that in a linear ship-
motion theory the cross-coupling coefficients between
the various modes of motion have certain symmetry
properties. If a linear ship-motion theory does not have
these symmetry properties, it must be in error. For
these reasons, work has continued into the development
of strip theories in order to give them a sounder math-
ematical foundation and more general applicability.

Ogilvie and Tuck (1969) (cf. Ogilvie, 1977) have per-
formed a mathematically consistent analysis using
slender-body theory. Their analysis reveals that the
leading order terms involve only the zero-speed pure
strip-theory coefficients. The effects of forward speed
are of a slightly higher order and are present only in
the cross-coupling coefficients. The cross-coupling coef-
ficients include a term that is linearly proportional to
U, but involves the square of the potential over the
free surface. These integral terms make the Ogilvie-
Tuck coefficients impractical for routine calculations.
Wang (1976) has re-derived the results from an energy
analysis and Troesch (1981) has extended the analysis
to horizontal-plane motions. Computations by Faltin-
sen (1975) and Troesch (1981) show improved agree-
ment of the resulting cross-coupling coefficients with
experiments. The net effect of the integral terms on
the predictions of ship motions is not established. How-
ever, Ogilvie (1977) reports that the use of the complete
Ogilvie-Tuck coefficients in a normal strip-theory com-
puter program tends to worsen the predictions of the
pitch and heave motions. This indicates that there must
be other errors in the strip-theory approach; presum-
ably in the exciting force terms.

There are several analyses that are not as rigorous
as the Ogilvie-Tuck approach, but which are based on
a stronger mathematical foundation than the original
Korvin-Kroukovsky theory. The works of Salvesen,
Tuck and Faltinsen (1970), Soding (1969), Tasai and
Takaki (1969) and Borodai and Netsvetayev (1969)
were all developed independently and at about the
same time. Newman (1977) gives only results for heave
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and pitch motions in head seas. His added mass and
damping coefficients are the same as Salvesen, et al
(1970), but the exciting forces are computed using two-
dimensional results at the absolute wave frequency,
rather than the frequency of encounter. All the
methods are quite similar and the Salvesen, et al (1970),
approach seems to have gained the widest acceptance.
Therefore, it will be followed in this section.

The derivation of strip theory can be found in Ap-
pendix 1 of Salvesen, Tuck and Faltinsen (1970) and
will not be reproduced here. In the summary of the
theory that follows, two aspects of that original der-
ivation will be modified. The first modification is the
elimination of the transom stern corrections. These
corrections result when Stokes’ theorem is applied to
underwater hull forms that are abruptly terminated.
However, it has been found in practice that the ship
motion predictions are usually better if the transom
stern corrections are omitted. This is consistent with
the Standard Ship Motion Program used by the U.S.
Navy (Meyers, Applebee and Baitis, 1981).

The second modification concerns the surge degree
of freedom. Salvesen, et al (1970) included surge mo-
tion only up to the point in their analysis where the
hydrodynamic forces associated with surge become of
a higher order. Various experiments have shown that
the cross-coupling between surge motion and the other
modes is normally small. As a result, it is usually
neglected. However, surge is becoming more critical
for certain specific problem areas, such as refueling
at sea, towing in a seaway or broaching. More research
into surge motion needs to be done; particularly into
the coupling between the response of the propeller and
the unsteady wake caused by the surge. Meanwhile,
in the discussion that follows, the surge degree of
freedom has been included by a straight-forward ex-
tension of the method of Salvesen, et al (1970).

(b) Radiation problem. To find the added mass
and damping coefficients (4, and Bj), it should be
recalled from Equations (125c¢) and (128) that they are
defined by the complex force coefficient,

_ .2
Tjk—we Ajk—

= —pHn,.(iwe— U(,(%)cb,,ds

The determination of 7}, requires solving a boundary
value problem for ¢, and then integrating over the
hull surface.

The radiation potentials, ¢, are the solution to the
Laplace equation subject to boundary conditions on
the hull surface, on the free surface and at infinity.

The boundary condition on the hull is

9.
on

iwe Bjk (135)

=1iw,n, + Uym, k=123.6 (136)

where

n, (or n;) is the generalized unit normal into the hull
discussed later.
m, is the generalized vector involving the gra-
dient of the forward speed potential.

The m, vector is often approximated (as it is in Sal-
vesen, et al, 1970) by

mk = (05 07 Oy 01 7?,3, - n2) (137)

This approximation greatly simplifies the calculation
but results in the loss of some forward speed effects.

On the free surface, ¢, must satisfy the linearized
free surface boundary condition

2
(iwe— an%) ¢k+g(%d>k= Oonz=10 (138)

At infinity, the boundary conditions require that the
gradient of ¢, go to zero and that there be only out-
going waves. As discussed in Subsection 3.6, there are
numerical methods to solve directly the complete three-
dimensional problem for ¢,, but they require a large
computational effort. In strip theory, the mathematical
problem for ¢, is reduced to a series of simpler two-
dimensional problems.

The body boundary condition, Equation (136) leads
to two separate components for ¢,, one meeting the
n, terms and the other the m, terms. These compo-
nents both satisfy the same boundary conditions on
the free surface and at infinity. If the simplified form
for the m, terms (137) is used, then the two components
are directly related since they solve the equivalent
boundary value problems. In particular, Salvesen, et
al show that

d)k:(i)ko k=1121374
s = &' + (Up/iw,) ¢5°

b = ¢’ — (Uy/ iw,) ¢20

where ¢’ is a potential that satisfies the Laplace equa-
tion in the fluid domain, the conditions at infinity, the
free surface boundary conditions Equation (138) and
the condition on the hull surface,

9.’
on

Salvesen, et al then define a complex force coefficient
based on ¢,° as

(139)

(140)

= i{w, N,

T = —pio, J f 1, ds (141)

The force coefficient of the added mass and damping,
T} (135), may now be simplified using the expressions
in (139) for ¢, in terms of ¢,° and (141) for T},°. The
derivative with respect to 2 in (135) is eliminated using
a variant of Stokes’ theorem developed by Ogilvie and
Tuck (1969). The final results in Salvesen are
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TM = Tj,|.0 k=172, 3,4 (142)
Forj=56andk =12 3,4
U,
Ty = Tsko = - T3
L. (143)
U,
To = Teko + iwo Ty
For j = 1,2,3,4and k = 5,6
Tj5 = Tjso + '(]0 JBO
lw
€ (144)
U,
TJ_6 - Tjeo _ iwoe ]20
And finally forj = k = 5, 6
U2
Ty = T55O + —05 T330
@e (145)
U.2
Tes = Tsso + w02 Tzzo

At this point in the analysis, the slender body ap-
proximation and the linearization have allowed all the
T, to be written in terms of T;°. Further progress
towards a strip theory requires that a means of eval-
uating 7,0 in terms of two-dimensional sectional prop-
erties be found. The first step is to note that if the
vessel is slender, then it is consistent with the previous
assumptions to set ds = dl dx in the surface integrals

so that

T, = ——piweJ J nldlde  (146)
L C

where the line integral in dl is around the section
contour C,, and the integral in dx is along the ship
length L.

If the integrand in Equation (146) can be written in
terms of two-dimensional section properties, then a
strip theory will result. The potential ¢, satisfies the
three-dimensional Laplace equation subject to the
body-boundary condition, the free surface boundary
condition and the conditions at infinity. Several as-
sumptions are used in order to allow 7;4,’ to be re-
placed by its two-dimensional equivalent at each
section. First, the slender-body approximation states
that the derivatives in the longitudinal direction (-
direction) are small relative to the derivatives in the
transverse (y- or z-) directions. This allows the Laplace
equation to be reduced to the two-dimensional Laplace
equation in the y-z, or cross-flow plane. The radiation
condition remains that there be outgoing waves at
Infinity.

The free surface boundary condition, Equation (138)

is reduced by assuming that UO(% is much smaller

than o,. This is equivalent to assuming that the fre-
quency of encounter is large or that the wavelength
is of the same order of magnitude as the beam. This
assumption is critical for it makes strip theory a high
frequency theory; at low frequencies, or long wave
lengths, a different theory results. Newman’s (1978)
unified theory is an attempt to combine high and low-
frequency theories.

The body-boundary condition is simplified by noting
that for a slender body derivatives in the longitudinal
direction are much smaller than in the transverse di-
rection. The three-dimensional unit normals into the
hull are defined as

n =9 (bx, 2) F y)/|V(b(x, 2) + y)l (147)

where y = * b(z, 2) is the equation of the hull surface,
and b(z, 2) is the half beam, and V is here the gradient

differential operator.

For a slender body Qg <1 ?—b, and the unit normals
or 0z

may be approximated by their two-dimensional equiv-
alents, N;:

_ab /| b\

¥ 1/ 1+ (3—2)2 (148b)

Cab s [ (abY

Note that N, is much smaller than N, or N,. Further-
more, N, is usually much more difficult to compute
than N, or N,. The hull offsets are normally entered
into a computer on a station-by-station basis. Numer-

(148a)

(148¢)

. . b . .
ically, the computation of g_z is thus much easier than

b . .
%, but in principle N, can be computed at the same

time that N, and N, are determined.
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Fig. 40 Two-dimensional problem for ys,
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Table 13—Coefficients in Equations of Motion

Vertical Mode

A“=fa“dx A44=fa44dx
Am:fa,adx Aw:fxaudx+ % B,
A, =4, @e
B“:fb“dx Bzz—szzdx
Buszwdx By =By = sz.,dx

By = B, By = fx by dz — Uy Ay
Ams=-fxa13dx—g%3w B“=fb“dx+Be=B;;
B, = - J-x by do + Up-Ayy B = fx buy dz — Uy Au,
A51=—Jxawdx+u[)]e°2331 A62=Jxa22dx—a%°2322

le:_J.xbmdx_Uo_Am Bszzj.xbzzdx‘i‘ Us Ay,

—_ Uo
A33=J-a33dx A64—J’xa2‘dx“;}Bz4
By = f by, da B., = Jx by dzz + Uy Ayt
Ay = fx Qg dx w—e2 B, Ay = J.xz Gy dx + go_z Az
mz
By = — f 2 by dz + U, Ay U

U, Bu= [ by ds + % By
=% By ,

e

A53=—fxa33dx+

Bszz—fxb%dx"UoAa:s C“:ngG_MT
All integrals are taken over the ship length.

2

A, = J.xz @y, dx + Y, As,

ol

U, B The generalized normals for k = 4, 5, 6 can likewise
z 7 be approximated by their two-dimensional equivalents,

355=fx2b33dx+

W,
Ny = Yng — 2N,
c3a=fc33dx=pgf3(x)dx

= N,
C35=Csa:—fxc%dx:—pgfxB(x)dx ab ab2
Cys = pg ¥ GM, + LCF? C,, = (y& + z) / 1+ (&) (149a)
:fxzcaadx=pgfx23(x)dx -
Horizontal Mode = —z N (149b)
Ng = TN, — YN
Ay = f Ay dx ¢ ? ¥
~ +zN, (149c¢)
Au = Ay = f @z A It was at this point in the analysis by Salvesen, et al

U, (1970) that the surge degree of freedom was eliminated
3 Bz by arguing that N, << N,, k = 2,3...6.

w

A26=fxa22dx+



MOTIONS IN WAVES 57

The approximations just described allows the poten-
tials ¢,° and the line integrals in Equation (146) to be
found in terms of the solutions to a series of two-
dimensional problems at various stations along the
length of the ship. They consist of solving the two-
dimensional Laplace equation subject to a normal
boundary condition on the body, a free-surface con-
dition, and conditions at infinity. As shown in Fig. 40,
let i, £ = 1, 2, 3, 4, be the solution to this two-
dimensional problem. For sway, heave and roll, y, is
the velocity potential for a cylinder with a cross-sec-
tional shape equal to the ship section shape, oscillating
on the free surface in the appropriate mode of motion.

At a given cross section the approximation is thus
made that

=y, k=12234 (150)
It also follows from Equation (1496,¢) and the body
boundary condition that

¢’50 =
4’60 =

The solution of the y, problem is difficult and re-
quires the major portion of the running time in a strip-
theory computer program. Some of the techniques for
solving the s, problem are mentioned in Subsection
3.5, along with the experimental determination of coef-
ficients.

The section-wise approximations for ¢,° given in
(150) and (151) may be substituted into Equation (146)
to evaluate the line integral at each cross section. T}’
is then found by a simple integration along the ship
length. However, since we first want the values of the
coefficients a;, b, and eventually 4 and By, it will
be convenient to define the following sectional added
mass and damping coefficients:

_xlll;;
+ x2 Y,

(151)

M%~m%=—w%fmww
Cx
j=123 4
@l — iw,b; = 0?a, — iw,by

=—W”IM%ﬂ

Cx

(152)

2 . _ .2 :
O, Ay — 10,05= 0.2 ap — 1o, by

Z_W”IM%ﬂ
Cx

Where N, are the 2-dimensional unit normals and
are the 2-dimensional velocity potentials previously dis-
cussed.

The added mass and damping coefficients are found

Table 14—Summary of Exciting Forces
FEI"J_ —_ (F;I + F}D)efnul
F}is the Froude-Krylov Exciting Force amplitude
F? is the Diffraction Exciting Force amplitude

F;l — J‘ e~:‘k_zcospf;_(x) dx
L
J=12234

F‘sl [ f e—ikzcosu xfé(x) dx
L

F‘él — f e—l'kxcosy xf'z(x) dx

L

fi(x) are the zectional Froude-Krylov exciting force ampli-
tudes

— PQZJ’ A’, e—ikysiny, ekz dl
Cr
1=1,2, 3,4

FP= [ e hy(x) dx j=1,2,3,4

S

FP = — j g~z cosu (x + —U~°) hy(x) dx
o

L

FP=+ f g~z cosy (x + Uo) ho(x) dx
i,

L
hi(x) are the sectional diffraction exciting force amplitudes

= prof (iN; + N, cosp + N, sinp) g~ sine
CJ’

X e“yly2)dl j=1,23,4

by recalling that »,* 4, — 10, B;, = T} and using the
relations listed in Equations (142) through (152). The
final results for the vertical and horizontal modes of
a ship with port/starboard symmetry are given in
Table 13. For convenience the values of Cj, are also
listed. All coefficients not given are assumed to be zero.

It should be noted that the relations in Table 13 were
derived on the basis of small motions. It is shown in
Chapter II, for example, how the simple expression
for C,, breaks down at large roll angles.

The cross-coupling coeflicients between surge and
heave and pitch shown in Table 13 are typically very
small. The Standard Ship Motion program of the U.S.
Navy (Meyers, Applebee, Baitis, (1981) sets the coef-
ficients A3, Asi, Ais, Asi, Bis, Bay, Bys, Bs equal to
zero, but there are indications that this simplification
may not always be justified.

In Table 13 the term B, added to the B,, coefficient
signifies the additional damping that must be added
to the strip theory result to give good predictions of
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roll motion. Strip theory only predicts the inviscid wave
damping acting on a vessel. Because roll wave gen-
eration is lightly damped, the other components of
damping from viscous effects and lifting effects on the
appendages are equally as important as the wave
damping. In addition, the other horizontal mode coef-
ficients may also have to be modified for the lifting
effects of appendages. A discussion of the roll damping
and appendage lifting effects will be given in Subsec-
tion 3.8, where B*, is defined as the complete equiv-
alent linear damping coefficient.

(¢) Excitation. The complex exciting force and
moment amplitudes are found by evaluating Equations
(125a) and (125b). To find the Froude-Krylov exciting
force Equation (125a) the wave potential ¢, is used,
where ¢, = (19l /w,) e * @ cosr+usinmw ghz Thyg the
Froude-Krylov exciting force in the j* direction, £/,
is found as

o[- )

(lg{ e—ik(xcosu + ysinu) 6I.:z) ds
Wy

Fff =

(153)

f nj e*kysiny ekz dl

Cr

~ +ngfdx6—ikxcosu
L

where use has been of the frequency of encounter
relation, w, = w, — k U, cosp, and the slender-body
approximation.

The line integral about the station in Equation (153)
can be evaluated cross section by cross section. Using
the slender-body approximations to the unit normals,
Equations (148), (149) allow us to define the sectional
Froude-Krylov exciting force amplitude,

Flz) = pgl fN,. e M gt gl =123, 4 (154)
CI

In this case, the Froude-Krylov exciting force ampli-
tudes become

Fl= f e-ikxcospf]_(x) dx 7j=1234

J
L

F/= —f e sk pof (x)dx (155)

L

Fel — f e*i/arcosp xf2(x) dx
L
The computation of the diffraction exciting forces,

FP, is more difficult because the diffraction potential,
¢, is unknown. However, since ¢ , and ¢, satisfy very

similar boundary value problems, it is possible through
the use of the Green theorem and the boundary con-
ditions of the problem to find expressions for the dif-
fraction exciting forces which involve only ¢é,and ¢;.
This interchange is known as the Haskind relations,
and a complete discussion may be found in Newman
(1965).

After eliminating ¢ , by using the Haskind relations,
the resulting expressions are reduced to sectional cal-
culations in a manner similar to that used for the
Froude-Krylov exciting forces. Salvesen, et al, (1970),
define the sectional diffraction exciting force ampli-
tudes as,

h(x) = ple, f (iN, + N, cosp + N, sing)

G . (156)
X e~zkysmp ekz w](z/’z) dl J = 1, 2, 3, 4

Integrating the sectional diffraction force along the
ship length results in the following expression for the
wave diffraction exciting force:

B= e n@ae j=1,234 (5

L

FP = —f g ik cosn (x + iU") hy(x) dx (157b)
W,
L
D __ —ikx UO
RP = +fe ke cos (x+z. )h,z(x) dr (157¢)
w,

L

A summary of the exciting forces for all six degrees
of freedom is given in Table 14. Typical experimental
and theoretical values are discussed in Section 3.5.

It should be noted that in the case of only pitch and
heave motions in head seas (u = 180 deg) the exciting
forces can be further simplified. For head seas the
sectional diffraction force can be written as:

hi(x) = Pzwo f (Vg _ N,) e* Us(y,2) dl (158)
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Fig. 41  Sectional approximation for Frank's method
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Fig. 42 Lewis-form sections for varying 8/7, 3,

(Landweber and Macagno, 1957)

The term (¢N; — N,) can be simplified to 7NV, because
the contribution to the value of the integral from the
N, term is much greater than the N, term. Further-
more the exponential term is taken outside the integral
by replacing € with e ~*"", where T* is a mean draft
for the section, usually assumed to be

T*(x) = S(x)/B(x) where
S(x) = sectional area
B(x) = waterline beam of section

Using these simplifications, (158) becomes

(@) = ipl oy e [ N, i (y,2) dl
Cz (159)

= —1 2™ [0 ag (@) — i, by()]

where the line integral around the section has been
z‘fplaced by its equivalent value given by Equation
52).
Using the same assumptions, the sectional Froude-
Krylov exciting force becomes

fi(z) = pgl e ¥T"= f N, di
_ = _ (160)
=pgl e P B(x) = L e cyy(x)
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Finally the total heave and pitch exciting force ampli-
tudes are given by:

FE‘X3 =7 J-eikze—kT'(z)
L

[[cas(x) — wolw. ag(2) — ibxa(x)]] do

Fog, = =1 [ eeoro (161)
L

2 [ea(@) ~ anfo, au(z) - i bu(a)]
o oy [, () — ()] d
lw,
Equations (161) allow the heave and pitch exciting
forces to be computed in terms of the sectional ge-
ometry and the sectional added mass and damping.
3.5 Computation of a Two-Dimensional Case. The

key to a successful strip-theory computer program for
ship motions is to have a good method to solve the
two-dimensional problem shown in Fig. 40. Mathe-
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matically the problem so defined is called a mixed
boundary value problem and there are many methods
for its solution. In ship hydrodynamics the two most
popular methods for solving the problem are boundary
integral methods (Frank, 1967), (Yeung, 1982) and the
multipole method (Ursell, 1949), (Porter, 1960), or (De
Jong, 1973). The multipole method is often simplified
using Lewis-forms (Lewis, 1929). In this subsection
the two methods will be briefly discussed and then
results for some standard shapes will be given. The
mathematical details of each of the methods can be
found in the appropriate references.

Many different boundary integral techniques have
been proposed to solve the two-dimensional problem.
Potash (1971) solves for the potential directly. Chang
and Pien (1975, 1976) use a dipole distribution. Troesch
(1979) and Frank (1967) use source distributions. It
should be noted that the boundary integral methods
used to solve the sectional problem are two-dimen-
sional analogs of the three-dimensional methods of
Faltinsen and Michelsen (1976), Chang (1977), Inglis
and Price (1981), etc., to be discussed in the next sub-
section.

The method of Frank (1967) appears to be preferred
in many, if not most, ship motion computer programs.
As shown in Fig. 41, Frank’s method consists of di-
viding the ship section into a series of straight-line

segments. Over each segment fluid sources with con-
stant, but unknown, strengths are distributed. The
form of the unit source potential is chosen so that the
boundary conditions on the free surface and at infinity
are met. The unknown source strengths are found by
satisfying the body boundary conditions at the center
point of each segment. Knowing the source strength,
the velocity potential, y,, can be found, and hence the
sectional added mass and damping coeflicients can be
determined by integrating around the section, as given
in Equation (152).

The advantages of Frank’s method are that it is
computationally fast and any ship cross-section can be
approximated with as much accuracy as desirable. Typ-
ically, 8 to 10 segments on a half-section are enough
to get accurate added mass and damping coefficients
for motions in the vertical plane. Slightly more seg-
ments seem to be needed for the transverse motions,
particularly for roll.

The primary disadvantage of Frank’s method is the
presence of irregular frequencies. In fact, most of the
boundary integral methods are plagued by irregular
frequencies when the cross-section is surface-piercing.
This was first pointed out by John (1950) in the context
of using source distributions to solve free-surface
problems. The irregular frequencies fully discussed by

Ohmatsu (1975) are a set of discrete frequencies at
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Fig. 43 Body plan and Lewis-form representation of Mariner hull
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which the solution obtained from the boundary integral
method is not unique or “blows up.” The problem is
associated with the resonant frequencies at which the
interior flow in the “closed basin” inside the hull sec-
tion breaks down.

Frank (1967) shows that for a rectangular cross sec-
tion the irregular frequencies occur at

w?=n %ﬂ coth (nr T/B) n = 123,.. (162

where

o, = n* irregular frequency
B = beam of rectangle
T = draft of rectangle

The lowest value of the irregular frequency occurs for
n = 1. Equation (162) shows that for fixed draft, the
first irregular frequency decreases as the beam in-
creases. For normal ship types the irregular frequen-
cies are often above the range of practical interest.
However, for certain section types, such as transom
sterns or offshore transport barges, the irregular fre-
quencies can cause calculation difficulties.

The irregular frequencies can be circumvented by
various means. Ohmatsu (1975) suggested extending
the source distribution along the free surface interior
to the cross-section to put a “lid” on the body. Ogilvie
and Shin (1978), Sayer and Ursell (1977), and Borresen
(1980) all place concentrated sources or other singu-
larities at the origin, with strength and phase selected
so that the energy associated with a possible sloshing
mode is absorbed by the concentrated singularity. Nu-
merically, the proposed methods do not always seem
to work, particularly in the transverse modes. Re-
search is continuing, and a satisfactory method for
removing the irregular frequencies should be available
soon.

The multipole method was first developed by Ursell
(1949). His method consists of the superposition of
potential functions that all satisfy the Laplace equa-
tion, the free-surface boundary condition, and the con-
dition at infinity. The potential functions represent a
source and horizontal dipole at the origin, which give
the radiated waves at infinity, and a series of multipole
potentials that die off rapidly as one moves away from
the origin. The strengths of the source, dipole and
multipoles are all determined so that the body bound-
ary condition is met. Ursell (1949) used the source and
symmetric multipoles to solve the problem of a heaving
circular cylinder. The dipole and asymmetric multi-
poles are used for sway and roll. The number of terms
used in the multipole expansion are determined by the
number of points on the body surface at which the
body boundary condition is met.

For sections that are not circular in shape conformal
mapping is used. Conformal mapping is a mathemat-
lcal procedure in which one shape is mapped into an-
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Fig. 45 Sectional added mass and damping coefficients in swaying
(rectangle), (Vughts, 1968)
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other shape through a change in variables. The
mathematical function that transforms the coordinates
of the cross section into the coordinates of a different
cross section is called the mapping function. In the
multipole method, the mapping function that trans-
forms the ship section into a semicircle is found. The
mapping function can then be used in conjunction with
Ursell’s known solution for a circular cylinder to find
the solution for the actual ship section. The difficulty
in the technique is to determine the proper mapping
function for each cross section. Various methods have
been proposed to find the mapping function. De Jong
(1973) gives a general description of the problem for
both vertical and horizontal modes of motion. Von Ker-
zech and Tuck (1969) and Bishop, Price and Tam (1978)
use different mathematical techniques to find the map-
ping functions. Bishop, et al (1980) give the added mass
and damping for various sections in heave. Porter
(1960) considered an arbitrarily-shaped cross section
in heave and included experimental results. Bermijo
(1965) developed a technique to find the mapping func-
tion coefficients for use in Porter’s method. Specific
mapping functions to give certain forms are discussed
by Lewis (1929), Tasai (1959), Demanche (1968), and
Landweber and Macagno (1957, 1959).

The most common mapping uses the so-called Lewis-
forms (Lewis, 1929), (Landweber and Macagno, 1957).
Lewis-forms use a two-parameter mapping function
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Fig. 47 Sectional coupling coefficients of sway into roll {rectangle)

based on the sectional beam-to-draft ratio, B(x)/ T(x),

_ S
" T(x)B (x)) '
Fig. 42 shows the sectional shapes for varius combi-
nations of beam-to-draft ratio and sectional area coef-
ficient. Fig. 43 (Frank and Salvesen, 1970) shows how
well Lewis-forms approximate the stations of a Mar-
iner-type hull. Note that most of the stations are fairly
well approximated. The bottom is not exactly flat, but
this makes little difference in the added mass and
damping. The bulb sections near the bow and the wine-
glass sections near the stern are not well approxi-
mated, however.

Lewis-forms cannot fit all ship sections. For any
given half-beam-to-draft ratio, B/27, there is a per-
missible range for the sectional area coefficient. Land-
weber and Macagno (1957) derive the permissible
range as

37 B 3w (B B
B enep@rn) Bo

and the sectional area coefficient (3

IA

32 2T, 128 (163)
3w 2T 3w 2T\ B
(2= 7)< s is(124F) 72!
where

B, is the sectional area coefficient.
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For ship sections outside of the range shown in
Equation (163) modifications must be made. Some ship
motion programs artificially modify the sectional area
and/or the half-beam to draft ratio until it fits into
the range. For strip-theory calculations this approach
is not too bad because the final computed motions are
hardly affected. Another approach is to alter the map-
ping function slightly to give a different section shape
for the same two parameters. Thus, Demanche (1968)
uses the half-beam-to-draft ratio and sectional area
coefficient as the two mapping parameters but obtains
bulbous-bow type sections. The combination of Lewis-
forms and Demanche bulb forms seems to cover most
ship sections.

Summarizing, Frank’s method and Lewis-forms are
the two most common approaches to computing the
two-dimensional coefficients for use in strip theory.
Frank’s method allows a more accurate description of
the hull cross section, but it is troubled by irregular
frequencies and requires more computer time. The
Lewis-form approach does not have irregular frequen-
cies, but it cannot accurately handle bulbous-bow sec-
tions, wine-glassed shaped sterns and barge sections
with high B/ T ratios. Lewis-forms are useful in pre-
liminary design because only the load waterline beam,
draft and sectional area need be known. These are the
design parameters that are available early in the de-

sign stage. Late in the design stage, when a full set
of hull offsets is known, the use of a boundary integral
method (Frank’s method) or a multiparameter confor-
mal mapping is probably justified.

A new “hybrid” method to solve the two-dimensional
problem has recently been developed by Yeung (1975)
and Nestegard and Sclavounos (1983). The hybrid
method uses a boundary integral technique in a region
close to the body and a multipole expansion far from
the body. The method eliminates the irregular fre-
quencies but appears to use more computer time than
Frank’s method. Research on the hybrid method is
continuing.

Several investigations have been carried out to com-
pare the two-dimensional theoretical predictions of sec-
tional coefficients with experimental results. Porter
(1960) and Paulling and Richardson (1962) measured
the vertical force and pressure at several locations for
heaving sections. Vughts (1968) considered heave,
sway, roll and sway-roll cross-coupling for five differ-
ent section shapes (circle, rectangle, triangle and two
ship-like sections). The results for the rectangle are
shown in Figs. 44 through 48.

Fig. 44 shows the results for a heaving rectangle at
various beam-to-draft ratios. The individual points are
the experimental results; the solid curve is from con-
formal mapping; and the dashed curve is for the equiv-
alent Lewis form. As can be seen, the experimental
and theoretical results agree fairly well. The fall off
in the heave-added-mass at low frequency is due to
experimental inaccuracies and should be disregarded.
The linearity of the results is verified by the fact that
the experimental points for heave amplitudes of 0.01,
0.02 and 0.03 meters (0.38-1.1 in.) all fall along the
same curve.

The curves in Fig. 44 clearly illustrate that added
mass and damping in heave are greatly increased as
the B/ Tratio increases. This is to be expected in heave
motion since, for a body of constant cross-sectional
area, a wide, flat section will produce more of a fluid
disturbance (hence larger hydrodynamic forces) than
a narrow, deep section.

The solid and dashed curves demonstrate the differ-
ences in predicted added mass and damping using the
Lewis-form approximation versus the more accurate
multi-parameter conformal mapping. The results
shown are for a rectangle, but the differences are typ-
ical for normal ship-like sections. Bishop, et al (1978)
show that the differences between using Lewis-forms
and multiparameter conformal mapping can be sub-
stantial for bow and stern sections. For normal ships,
the predicted motions using Lewis-forms or more exact
techniques usually do not differ very much. However,
other quantities such as hydrodynamic pressure, shear
or bending movements may be greatly affected.

The significant effects of oscillation frequency on
the added mass and damping are apparent from Fig.
44. At high frequency the added mass approaches a
constant and the damping tends to approach zero. This
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is the result of the presence of the free surface. At
high frequencies the free surface is dominated by in-
ertial effects and consequently normal gravity waves
are not generated. The damping, which results from
energy carried away from the body by the gravity
waves, tends to zero. The added mass approaches a
value that is independent of frequency and equal to
half the added mass of the equivalent double body in
an infinite fluid. At low frequencies the free surface
is dominated by gravity effects and acts like a rigid
wall. The wave damping again approaches zero. The
added mass coefficient, a3, tends toward infinity. How-
ever, this does not mean the hydrodynamic force tends
toward infinity since a;; must be multiplied by — w? to
obtain the force. The variation of the added mass and
damping with frequency, which is an important aspect
of ship-motion theory, is the result of the presence of
the free surface and the generation of gravity waves
by the body motion. The frequency dependence is re-
sponsible for the memory effects in the time domain
and Is the primary reason the solution of the ship
motion problem is different from a multiple degree of
freedom vibration problem.

The experimentally measured damping coefficients
shown in Fig. 44 are higher than the solid lines because
of viscous effects which tend to increase the damping
over the ideal fluid wave damping. For heave and sway
the viscous damping is only a small percentage of the
total damping. Depending on the section shape, the
viscous damping in roll can be the major component
of the total damping.

The sectional coefficients of added mass and damp-
ing in sway are shown in Fig. 45. As expected, the
effects of B/T are the opposite of heave in that B/T
= 2 has the larger hydrodynamic force. The effects of
frequency are similar to heave except that the sway
added mass approaches one-half of the double-body-
in-an-infinite-fluid value at zero frequency instead of
infinite frequency. Mathematically, this change in be-
havior between heave and sway is a result of the free-
surface boundary condition and the required image
system at high and low frequencies. A complete ex-
planation may be found in Newman (1977); Section
6.17. Again the viscous damping tends to increase the
experimentally measured damping coefficients.

Figs. 46, 47, and 48 show the added mass and damp-
ing in roll and the cross-coupling between sway and
roll for B/T = 2. The results for other B/T ratios
are similar. Fig. 46 clearly shows the nonlinearities
associated with viscous effects in roll, because for
three different roll amplitudes very different added
mass and damping result. The theoretical results,
which are linear, predict that the coefficients are in-
dependent of roll amplitude. The cross-coupling coef-
ficients also show nonlinear effects, for theoretically
the sway-into-roll and roll-into-sway coefficients should
be identical. But the experiments indicate that they
are similar but not identical. Presumably the differ-

ences are also the result of viscous effects. The non-
linearities associated with roll are very important in
ship motion theory and are discussed in Subsection 3.8.

The added mass and damping of the various ship
sections are usually computed by subroutines in a ship
motion program. Several authors have published
curves of added mass and damping versus frequency
for various section shapes (Porter, 1960), (Jacobs, et
al 1960), (Frank, 1967), and (Bishop, et al 1978b, 1980).
Papanikolaou (1980) computed the added mass and
damping in heave, sway and roll using a boundary
integral method for triangles, ellipses and rectangles
of widely varying B/T ratios. Such curves are useful
for visualizing the effects of frequency; to obtain val-
ues of added mass and damping for specific sections;
and to obtain numbers to check computer programs.

3.6 Other Techniques to Compute the Hydrodynamic
Forces. Strip theory is probably the most widely used
method to compute the hydrodynamic forces acting on
a vessel in regular waves. However, under some cir-
cumstances (for example, high forward speed or non-
conventional vessels) it does not necessarily give ac-
curate answers. Many different techniques have been
or are being developed to predict analytically the hy-
drodynamic forces on a vessel in waves. In this sub-
section several of the other techniques will be briefly
described and appropriate references given, but a de-
tailed description of all is beyond the scope of this
chapter. Newman (1978) gives a history of the devel-
opment of ship motion theory.

As previously mentioned, strip theory is a high-fre-
quency theory in that the frequency of encounter is
assumed large. It is also possible to develop the so-
called ordinary slender-body theory of ship motions
by assuming the frequency to be low. Newman and
Tuck (1964) and Maruo (1967) assumed the wave-
length of the incident waves to be the same order of
magnitude as the ship’s length. This leads to a theory
in which the hydrostatic restoring forces and the
Froude-Krylov exciting forces are the dominant terms,
with the result that the leading-order equations of
motion are nonresonant. For zero forward speed in
head seas ordinary slender-body theory gives reason-
able predictions, but the comparisons with experiment
degrade as the speed and frequency increase.

Newman (1978), Newman and Sclavounos (1980) and
Sclavounos (1985) have developed a unified theory to
link ordinary slender-body theory and strip theory. At
low frequencies, the unified theory approaches the or-
dinary slender-body theory and yields terms that in-
volve longitudinal interference between sections. For
high frequencies the longitudinal interferences dis-
appear and the results are identical to the strip theory
derived in the previous section. At zero forward speed
the results of unified theory are similar to the inter-
polation solution of Maruo (1970). Sclavounos (1985)
presents predictions using unified theory for the heave
and pitch motions of a Series 60 (C, = 0.70) and a
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destroyer model in head seas. For zero forward speed,
the added mass and damping coefficients have been
computed by Mays (1978) and Maruo and Tokura
(1978). Good agreement is found with exact three-di-
mensional computations and experiments.

The typical strip theory (as presented in the preced-
ing sub-section) uses the Haskind relations to compute
the exciting forces. This eliminates the need to com-
pute the diffraction potential, but it has also eliminated
any information about the variation of the exciting
forces and diffracted waves along the ship length,
quantities that are needed to compute relative motion
and wave-induced bending moments. Ad hoc methods
have been developed that enable strip theory to com-
pute these quantities, but they are not entirely satis-
factory. For these reasons several researchers have
investigated the direct solution of the wave diffraction
problem. Ogilvie (1977) reviewed the various ap-
proaches using slender-body theory. Troesch (1979)
considered the problem in non-head seas. Faltinsen
(1971) developed a theory for ships in high-frequency
head seas. Faltinsen’s results are dominated by a sin-
gularity in the bow region. Maruo and Sasaki (1974)
modified Faltinsen’s approach in order to remove the
singularity. Beck and Troesch (1980) used the Maruo
and Sasaki theory to compute the pressure distribu-
tion, exciting forces and wave amplitude due to the
incident plus diffracted wave system. Reasonable
agreement was found with experiments. Liapis and
Faltinsen (1980) extended the Maruo and Sasaki ap-
proach to non-head seas.

The unified theory for wave diffraction has been
developed by Sclavounos (1984). For high-frequency
oblique waves this unified theory yields the same re-
sults as Troesch (1979). For head waves the Maruo
and Sasaki (1974) theory is recovered.

Recently, several researchers have proposed a new
approach to the ship motion problem. The works of
Chapman (1975), Faltinsen (1983), Loeser, Yue, and
Salvesen (1982), and Yeung and Kim (1984) all have
similar formulations. In principle the approach can be
used to solve the nonlinear ship-motion problem, but
to date numerical results are only available for the
linear case. The approach consists of solving a series
of two-dimensional initial-value problems in a control
plane fixed in space through which the ship passes.
The shape of the cross section of the hull in the control
plane is continuously changing due to the ship motions
and forward speed. The conditions on the free surface
are stepped forward in time using the free-surface
boundary condition. Consequently, as opposed to strip
theory, the forward speed effects are brought into both
the hull and free-surface boundary conditions. Nu-
merical calculations for the added mass and damping
show improved agreement with experiments and three-
dimensional calculations.

The advent of large, high-speed computers has al-
lowed the direct numerical solution of some three-di-
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mensional seakeeping problems. For example, the use
of numerical methods in free-surface flows is a grow-
ing field of research, much too large to discuss in this
section (Yeung, 1982). However, it should be pointed
out that offshore engineers routinely solve the linear,
three-dimensional, zero-speed problem for a vessel in
sinusoidal waves using source-panel methods. In off-
shore engineering the geometry of many of the vessels
precludes the use of strip theory and the use of more
involved theories has been necessary. Faltinsen and
Michelsen (1975) and Garrison (1974, 1975, 1978) are
examples of these calculations. Chang (1977) and Inglis
and Price (1979, 1981) have extended the method to
include forward speed. Liapis and Beck (1985) and
King et al (1988) have solved the problem directly in
the time domain. For problems with forward speed the
time-domain solution appears to require less compu-
tational effort than the equivalent frequency-domain
solution. Comparisons with available experimental
data indicate that in general the three-dimensional nu-
merical methods give better agreement than strip the-
ory. The computation times for the three-dimensional
methods are significantly larger than strip theory but
this will become less significant with faster computers
and improved computer codes. Further research is still
necessary to define the trade-offs among the various
numerical methods.

The next step in the evolution of pure numerical
calculations appears to be the inclusion of nonlinear-
ities in both the body-boundary condition and the free-
surface boundary condition. The eventual goal would
be to include viscous effects as well.

3.7 Longitudinal Motions.

(a) General. In this subsection the characteristics
of the longitudinal or vertical-plane motions (surge,
heave and pitch) will be discussed; the next subsection
will analyze the transverse or horizontal-plane mo-
tions. As previously mentioned (in Section 3.2, Simpli-
fied Head Sea Case) the separation of the response of
the ship into vertical and horizontal-plane motions is
the result of linear theory and the fact that for a port/
starboard symmetric ship there is no cross-coupling
between them. If nonlinear motion or a ship with asym-
metry (for example due to mooring lines) is investi-
gated, all six degrees of freedom must be considered
simultaneously.

The number of published investigations into the ex-
perimental and/ or theoretical aspects of ship motions
in regular waves is immense (see the Proceedings of
the ITTC and ATTC seakeeping committees). There is
space available here for only a few examples to illus-
trate various aspects of ship pitching, heaving and (to
a limited extent) surging motions in regular waves.
The coefficients in the equations of motion will be dis-
cussed first; followed by samples of computed ship
motions.

(b) Coefficients in the equation of motion. To
measure the distribution of the hydrodynamic forces
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along the length of a ship, Gerritsma and Beukelman
(1964, 1965, 1967) and Gerritsma (1966) have tested a
segmented model of a Series 60, C; = 0.70 ship. The
added mass and damping terms were measured by
forced oscillation testing at constant speeds in calm
water. The exciting forces were determined by towing
a fixed model in waves. Fig. 49 shows the distribution
of the heave added mass along the length of the model
at three different forward speeds and three oscillation

frequencies. As expected, the added mass is largest
for the wide sections around midship and decreases to
zero at the ends. For the lowest frequency, the dis-
agreement between the theoretical and experimental
curves shows the appreciable effects of three-dimen-
sionality and forward speed. For the higher frequen-
cies the agreement between the experiments and the
two-dimensional strip theory approximation is reason-
ably good at zero speed, but it appears that the agree-
ment between theory and experiment becomes
divergent as the forward speed increases. Other coef-
ficients show the same type of correlation.

The speed effects are more clearly seen by examining
the total added mass coefficient in heave, 4,,. Fig. 50
is taken from Faltinsen (1974) but is based on the work
of Gerritsma and Beukelman. The added mass coeffi-
cient was computed by the formula given in Table 13,
with the sectional added mass determined by using
Lewis-form approximations. As can be seen, the ex-
perimental results are reasonably predicted by strip
theory. The deep dip in the experimental results for
Fn = 0.15 around w,/L/g = 2 is probably due to tank
wall effects and does not represent the actual values
for a ship in the open ocean. The forward-speed de-
pendence is clearly visible in the experimental results.
The strip-theory results have no forward-speed de-
pendence for a given frequency of encounter. The for-
ward-speed effects tend to increase at low frequencies
of encounter (i.e. long wavelengths). As we shall see,
improper accounting for forward-speed effects in strip
theory will carry right through to the motion and de-
rived response predictions. One of the goals of present-
day research into ship motion theory is to improve the
prediction of forward-speed effects.

The complete set of coefficients have been experi-
mentally determined by Gerritsma (1960) for three Se-
ries 60 parent forms of block coefficients C; = 0.60,
0.70, 0.80. Models were oscillated at various frequen-
cies while at constant speed in calm water. Fig. 51
shows the coefficients A4,,, By;, As; and By as a function
of frequency and block coefficient for four Froude
numbers. The added mass coefficients are plotted as
the nondimensional coefficients:

As

AL?
where A is ship mass, W/g, and L is length.

The damping coefficients are nondimensionalized as

Bas\/g_L _ B55\/9_L

A and B;5 —W

Fig. 51 clearly illustrates the effect of body shape,
the fuller form normally having larger added mass
and less damping relative to its displacement. While
not as obvious as in Fig. 50, the forward-speed effects
are still present. The figure also indicates how the
damping coefficient tends to zero at high and low fre-
quencies.

and 4 = (164)

A
Au =

By, = (165)
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The changes in the hydrostatic (restoring) coeffi-
cients with forward speed are shown in Fig. 52, which
is also taken from Gerritsma (1960). The values are
nondimensionalized with respect to the zero-speed val-
ues so that:

Ci = (166)

where

Cy,, Cys are the actual values of hydrostatic coeffi-
cients measured at forward speed, and

(Cs3)sr (Css)srare the values of hydrostatic coefficients
computed at zero forward speed (see Ta-
ble 13).

As can be seen, the pitch hydrostatic coefficient can
vary appreciably with forward speed. C;; is probably
more affected by forward speed than C,; because of
the bow and stern wave systems. At the present time
all ship motion programs assume Cj, to be speed in-
dependent. This could be one of the reasons that pitch
predictions tend to become less accurate as forward
speed increases.

The form of the cross-coupling coefficients, 4,; and
A, is illustrated in Fig. 53 (Faltinsen, 1974).° Equa-
tions listed in Table 13 show that for nearly fore-and-
aft symmetric ships, the sign and magnitude of A4;;
and A;; are dominated by the forward-speed terms. At
high frequency B., tends toward zero so that 4, and
A, approach zero. The chain-dotted and dashed curves
show the differences in computing A;; and 4, from
Lewis-forms versus the Frank method. For normal
ship sections the difference is expected to be small.
Also shown on the graph are the results computed
according to Ogilvie and Tuck (1969). The Ogilvie-Tuck
coefficients contain integral terms which are extremely
difficult to compute. However, Faltinsen’s (1974) re-
sults show that for this particular ship the Ogilvie-
Tuck coefficients give better agreement with experi-
ments. Whether or not this conclusion holds in general
is not known. At the present time research is contin-
uing into improving the prediction of all the coeflicients
of the equations of motion.

(¢) Exciting forces. Typical exciting force ampli-
tudes in head seas for heave and pitch are shown in
Fig. 54, which is taken from Gerritsma and Beukelman
(1967). The non-dimensional force and moment coeffi-
cients are defined as

Fy = £ -

pgA.L (167)
F = F -

pgl il

°The signs of the forward-speed term have been reversed from
those in Table 13 because Faltinsen assumes positive x out of the
stern.

SERIES €0
Cg *0.70

Asz
NATURAL FREQUENCY
FOR HEAVE

- LEWIS FORM; SALVESEN, TUCK , FALTINSEN
¢ OGILVIE, TUCK

MODEL TESTS GERRITSMA ¢ BEUKEULMAN

we Vl../q

o T T T Al T
' ? ] ¢ s

Fig. 50 Added-mass coefficient, A,, (nondimensionalized by pV = A) for
Series 60, C, = 0.70 (Faltinsen, 1974)

where

A, is the waterplane area
I, is the longitudinal moment of inertia of
_ water-plane area about y axis
{ is the wave amplitude and k is the wave num-
ber

Gerritsma and Beukelman used the same segmented
model for the experiments that was used to obtain the
results reproduced in Fig. 49. As can be seen, the
whole-model results and the sum of the sections show
good agreement.

The pitch exciting force (moment) is non-dimension-
alized relative to the maximum wave slope, k{. This
means that while the nondimensional exciting force
amplitude goes to 1.0 at low frequency, the dimen-
sional pitch exciting force amplitude, |F}|, goes to zero.
It is a maximum around L/L,, = 0.75. Note that the
amplitudes of both Fj and F}; change significantly with
incident wavelength. As previously noted, the change
of exciting force with wavelength is very important
and has a strong influence on the resulting ship mo-
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tions. The zeros in the exciting force at short wave-
lengths are the result of cancellation along the hull.
Depending on the wavelength, forward speed tends to
increase the exciting force but the effects are generally
small.

(d) Natural frequencies. As an aid in understand-
ing the nature of the vertical-plane responses of a ship
to sinusoidal waves, it is useful to derive the natural
frequencies for heave and pitch. For an unrestrained
ship, the surge natural frequency is, of course, zero
since the spring constant term is zero. Unlike the
spring-mass-damper system discussed in Chapter VI
(Vol. II), the concepts of natural frequency and syn-
chronism between the natural frequency and the fre-
quency of the exciting forces do not necessarily give
an accurate prediction of the magnitude of the ship
motion responses. In a spring-mass-damper system
that is not heavily damped the maximum motion al-
ways occurs at or very near the natural frequency.
Thus, as shown in Chapter VI, the ratio of the exci-
tation frequency to the natural frequency, or the so
called tuning factor, is a good measure of the fre-
quency range in which the response will be severe. In
the ship motion problem, however, maximum motions
do not necessarily oceur around synchronism, because
the magnitude of the exciting force and the coefficients
in the equations of motion all depend on the encounter
frequency—which in turn depends on wavelength, ship
speed and heading. Hence, at low speeds synchronism,
or resonance, occurs at such short wavelengths that
the exciting force is very small, even at synchronism.
However, at higher forward speeds the frequency of
encounter shift can cause synchronism to fall within
the range of wavelengths where the exciting forces

are large; in this case significant peaks can occur In
the heave and pitch response curves, Fig. 55. These
peaks will not usually occur exactly at a tuning factor
of 1.0 because of the strong coupling between heave
and pitch, and the variation of added mass, damping
and exciting force with frequency of encounter. In
Section 4 the significance of the fact that the tuning
factor alone does not give a good indication of the
seakeeping performance of ships will be discussed in
relation to design.

The natural frequencies of the uncoupled heave and
pitch motions, w,, and @, respectively, are found by
dividing the hydrostatic spring constant term by the
mass plus added mass as follows:

o = |/__C_83__

w = __—CS—S‘
" I55 + A55

(168)

_ Expressions to compute Cs; and C;; may be found
in Table 13. It should be noted that, as shown in Fig.
52, Cy3 and Cs; can be changed by forward speed, but

10
| =
‘ |
Ca; i
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i Cg
HEAVE o 60
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08 —-— o 80
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|
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_—a |
—— 0 80 |
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Fig. 52 Restoring force and moment coefficient as a function of speed
{Gerritsma, 1960)

the effects on the natural frequencies are usually
small.

The mass and pitch moment of inertia of the vessel
are found knowing the displacement and pitch radius
of gyration. The pitch radius of gyration is normally
assumed to be 0.25L. However, a Maritime Adminis-
tration study in 1979 indicated that a value of 0.267L
might be more appropriate for average merchant
ships. The added mass coefficients for such ships can
be estimated from Fig. 51.

(e) Experimental motions. There are countless
results available for both experimentally and theoret-
ically determined vertical-plane motions. Most results
are restricted to heave and pitch measurements be-
cause of the lack of coupling with surge and the dif-
ficulties associated with obtaining surge in both theory
and experiment. Figs. 55 through 58 are intended to
illustrate the nature of the vertical-plane motions in
regular waves.

Gerritsma and Smith (1966), also Gerritsma (1980)
have compared full-scale heave and pitch measure-
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Fig. 53 Added-mass cross-coupling coefficients A;; and A, (nondimension-
alized) (Faltinsen, 1974)

ments with model tests and theoretical calculations.
Fig. 55 shows the results of runs at three speeds in
head seas of a Frisland class destroyer. The phase
angles are relative to a wave crest at midship. No full-
scale phase angles are available because random sea
analysis was used. The theoretical calculations were
based on the strip theory of Gerritsma and Beukelman
(1967).

The agreement between theory, model tests and full
scale is reasonably good. The scatter in the full-scale
results is probably due to the inaccuracies of measur-
ing the incident waves. At low frequencies (long

waves) the vessel contours the waves as shown by the
fact that the heave amplitude approaches the wave
amplitude, the pitch amplitude is the same as the wave
slope, and the phase angles were 0 deg and —90 deg
for heave and pitch, respectively. At high frequencies
the motions go to zero. The heave natural frequency
occurs where the heave phase angle shifts radically,
but the maximum responses occur at much lower fre-
quencies.

The two different theoretically calculated response
curves shown in each graph of Fig. 55 are the result
of using two different values of pitch radius of gyra-
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tion, k5, where k,°A = I;. The difference between the
two curves shows the influence the pitch radius of
gyration has on the heave and pitch motions in head
seas. For this particular small, high-speed ship the
peak motion amplitudes increase with decreasing ra-
dius of gyration and the responses at higher frequen-
cies are in general decreased slightly. For other ships
just the opposite behavior might result; it depends on
the hull form, forward speed, and wavelength. Beu-
kelman and Huijser (1977) and Loukakis and Chrys-
sostomidis (1975) both discuss the effects of pitch
radius of gyration on motions in head seas, showing
in general a decrease in motions with a decreasing
radius of gyration.

Fig. 56 shows a complete set of non-dimensional
response amplitudes in all six degrees of freedom for
an aircraft carrier at twenty-five knots. These results
were computed by Baitis, et al (1981) using the U.S.
Navy’s SMP Program.

As can be seen, the theoretical results agree rea-
sonably well with the experiments for most of the
cases. The surge motion is small except in following
seas, where the experimental results are larger than
theory. In beam seas the theoretical surge motion is
zero because the exciting force goes to zero and the
program neglects almost all coupling between surge
and the heave and pitch motions. The experiments
show a small surge amplitude in beam seas which
probably results from cross coupling between the
modes and higher order terms in the exciting forces.
The model tests were conducted with a self-propelled
model. The effects of the unsteady motion on the pro-
peller thrust, which is neglected in ship-motion theory,
is probably a major source of disagreement. Surge
motion is one of the areas in which more research is
needed.

The pitch and heave motions are similar to the re-
sults we have seen previously. As in the case of surge,
the pitch motion becomes very small in beam seas, but
it is most severe in head seas. The sway, yaw and roll
motions will be discussed in the next subsection.

Gerritsma (1960) has experimentally investigated
the pitch and heave motions of Series 60 parent forms
of Cp = 0.60, 0.70 and 0.80. Fig. 57 shows the non-
dimensional results as a function of Froude number
in head seas for different wavelength-to-ship length
ratios. The low-speed trends were estimated because
wall interference affected the results.

Fig. 57 clearly indicates the effects of wave fre-
quency and forward speed in head seas. In general a
reduction in forward speed will reduce the heave and
pitch motion in long wavelengths and increase the mo-
tion in short wavelengths. The motions in short waves
(L, /L < 1.0)are significantly less than in longer wave-
lengths.

Fig. 57 also shows that hull form has only minor
effects on the motions in head seas. Although the three
models covered a range of form parameters, relatively

small changes in the nondimensional amplitudes re-
sult. This indicates that the most important parameters
for seakeeping responses in head seas are ship length,
wavelength, wave amplitude and forward speed. In
Section 8 of this Chapter a complete discussion of the
influence of design parameters on seakeeping per-
formance will be presented.

As a final example for this subsection, Fig. 58 (Ta-
kagi, et al 1985) shows the heave response versus wave
period of a model (L=1.747m and scale ratio of 1/64)
of a semi-submersible oil drilling rig in bow seas. This
figure is intended to illustrate the fact that vessels
that are not ship-shaped can have very different re-
sponse curves from those previously shown. Semi-sub-
mersibles are designed to have a very low response at
normal wavelengths. Note the zero heave response in
wave periods below 1.0 sec model scale or 8.0 sec full
scale. Consequently, the heave natural frequency is
very low and the large response around a model wave
period of 3 seconds in Fig. 58 results. It should be clear
that semi-submersibles are typically much different
from ships and that the strip theory presented in the
previous section cannot be applied.

3.8 The Transverse Motions.

(a) General. The three motions, roll, sway and
yaw, are known as the transverse motions of a vessel.
If only linearized equations of motion are considered,
these motions are uncoupled from the longitudinal mo-
tions discussed in the previous sub-section. That is,
these motions can be computed without reference to
heave, pitch and surge. The decoupling of these two
sets of motions is a good assumption for typical ships
in moderate seaways. However, extreme seaways, un-
usual ship forms or unsymmetric mooring systems
may require the treatment of all six degrees of free-
dom simultaneously. In this section we will only con-
sider the situation where the transverse motions are
decoupled from the longitudinal motions. The trans-
verse motions are strongly coupled to one another, but
the character of each motion is different. Sway and
yaw motions have no hydrostatic restoring forces and
do not display any resonant behavior. Roll, on the other
hand, has restoring forces and typically displays very
marked resonant motions.

The transverse motions are important in the oper-
ation of a ship, but for much different reasons from
those for the longitudinal motions. For instance, roll
is certainly the most severe angular motion experi-
enced by a ship, often exceeding the “small angle”
range of ten or fifteen degrees. These large roll angles
can make working on the ship difficult and can lead to
motion sickness. Further, the transverse motions are
responsible for significant athwartship accelerations.
The forces resulting from these accelerations must be
resisted by machinery foundations and cargo lashings.
These same accelerations also make it difficult for the
ship’s personnel to operate the ship. In fact, roll mo-
tions are a major limiting factor in the operability of
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Fig. 56 Comparison of measured and predicted nondimensional transfer
functions for the CVA-59 at 25 Knots (Fn-0.24) (Baitis, et al, 1981)

offshore platforms.

The hydrodynamics involved in the computation of
the transverse motions is more complicated than that
of the longitudinal motions, since viscous effects play
an important role. For instance, if a ship is underway,
a sway velocity or a yaw angle relative to the path of
the ship (or both) can place the ship hull at an apparent
angle of attack to the flow. Significant transverse lift
forces and moments are created on the ship hull and
appendages as a result of the generation of vorticity.
These forces are not modelled by the slender-body
potential flow analysis covered in the previous sub-
sections. For accurate predictions, terms representing
these effects may have to be added to those shown in
Table 13 in Section 3.4. There are indications that these

forces and moments are important at low frequencies
(in the analysis of steering and maneuvering or of the
motions in stern seas), at high forward speed, and in
the computation of the roll damping. Their role in typ-
ical, wave-induced sway and yaw motions is not con-
firmed. In addition to lift effects, the hydrodynamics
associated with roll motion includes many other im-
portant components, the overall effect of which is often
treated simply as an effective roll damping, as sug-
gested by the B, term in B,,, Table 13.

Much less is known about the transverse motions in
general, and yaw motions in specific, than is known
about the longitudinal motions discussed in the pre-
vious sub-sections. A good part of this discrepancy is
due to the fact that model testing of these motions is
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more difficult. Longitudinal motions can be tested in
an ordinary resistance towing tank fitted with a uni-
directional wave marker at one end. Serious yaw mo-
tions only occur in quartering seas, and roll motions
are also worst for most large ships when they are
underway in quartering seas. These conditions can
only be reproduced in a large basin in which the length
and width dimensions are comparable. Further, tests
in quartering seas require the model to have six de-
grees of freedom, and self-propelled models with au-
tomatic steering to maintain course are often required.
It is possible to test for zero speed roll and sway
motions in a narrow resistance towing tank by placing
the model’s centerline perpendicular to that of the
tank. Indeed much of the insight into the nature of
rolling that has been obtained comes from this kind
of test. Comprehensive experimental validation of the
theoretical prediction of transverse motion by slender
body or other theories is, however, generally not avail-
able.

The results of application of the U.S. Navy’s SMP
slender-body program (Baitis, et al, 1981) for the air-
craft carrier CVA 59 were shown in Fig. 56, Section
3.7, together with experimental results for waves at
various headings. The comparison for sway, yaw and
roll (rudder fixed) is shown to be good for beam and
bow sea conditions. In quartering seas the yaw and
roll predictions are less accurate. Special problems do
arise in the experimental technique for tests in which
the seas approach from the stern or nearly so. First,
fewer waves are encountered during a run, since the
ship and wave are travelling in the same direction.
Second, the effects of the automatic steering become
more significant. In the same report in which the CVA
59 results appear, Baitis gives the comparison of the
predicted and measured results for the motions of a
destroyer escort (DE-1006). The correlation between
the motions predicted by SMP and the measurements
is quite poor, and it is unclear whether the difficulty
lies with the theoretical predictions or the experimental
method.

Chapter IX, Controllability, discusses the motions of
yaw and sway in relation to the problem of steering,
or course-keeping, in both calm water and waves.

(b) Roll motions. Roll motions are by far the most
difficult motions of a ship to predict. It is therefore
appropriate to discuss this motion separately, even
though it is strongly coupled with sway and yaw. It
is an accepted fact of ship hydrodynamics that the
damping arising from the creation of waves (the prin-
cipal source of damping for heave, pitch, sway and
yaw) is almost vanishingly small for the rolling of
typical ship forms. Other mechanisms for damping,
such as viscous effects, occur naturally. However,
these mechanisms lead to roll dampings which are no
larger than the wave damping, and thus the total
damping from all sources is still small. It is typical for
roll motions to have an effective nondimensional damp-
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ing ratio of considerably less than 5 percent for a bare-
hulled ship. Waves that have an encounter frequency
near roll resonance can, and do, cause typical ships to
roll severely. These large roll angles can give rise to
strong nonlinearities in the hydrodynamic damping
and sometimes in the static roll restoring moment.
These conditions further complicate any analysis of
roll motions.

In order to discuss roll motions, we will assume that
the ship is exposed to a single, unidirectional wave
train and the transverse motions in response to this
wave are sinusoidal. The linearized equations of motion
for this situation based on slender-body theory were
given in Section 3.4. Inclusion of the nonlinearities
mentioned above is not generally possible in such a
set of equations, since they lead to responses that
include frequencies other than the exciting frequency.
Exact treatment of these nonlinearities requires a so-
lution in the time domain, with the hydrodynamic ef-
fects represented as convolution integrals.

However, it is common to include roll nonlinearities
in an approximate way, using the concept of equivalent
linear coefficients. These linear coefficients are selected
so that they have the same integrated effect over one
cycle of sinusoidal motion as the sum of the linear and
nonlinear terms has over the same cycle. The assump-
tion is that motion, including the nonlinearities, is still
approximately sinusoidal, and that the principal effect
of the nonlinearities is to change the amplitude of the
response. The equivalent linear coefficients are not con-
stants but depend primarily on the amplitude of the
resulting motion and the ship’s forward speed. Itera-
tion is required to obtain correspondence between the
values used in the equations of motion and the am-
plitude of the resulting motion. The U. S. Navy’s SMP
slender-body program previously mentioned incorpo-
rates such an iteration, although the formulation of
equivalent linear roll damping is different from that
presented later in this section.

For our purpose the three transverse equations of
motion can be extracted from the general Equations
(132), Section 3.3, by selecting j = 2, 4, 6. The equiv-
alent linear damping coefficient for roll will be denoted
by B%(/7|), and the equivalent linear restoring coef-
ficient for roll will be denoted by C%.(|7.]). The non-
linearities become unimportant for small amplitudes
of roll,_and in this case B%,(|7,|) = B, and C (7))
- Ag-GM,, as given in Table 13. For convenience in
notation, B%, and C?%, will be presented without an
argument in the development below and the depend-
ence of these quantities on the sinusoidal amplitude
[7,] is implied. The sway, yaw and roll equations of
motion are, however, strongly coupled.

_ For the zero forward-speed case it is possible to
isolate the effects of roll by a selection of a different
ship-fixed coordinate system. The origin of the new
System relative to the origin of the Zyz system is (£,
0, Z)) and the axes of the new system are rotated an

angle ¢ about the %-axis. £ and 2 are chosen to be
such that in the new system I, + A, = 0and fsz +
A = 0. Thus,

& = ([ + Ag)/(A + Ay), and
2 =+ A42)/(A + Azz)-

¥ is chosen so that [, + A, = 0 in the new system.
The roll equation of motion in this system becomes

[_wez( i44 + fi44) + iweé’:ui + Cfu] M4
+ B42ﬁ2 + Bwﬁc = F4

(169)

(170)

The hydrodynamic coefficients and the roll moment are
determined about this new origin, often called the roll
center. A circumflex has been placed over these quan-
tities as they do have magnitudes that differ from those
previously given. Since the ship is assumed to be slen-
der and  is very little different from 0, the instan-
taneous roll angle measured about this new axis is not
sensibly different from 7,. The hydrostatic term, C*.
is also not sensibly different from C?, since s is small
and there is no hydrostatic restoring in sway and yaw.
In the subsequent discussion we assume that these
two quantities can be interchanged with their circum-
flexed counterparts.

The sway, yaw and roll equations of motion are now
inertially decoupled from each other. That is, if one
measures the motions about the roll center, sway and
yaw accelerations do not instantly lead to roll accel-
erations, and vice versa. The transformation is anal-
ogous to the selection of principal axes of inertia in
rigid body mechanics, and the roll center plays the role
of the effective center of gravity. However, one should
realize that since the A, are functions of encounter
frequency, the roll center is also. A very rough esti-
mate for the location of the roll center is halfway
between the center of gravity and the center of buoy-
ancy.

Roll is still coupled to the sway and yaw equations,
but now only through the coefficients B,, and Bw, and
this coupling is not strong. In particular, if these two
coefficients are identically zero then the uncoupling is
complete, even with forward speed. The motions re-
sulting from an initial roll disturbance in calm water
will result in pure roll about the roll center. One should
note that a ship in a seaway does not actually roll
about the roll center, since there will be other motions
as well. This is important in design of devices to control
rolling, for the apparent vertical for a shipboard ob-
server is affected by these other motions (Section 6).

In order to characterize the roll behavior of a ship,
the damped oscillatory motion in calm water that re-
sults from the application of a time-harmonic pure roll
moment will be examined. If we ignore the coupling
terms B,, and B,;. Equation (170) becomes that of a
simple harmonic oscillator with nonlinear damping and
restoring,
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Fig. 59 Comparison of the computed roll response of a typical ship with
and without bilge keels (RAO is magnification factor)

[—weZ( j44 + AM) + iweBL + Ctm];m = F'4 (171)

This is the equation usually adopted for the analysis
of roll motions (Conolly, 1969). It should be emphasized
that use of an uncoupled roll equation like (171) implies
that the center of the coordinate system is at the roll
center, that the above-mentioned two coupling terms
are ignored, and that a different roll center may be
required for each frequency. The roll moment about
the roll center, FEX“ is composed of both hydrostatic
and hydrodynamic components. However, frequencies
near the roll resonance are often so low that the prin-
cipal component of F‘FX is the hydrostatic one. An
estimate of F Fx, in such a region is gA. GM-{ where
' is the amphtude of wave slope in radians. For ships
that have high metacentric heights relative to their
beam (as is common in small craft) the hydrodynamic
effects can be large and such an estimate may not be
applicable.

Often a ship model in experimental studies is con-
strained to roll about an axis that passes through the
ship’s center of gravity. Tests of this type (or com-
putations using slender-body theory in which the cen-
ter of the coordinate system is different from the roll
center) do yield the coefficients which appear in the
full equations of transverse motion. However, these
coefficients must be translated to the roll center if they
are to be used directly in the single equation of roll
(171). Finally, one is most often interested in the roll
motion near resonance, since even in an irregular sea-
way most of the roll motion is due to the roll response
in this neighborhood. In this case it is usually a sat-
isfactory simplification to treat the roll center as fixed
at its position at resonance. The errors involved at

other frequencies are usually not large.

To examine the roll behavior in the region of roll
resonance, (171) is recast in nondimensional form by
dividing by C,, = gA GM;, yielding

-2+ 26,8 (M) + y ()| m =i (172)
where
&, = &,/ 0,, the nondimensional encounter
frequency,
B* (7)) = B-w,,/(gA-GM;), the nondimensional
damping ratio,
v (M) = L/(gA-WT), the nondimensional roll

restoring term,

fi= F,/( gA-_G_MT), the nondimensional roll mo-
ment amplitude, and

the roll reson-

Ony = \gﬁAG_MT/( j44 + AM)’
ance frequency.

Although w,, is called the roll resonance frequency,
it should be noted that it can be considered _to be so
only for motions small enough for C*%, = gA-GM, (i.e.,

= 1). w,, is simply a reference frequency used for
nondlmenswnahzatlon Further, v, is itself formally
a function of encounter frequency, since the added
mass moment of inertia, A“, is also. Fortunately,
4, is much smaller than [, for typical ship forms,
and the dependence of the sum, f,, + 4,,, on iirequency
is quite weak. It will be assumed that the 4,, is con-
stant and equal to its value at the roll resonance, since
this discussion is aimed at the behavior near roll res-
onance. The quantity 8*(|7,]) is the ratio of the equiv-
alent linear roll damping to the critical damping, and
as indicated it is dependent on the roll amplitude, |7,/
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Fig. 61 Typical bilge keel arrangement

/i is often called the effective wave slope, since for
long waves the amplitude of the nondimensiona! mo-
ment is exactly equal to the wave slope amplitude, ',
as discussed above.

The three quantities: w,,, 8*(7./) and y* (|7,]) char-
acterize the roll response and determination of these
three quantities is normally the focus of an analysis
of rolling.

For normal ship types y*(|7.]) is determined from
ship hydrostatics, Chapter I. Unusual ship forms, and
particularly high-speed craft, can have somewhat dif-
ferent roll stability at forward speed than at zero speed
(see the previous sub-section). It is possible for there
to be multiple solutions for the roll motion for a given
roll moment input if the righting arm, GZ, differs
greatly from a linear relationship with the roll angle.
Although this possibility is much discussed in the lit-
erature (see Battacharya, 1978), the righting arm
curve for most ships is linear enough for this not to
be a problem. A righting arm curve that increases with

7, faster than GM,.7m, will lead to a roll resonant
frequency that increases with roll amplitude and vice
versa. The nonlinearity of the righting arm curve is
usually not significant for roll angles less than about
20 deg. However, examination of the righting arm
curve for the ship in question is necessary to determine
if the predicted motions are sufficiently large for this
effect to be important. It will be assumed below that
the roll motion is small enough to approximate C*,,
by gA.GM ; (that is, it will be assumed that y* = 1).
The roll resonant period is given by
27

o= 2T 27 k,

» (173)
ny4 g G

e

J

where the radius of gyration

79

For typical ship forms 7,, = 2.21-B/\(g.GM),
where B is the beam of the ship. The constant 2.27
can vary by as much as 20 percent for unusual ship
forms. For instance, aircraft carriers have a flight deck
much wider than B and, as a result, /,, is much larger
than for a normal ship of the same beam. For this case,
a constant of 2.6 or more may be appropriate. On the
other hand, submarines which are round and have no
superstructure can have constants less than 2.0 when
B is taken to be the maximum beam.

Of the three quantities that characterize roll motion,
B*(|74)), the damping parameter, is the most crucial
one for the ship response. Equation (171) can be solved
for |m,/£,|, the ratio of the roll amplitude to the effec-
tive wave slope amplitude. This quantity is called the
roll response amplitude operator (RAO). For ships with
small roll damping in beam seas the peak of the RAO
is equal to 1/(28%), and this occurs near the resonant
frequency, w, = 1. A typical ship without roll suppres-
sion devices such as bilge keels or the like will have
a value of B* less than 5 percent. This means that at
resonance, the ship will roll at more than 10 times the
effective wave slope (RAO > 10). Thus, it is not un-
common to observe significant rolling in what appears
to be an almost calm sea. Figure 55 shows the com-

puted roll response of a typical bare-hulled ship in
beam seas. The very narrow and “spiked” response is
typical of the motions measured in careful model tests.
B* is the most difficult parameter to estimate because
the phenomena that govern roll damping are so com-
plicated. Some details of the phenomena involved and
current methods of estimating roll damping are dis-
cussed under the next heading.

The roll resonant periods of 10 to 16 seconds are
normal for typical large ships. Waves with lengths
corresponding to these periods are common only dur-
ing heavy storm conditions. However, severe rolling
can occur in much lighter seas with shorter wave pe-
riods if the ship is underway and the seas are coming
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Fig. 62a Time history of the roll decay of a typical ship
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from the quarter. Although this orientation causes the
effective wave slope to be reduced somewhat from its
value in beam seas, the encounter period becomes
greater than the wave period and resonance can occur.
(See discussion Section 4.3). Fig. 60 shows the com-
puted variation in significant roll response in short-
crested seas for a typical ship proceeding at its design
speed at various headings and sea states. For this ship
the worst motions occur when the seas come from a
heading from 15 to 30 deg aft of the beam. For ships
with normal GM,’s and speeds, this worst heading can
vary from almost abeam to 45 deg abaft the beam. On
the other hand, many barges and small ships have
GM ;s comparable to their beam and their resonant
periods often correspond to the periods observed in

moderate seas. For these ships the rolling motions are
worst in beam seas and severe rolling can occur even
when not underway. Details of the phenomena in-
volved and current methods of estimating roll damping
are discussed under the next heading.

The fact that the roll response is so large has led to
the development of a variety of different schemes for
increasing the apparent roll damping. Most of these
schemes are presented in Section 6. Bilge keels are so
commonplace, however, that they deserve to be treated
here. These appendages are usually constructed from
flat plates that form a sharp obstruction to the roll
motion, as shown in Fig. 61. The bilge keel is aligned
with the calm water flow about the moving ship so
that its effect on the resistance is minimal. Flow vi-
sualization studies are often performed during the re-
sistance tests to aid in this placement. The height of
the bilge keel is usually selected to be such that the
tip of the bilge keel lies within the maximum beam of
the ship and above the baseline. In this way the bilge
keel is protected by the hull during docking, drydock-
ing and in shallow water. Bilge keels offer a significant
improvement in the roll damping over that of a bare
ship hull, but fall far short of the damping that can
be obtained from other roll stabilization devices. None-
theless, it is considered prudent naval architecture to
install bilge keels when practical, even when other
stabilizers are fitted, since only bilge keels are effective
in the severest of seas.

Using a theory similar to the one presented above,
Schmitke (1978) presents comparisons of the theoret-
ical rolling responses and model test results for a frig-
ate over a range of wavelengths and for four different
ship-wave headings. The measured effects of changing
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Fig. 63 Effect of speed on roll damping, for unstabilized ships with or without
bilge keels (Miller, et al 1973)
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(Himeno, 1981)

speed, GM  and bilge keel configuration are shown to
be in generally good agreement with the theoretical
predictions.

(c) Estimation of roll damping. Two separate ap-
proaches have been used to estimate the roll damping
of ship hulls, and both rely heavily on experimental
results. The first approach involves direct experimen-
tation and is appropriate in the final design stages.
The second uses a combination of analysis of the mech-
anisms of roll damping coupled with a correlation of
historical experimental data with ship characteristics.
The resulting formulas are very useful during the pre-
liminary design of the ship.

It has been found through careful experimentation
that the part of the roll damping that is not predicted
by potential theory is not only a nonlinear function of
roll angle, but is also a nonlinear function of roll fre-
quency and forward speed of the ship. It has also been
found that there are many components to the roll
damping, each of which arises through a separate
physical process. It will be assumed that 8* can be

expressed in an expansion in |7.| given by

B*("’—MD = n2=‘0 B*. |ﬁ4|n

= B*o + B*l |ﬁ4l + B*z |ﬁ4| + .,

where each of the 8*, are a function of forward speed.
The first term represents linear damping and is as-
sociated principally with potential flow effects. This
term includes contributions from the roll, sway and
yaw damping coefficients listed in Table 13, resulting
from the change in coordinate system involved in in-
troducing the roll center. The second and third terms
are associated with the damping that is due to real
fluid effects, such as fluid drag and flow separation. In
general, 8*, and 8%, are positive and the equivalent
linear damping increases markedly with roll amplitude.

Careful sinusoidal tests to determine the nature of
the roll damping for a prototype ship are exceedingly
difficult; those for a model are time consuming. A sim-
ple alternative is to conduct a transient test, called the
roll extinction test. The model (or ship) is inclined to
a relatively large roll angle and then released impul-
sively. The time history of the motion is then recorded.
Because roll is so lightly damped, the model (or ship)
oscillates at its natural frequency and a large number
of rolls can be observed before the motion decays to
a roll amplitude too small to measure accurately. See
Fig. 62a.

The information in the time history can be used to
determine the nonlinear coefficients of roll damping at
the roll resonance frequency. Let £, ; be the absolute
value of the roll angle (in radians) at the jth maximum

(174)
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Fig. 65 Comparison of measured and estimated roll damping coefficient as
functions of advance speed (Himeno, 1981)
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(extreme v_alue). The j* decrement, 8¢, and the j*
mean maximum amplitude (port and starboard), £,
are defined by:

B'Ej = (g-t,j—l - 64,1‘), and
gm.j = %(&4,]’—1 + §4,_,>)

Fig. 62b shows the determination of these quantities
graphically, and Fig. 62c is a plot of 8¢; versus &, ;
the so-called extinction curve. A cubic polynomial fit-
ted to these discrete points yields

8‘5 = aO gm + al §m2 + a, €m3 (175)

For a linear system the equivalent linear damping ratio
at any mean angle is equal to the decrement divided
by 7. Thus, the relation between these coefficients and
the damping coefficients in Equation (174) is 8*, =
a,/w for n = 0,1,2. An estimate of the nonlinear ef-
fects can therefore be made directly from an extinction
test. Special caution should be observed when extinc-
tion tests are performed on small models since the
viscous phenomena that produce these nonlinearities
cannot be easily scaled and the model may not behave
like the prototype.

For preliminary design purposes, it is necessary to
estimate the roll damping of a design for which model
or full-scale data are not available. Estimation proce-
dures based on historical data have been developed
and two examples are presented here.

The first was developed to predict the roll damping
of typical naval ships. It was presented by Miller, et
al. (1974) and represents the results of a regression
analysis of a number of fairly round-bottomed and fine
ships typically used by the U.S. Navy. The procedure
involves two steps. First, the zero-speed damping ratio,
B, is estimated as

BO() = 19.25 [Am/bBK +0.0024 L B\d
dJam /(Cs LB T) (176a)

where

Apyis the total area of the bilge keels (port and
starboard),
bpx is the width of the bilge keel,
Cp is the block coefficient,
d is the distance from the centerline at the load
waterline to the turn of the bilge,
L, Band T are the ship’s length, beam and draft,
respectively,
[74]is the roll amplitude in radians.

Second, the critical damping ratio, 8*(|77,)), at for-
ward speed is

B* () = BO(m.)

+ 0.00085 (L/B) L /GH F (1 + F + 2F?)
(176b)

where

F=Fn/Cg and Fn =
number.

V/\JgL, the Froude

Fig. 63 shows a typical variation of roll damping
with forward speed predicted by Equation (176b). Mill-
er’s presentation has the advantage of being very easy
to apply, but should be used with caution for typical
commercial ships with very high midships coefficients.

An alternate and more complicated approach was
presented by Watanabe and Inoue (1964) and reported
by Himeno (1981). This approximation was based on a
detailed analysis of many typical commerical ships,
including some very high-block coefficient tankers.
This method addresses only the terms 8% and 8% in
Equation (174). Using the same notation as above, Wa-
tanabe’s method was simplified by Jan de Kat to yield

B% = h[—2.03 (CzT/L) + 1.6 (Agxo,/ L?) + 0.064],

B9 = h[045(CxT/L) + 1.6 (Agxo,/ L?) + 0.064],
177
where
3

! T\? B
r={(3) [1'0 + (Z)] +fs4-T] X
F = pr2 + (CWP - 1)/10,
l=KG — T/2

185
[

KG is the height of the center of gravity above
the keel, and
Cy»is the waterplane coefficient.

The value o, is associated with the bilge keel effi-
ciency and is a function of the block coefficient and
the aspect ratio of the bilge keel, given by bg./ [,
where by, is the width and Iz, is the length of the
bilge keel. A plot of the bilge keel efficiency based on
considerable experimental data is shown in Fig. 64.
Himeno recommends the use of Takahashi’s correction
for forward speed, given by

B*n = B9 [1.0 +

0.8 [1.0 — e"“’“]/&nf] n=01. @18

(d) Mechanisms involved in roll damping. A
much more fundamental approach to the problem of
roll damping involves the examination of the individual
mechanisms that lead to roll damping. This method
has been favored by Japanese researchers and most
of the work on this approach has been done in Japan.
A considerable insight into the most important param-
eters governing roll damping has been achieved by
carefully examining each ingredient. Himeno (1981)
plots qualitative graphs of these effects on the total
roll damping of a ship. The various components shown
are denoted by:
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By, the moment resulting from the drag (skin fric-
tion) of the hull in contact with seawater, a viscous
fluid.

Bg, the moment on the bare hull arising as a result
of pressures caused by viscous separation of the flow
and formation of eddies, principally near sharp
bilges.

B,, the moment arising from hull side forces (lift
forces), which are due to the apparent angle of at-
tack of the hull when the ship is rolling under way.

B, the moment resulting from the creation of
waves when the ship rolls. This is the moment nor-
mally computed by linear potential theory.

Bgyy, the moment resulting from normal (pres-
sure) forces on just the bilge keels.

Bgyy, the moment resulting from the modification
of the flow around the hull caused by the existence
of bilge keels.

Bgxw, the moment arising from wave making of
the bilge keels (normally a small quantity for nor-
mal-sized bilge keels).

Fig. 65 is reproduced from Himeno (1981) and shows
a comparison of the measured and estimated roll damp-
ing coefficient for a Series 60, block 0.80 model. Al-
though a promising procedure for performing the
calculations is presented by Himeno, it is too compli-
cated to duplicate here.

The figure shows the comparatively large effect of
the bilge keel terms Bgyy and Bgyy,. The second (in-
teraction) term is due to a change in separation pattern
around the hull resulting from a modification of the
flow in the neighborhood of the bilge keel (Ikeda, et
al.,, 1978). The figure also shows the strong effect of
forward speed on the lift component, B,.

(e) Sway and yaw. As previously noted, sway and
yaw can be calculated by means of the complete equa-
tions for lateral motion (Sections 3.3, 3.4)—at least in
bow and beam seas. Schmitke (1978) presents approx-
imate solutions for sway assuming no coupling with
roll and yaw, which compare moderately well with
more exact results for a frigate at cruise speed.

However, sway and yaw motions are strongly influ-
enced by ship steering, whether done manually or by
means of an automatic control or auto-pilot. In turn,
sway, yaw and roll characteristics all affect the design
of the rudder, steering gear and control system. Sway-
Ing of a fast moving ship places it at an angle of attack,
Producing transverse forces and moments, just as yaw-
Ing does. These problems are discussed in Chapter IX,
Controllability. The ultimate merging of the fields of
seakeeping (where the motions are at wave frequency)
and coursekeeping (where the motions occur much
more slowly) into a complete theory of steering in

waves has not yet been accomplished.

The relatively high-frequency yawing in bow seas
generally poses no problems for either comfort of per-
sonnel or steering, since amplitudes are usually small.
Hence, there is seldom any attempt made to control
these motions in either hand or automatic steering.
Early model tests in bow seas at the Davidson Labo-
ratory (Lewis and Numata, 1960) and at the Nether-
lands Ship Model Basin (Vossers, 1962) revealed
unexpectedly large values of leeway angle between
the mean model heading and the path made good
across the tank. This angle varied with wave length
and speed. This important non-linear effect is not ac-
counted for in the basic theory of ship motions in waves
(See Section 5).

In quartering and following seas, the wave-encoun-
ter frequencies are much lower than in head seas or
seas on the bow. This situation can lead to large am-
plitudes of the unrestored motions of sway and yaw,
to serious interactions with the steering, and, as dis-
cussed in the previous sub-sections, to large resonant
rolling angles. The combination of these three motions
is uncomfortable to crew and passengers. It is some-
times called a “dutch roll,” since it is comparable to
this well known motion of airplanes.

In extreme high waves, where the water particle
velocities become comparable to the ship speed, there
is a possibility of loss of control and of broaching. This
latter condition, when the ship yaws to an orientation
parallel to the wave crests, is extremely dangerous
and may lead to capsizing.

() Roll instability and capsizing. Capsize of
large ships is fortunately very rare. Detailed theoret-
ical and experimental studies of these phenomena have
been conducted by Oakley, Paulling and Wood (1974).
These show that there are séveral different mecha-
nisms that can lead to capsize. Most of these mecha-
nisms are essentially nonlinear in nature and cannot
be investigated by the above simple frequency-domain
approach. One mechanism, broaching, was discussed
above.

Another mechanism involves the static stability
characteristics of roll in a seaway Paulling (1961). The
wave surface is not plane and thus the instantaneous
load waterline is not either. The metacentric radius
derived from this waterline may differ somewhat from
that computed for the still waterline. The GM ; is very
sensitive to the metacentric radius, and the result is
that significant variations in GM; can occur with a
frequency equal to the encounter frequency. The par-
ametric variation in GM ; can lead to a roll instabilities,
with roll motions increasing in time. These conditions
are worst for ships with low initial stability and in
stern seas or almost stern seas.
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Section 4
The Ship in a Seaway'

4.1 Theory of Linear Response to a Statistically Sta-
tionary Seaway. Much if not most of the theory of
the linear response of a marine system to random
excitation was developed in the context of electronics
and communication (Rice, 1944), (Lee, 1960). A great
deal of the resulting theoretical detail has been directly
transferred to marine applications where it has been
called the theory of linear superposition. There are,
however, some significant differences that are peculiar
to this application. These have to do with the idea that
the wave field (or excitation) is a function of space as
well as time, and that the vessel of interest is more
often than not moving at some speed within the wave
system. St. Denis and Pierson (1953) introduced the
basic concepts to the marine field, and resolved most
of the problems peculiar to the application. Price and
Bishop (1974) may serve those interested as a more
modern and detailed treatment of both the basic theory
and the problems of marine applications.

A reasonable and useful (if not exact) model for
realistic seaways is described in Section 2 in terms of
statistically stationary, zero-mean, Gaussian (or nor-
mal) random processes. While the wave elevations in
a stationary wave process vary with time and position
in the wave field, the probability structure of the proc-
ess does not. That is, the statistical parameters that
describe the process are constants. If the instanta-
neous wave elevations of a Gaussian process are sam-
pled, the statistical properties of the sample are
governed by a Gaussian probability density function;
that is, the Gaussian assumption applies to wave ele-
vation. In a zero-mean Gaussian process the only nec-
essary statistical parameters are the wave variance
and its frequency/direction decomposition (or spec-
trum).

Conceptually, once the spectrum of the stationary
Gaussian process is fixed, the variance and other sta-
tistics of the process are determined for all time and
space. This is not, of course, what happens in the ocean.
The magnitude of ocean waves and their spectrum
varies continuously in time and space. In the long term
and over long distances ocean waves are non-station-
ary. Unfortunately, we do not have a rigorous statis-
tical model for the response of a vessel to a non-
stationary process. This conflict is resolved by the
assumption that the evolution of the wave statistics
in the vicinity of the vessel occurs gradually enough
that we may approximate reality by a succession of
space-time processes, each of which is considered sta-
tistically stationary in the short term and near field.
This assumption allows the practical use of available
theory for the response of a vessel to a stationary
Gaussian random process.

In the study of the response of the ship to the sea-

way, the concepts of Section 2 that are of fundamenta
use are the wave point spectrum, S (v), and the d;.
rectional spectrum, S (w, n). In this section a some
what restrictive definition of the point spectrum wil;
be employed. Here, we will use the point spectrum
only to define long-crested random waves. It should
also be noted at the outset that the direction variable,
p, will be defined in the same way as in Section 3; that
is, with respect to an z,, y,, z, coordinate system fixed
in the earth so that the z,-axis is coincident with the
heading or nominal course of the ship. The angle, K,
in general will denote the direction of propagation of
waves relative to the z-axis, and is taken to be positive
counter-clockwise so as to conform to a right-hand
rule. The reader may note that these conventions are
opposite to those usually employed at sea where the
angle denotes the direction from which the waves
come, and the sense of the angle is in accordance with
the compass. We lose no generality with the conven-
tions of Section 3 since the directional spectrum may
easily be transformed from one system to the other,
and in any event, absolute directions come into play
only in operational use of the final results of the theory.

Section 3 dealt with the physics of the response of
a vessel to deterministic wave fields (regular waves),
and it may perhaps not be immediately obvious how
these results may be connected with the probabilistic
model of Section 2. Broadly speaking, the analyses of
Section 3 define the vessel response as a linear trans-
formation of the wave elevation field. Results from the
theory of probability say, in effect, that a linear trans-
formation of a stationary Gaussian random process
yields another stationary Gaussian random process.
Thus, so long as the vessel’s response is mathemati-
cally linear (or reasonably so) an immediate connection
may be made between the stationary Gaussian wave
field and a stationary Gaussian representation of the
response. Moreover, once the response can be assumed
to be Gaussian, the statistics of response maxima may
be treated in the same manner as the wave maxima.
Thus, the most important general observation about
the deterministic development of vessel response in
Section 3 is that all the analyses are linearized. Lin-
earity of response is the fundamental assumption of
the theory to be discussed here.

In studying the response of a vessel in a seaway the
pertinent end result of Section 3 is the complex am-
plitude, 7, of the j th response to a regular wave of
complex amplitude { , whose phase is referenced to
the origin of the coordinate system fixed in the vessel.
Once the vessel geometry is fixed, there are four es-

' Section 4 written by John F. Dalzell.
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sentially independent variables in the analysis of Sec-
tion 3: regular wave amplitude, { , circular frequency,
o = 27/ T, and direction, p, as well as vessel speed,
U,. These are the same four independent variables in
a laboratory test of a model vessel in regular waves.
Now the theory to be discussed cannot handle temporal
variations in vessel speed within a particular realiza-
tion of a random wave process. Thus for present pur-
poses, the speed, U,, must be considered to be a
constant parameter, just as it is in practical imple-
mentations of the theory of Section 3, as well as many
experimental investigations; i.e., surge is assumed to
be zero.

The linearity assumption requires that the amplitude
of the response be proportional to the exciting regular
wave amplitude, and that the response phase be in-
variant with wave amplitude. Thus in the notation of
Section 3, the ratio, 7;/ {, must be invariant with { for
fixed o, p and Up. In numerical evaluations of the
theory of Section 3 this invariance is assumed and
computations are usually carried out for a unit regular-
wave amplitude. Thus in practice, the results of the
theory of Section 3, m;, are complex amplitudes per
unit regular wave amplitude. Similarly, it is also con-
ventional to normalize experimental determinations of
the complex response amplitude in the same way. It
is then natural to modify the notation of Section 3 and
let 7 represent 7;/ {;. Thus, in this section

N, p; U = the complex j th response amplitude per
unit regular wave amplitude, as a
function of wave frequency o, and
direction p, with constant vessel
speed, U, assumed.

As noted in Section 3, the vessel responses are phys-
ically related to encounter frequency, o.. It will be
noted from the definitions in Sections 2 and 3 that
encounter frequency is determined by the variables in
the argument of the function just defined. Thus, we
may also consider the complex responses of a vessel

to be functions of encounter frequency and define:

= the complex j th response amplitude
per unit regular wave amplitude, as
2 function of wave encounter fre-
quency, o,, and direction, p, with
constant vessel speed, Uy assumed.

where it should be noted from Section 2.8 that the
mapping from encounter to wave frequency may have
to be handled carefully.

The functions that have just been defined are anal-
ogous to those that result from the application of gen-
eralized linear systems theory in other fields. In marine
usage these functions bear various borrowed names;
in particular, four common names used synonymously
are: transfer function, frequency response Sfunction,
System function and receptance. Whatever the ter-
minology, the physical meaning is as defined above,

ﬁj(wei “’; UO
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the relationships of the complex funections to normal-
ized amplitude and phases of response are as defined
in Section 3, and the underlying fundamental assump-
tion is that the physical system is linear so that the
relations between its response and its excitation may
be completely defined in this way.

The modulus of the transfer function has special
importance in the theory to be discussed, and bears a
special name which is unique to marine usage. The
terminology was originated by St. Denis and Pierson
(1953) where (., K; U,)l? was defined as the re-
sponse amplitude operator. Over the intervening
years the custom much more often than not has been
to define the unsquared M., i U,)| as the response
amplitude operator, abbreviated RA0. The numerical
consequences of confusing the squared and unsquared
forms will be obvious to the reader, and it cannot be
said that the squared form is no longer used in practice
(Lackenby, 1978). However, for present purposes the
unsquared form will be employed, and thus when re-
sponse amplitude operator or RAO is used here it will
mean the ratio of the (scalar) amplitude of response
and the exciting regular wave amplitude, and will usu-
ally be expressed as [7;(w, w3 Uo)| or [j(@e, p; Uo)l

Now to illustrate the form of the connection between
the theories of Sections 2 and 3, first note that from
Section 3, Equation (96) the j'th response to a regular
wave may be written in real form as:

n(t) = e, g UL cos [e — @t + o(@.)]

where oj(w,) is the phase of the response relative to
the wave elevation and e represents an arbitrary phase
that defines the elevation of a regular wave at time
zero, as given in Equation (25) of Section 2.2. The
definition of |[;(w., 1; U,)), as noted above, corresponds
to 7;/{ in the notation of Section 3. Thus the linear
transformation of the motions analysis produces a
shift in phase, o;(w.), and an amplitude proportional
to the amplitude of the regular wave.

The linear superposition theory of Section 2, and
indeed all general linear system theory, demands that
the response to a sum of exciting waves be equal to
the sum of the responses to each of the individual wave
components. Thus the response to a sum of regular
waves each defined by its wave frequency, o, direc-
tion, p,,, and amplitude, {,.., becomes:

ny(t) = ZEITL@)mns o Uoll X

T,.n COS [em — (@)t + crj[(wgm]] (179)

The correspondence between Equation (179) and Equa-
tion (71) of Section 2.8 may be noted. The expressions
are of identical form except that there is an additional
factor of the mn’th RAO and an additional determi-
nistic phase in the argument of the cosine. If the ar-
bitrary wave phases, €,,, are assumed to be random
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as in the representation of Section 2, the response may
be interpreted as a random variable. Evaluating the
variance of the response, (179), with the formalism of
Section 2:

Var[n,(8)] = ([,(1)]*)
= 1/2 ZZ |ﬁj[(we)mn’ F’m UO]IZ Zng (180)

where the brackets ( ) denote mean value. As in the
random phase model of waves, Section 2, the variance
of response becomes half the summation of squared
response amplitudes.

In an analogy to the directional wave spectrum of
Section 2, we may also define a continuous pseudo-
spectrum of response, P;(w,, ), whose integral equals
the response variance:

27

Varln()] = [ [ o, p) do.du (8D

0

Comparing Eqgs. (180) and (181), the pseudo-spectrum
may be identified as a limit as 8w,~0 and §u—0:

ﬂmwwA{mmmmwmw
Z,,mz/Swe 6;1,] (182)

This pseudo-spectrum expresses the contribution to
response variance of the deterministic response to com-
ponent waves of different frequencies and directions.
Comparing Equation (182) and Equation (72) of Section
2.8, the relationship between the pseudo response spec-
trum and the directional wave spectrum becomes:

Py, p) = Mo, g Us)f Sylw., p)  (183)

Though the corresponding directional wave spec-
trum is “observable”, the pseudo-spectrum of response
is not. Any given response is an observable function
of time. We can decompose an observable time function
into frequency components, but cannot unambiguously
determine the direction of the wave components that
produced each frequency component. Thus it is nec-
essary to define a response spectrum that is a function
only of encounter frequency, and this may be done in
the same manner as was done in Section 2 for the wave
point spectrum:

Sw) = [ Pen w) du (184)

Comparing (184), (183), (182), and (180) the response
spectrum may be identified as a limit as §w,~0:

Sil(@e) mn] =

42 L0.)mns i U1 Tu?/80.] 185

As one would expect by now, the response spectrum
is the contribution to response variance of the deter-
ministic responses to all those wave components that
produce encounter frequencies within an infinitesmal
encounter frequency band. The summation appears
within the limiting form, (185) because, as pointed out
in Section 2.8, the same encounter frequency may be
produced by wave components having different direc-
tions.

The sections that follow contain a condensation of
the principal results from response theory, and the
resulting procedures, as applied to marine vehicles.
They will begin with the simplest case and proceed to
the more general.

4.2 The Long-Crested, Zero-Speed Case. The long-
crested, zero-speed situation is at once the simplest
case of interest, and one that is essentially the same
as the basic communication or electronic theory. When
the vessel is moored or hove-to an observer aboard the
ship senses wave frequencies without distortion due
to ship speed so that encounter and wave frequencies
are the same. The long-crestedness assumption means
that the direction of propagation of all wave compo-
nents relative to ship heading is the same, p,, say, and
that the waves may otherwise be represented by a
point spectrum, S, (w). In this case the relationship
between the variance spectrum of the j'th response
and the wave point spectrum becomes:

Sj@) = [M(w, po; 0)|* Sy(w) (186)

The response spectrum is thus equal to the product of
the wave point spectrum and the squared modulus of
the transfer function (or squared RAO according to
the present definition). It might be noted again that
the wave direction variable, u,, is a constant parameter
within the expression, and we have substituted U, =
0 in the argument of the transfer function.

As has been implied by the treatment of the last
section, the integral of the response spectrum over
positive frequency is defined to be the response vari-
ance. (Variance spectra in this chapter are defined only
for positive frequencies.) In simpler language, the area
under the response spectrum is equal to the variance
of the response. In this case, the spectral moments of
response are defined in the same way as for point
spectra of waves (see Section 2.6):

m, = f " 5() deo

0

(187)

and as in the case of waves:

m, IS response variance
m, is variance of response velocity
m, is variance of response acceleration

Period averages for response are also defined as in
Equations (49) through (52) of Section 2.6; that is, the
same formulas hold, with response spectral moments
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used instead of wave spectral moments. In practice,
the estimates of response spectra and the moment
integrals are done numerically; response amplitude op-
erators almost never are obtained in continuous and
sufficiently simple analytical forms that might allow
purely analytical expressions for either the spectra or
the moments (See 4.6, example computations).

4.3 The Long-Crested, Forward-Speed Case. As in
the last section, the waves are assumed to be long-
crested so that all wave components propagate in the
same constant direction, p,, relative to ship heading.
As before, we also assume that a wave point spectrum
is available to define the frequency content of the
waves. In this case we consider non-zero vessel speed
(U, # 0). It has been pointed out in Section 2.8 that
non-zero vessel speed can result in considerable com-
plication, and it is at this point that we resume the
discussion started there. In order to develop the re-
sponse spectrum in a more practical form than has
been indicated in Section 4.1 we must develop the en-
countered wave spectrum in some detail. We will con-
sider encounter frequency to be positive always and
write it in a slightly different form to express this:

(188)

Now the transition from the wave point spectrum
defining long-crested waves to the encountered spec-
trum is essentially a transformation of the frequency
coordinate system such that the wave variance is pre-
served. In a similar way to the treatment of Section
2.8, the encountered spectrum for long-crested waves
may be written:

where the value on the right-hand side must be as-
sociated with the proper value of w, via the transfor-
mation, (188). The absolute value of the denominator
(the Jacobian of the transformation) is taken because
spectral density (the frequency decomposition of var-
iance) must be positive. It may also be noted that the
constant parameters, o, Us, have been added to the
augment list of the encounter spectrum to emphasize
the point that this function of encounter frequency
depends upon the values assumed for speed and wave
direction.

The detailed treatment of the encountered long-
crested wave spectrum is dependent upon the sign of
€0S o in the transformation (188). There are effectively
three possibilities. The first is that the wave direction
is 90 or 270 deg; that is, the vessel is proceeding in
beam long-crested waves. In this event, cos p, = 0,
thus w, = o, and the encountered spectrum is the
same as the wave point spectrum regardless of speed.
Thus in beam long-crested seas the relations between
response spectra and wave spectra are the same as
were noted in the last sub-section, the only difference
being that the RAO would have to be that for a wave
direction of 90 or 270 deg.

w, = o — (0*U,/g) cos n
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Fig. 66 Wave encounter spectra in long-crested head seas, at increasing
ship speeds

The second possibility to be considered is that of
head or bow waves. In this case u, is between 90 and
270 deg, and cos p, is negative. In this circumstance
the expression within the absolute value signs in (188)
is always positive. This means that the transformation
between , and o is one-to-one for all positive values
of frequency, and that the denominator of (189) will
not approach zero. Fig. 66 illustrates schematically the
influence of speed upon the encountered long-crested
sea spectrum for head or bow seas. Generally, the
shape of the encountered spectrum is similar to that
of the point spectrum regardless of speed. The effect
of the transformation is to shift the spectrum to higher
frequencies and flatten it a bit, while the area remains
constant. Now turning to the relationships between
the wave encounter and the response spectrum, the
response spectrum for long-crested head or bow waves
becomes:

SjH(we) = |;’_,j(we’ Hos Uo)lz S;(we; Mo Us) (190)

where 90 < p, < 270 deg, the transfer function is
developed as a function of encounter frequency, and
the transformation of the wave frequency spectrum
is carried out as in (189). The superscript, H, is to call
attention to the fact that the relationship holds only
for long-crested head or bow waves.

With the last paragraph half of the possible direc-
tions of long-crested waves have been dealt with. The
other half involves quartering and following seas. In
this case 0 < po < 90, or 270 < po < 360 deg, and
cos p, is positive. The resulting variation of encounter
frequency (188) with wave frequency is shown sche-
matically in Fig. 67. In general, as wave frequency
increases, encounter frequency goes through a maxi-
mum, returns to zero, and then increases once more.
The figure illustrates the primary complication in the
transformation between wave and encounter fre-
quency for following or quartering waves; that is, for
any value of w, there correspond either one or three
values of o (and one or three wave lengths). An ob-
server aboard ship who senses an encounter frequency
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less than g/(4U, cos p,) cannot work out the corre-
sponding wave frequency without additional infor-
mation. The wave frequency, g/ (U, cos u,), at which
w, = 0 corresponds to the situation where the com-
ponent of ship speed in the direction of wave propa-
gation, (U, cos p,), is exactly the same as the wave
celerity, V.. The maximum in the curve of w, occurs
atw = g/ (20, cos p,), and at this point the component
of ship speed in the direction of wave propagation is
exactly equal to the group velocity of the waves,
V./2. Near this maximum there is a broad range of
wave frequencies, o, that will produce nearly the same
frequency of encounter.

For the following or quartering wave case, the trans-
formation between encounter and wave frequency is
multi-valued, and this must be accounted for in the
development of the encountered spectrum. For this
purpose the wave frequency range may be divided into
three regions as shown in Fig. 67. In the first, the
component of ship speed in the direction of wave ad-
vance is less than the wave group velocity. In the
second, the ship velocity component is between wave
group velocity and celerity, and in the third, the ship
velocity component is greater than the celerity. Phys-
ically, in Regions I and II the waves overtake the ship,
and in Region I1I the ship overtakes the waves. Within
each of the three regions the o, w, transformation is
one-to-one.

Fig. 68 illustrates schematically what happens when
the transformation, Equation (189), is carried out for
quartering or following waves. The (a) part of the
figure indicates the wave frequency spectrum and the
position of the three regions noted in Fig. 67. The (b)
part of the figure indicates what happens when the
operation defined by (189) is carried out. As o ap-
proaches g/(2U, cos p,) the denominator of (189) goes
to zero and the result is a singularity in the encoun-
tered spectrum. The area under the spectrum at this
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Fig. 67 Variation of encounter frequency with wave frequency/for regular
following or quartering waves

step is not equal to the wave variance because the
transformation is not complete. The modified spectra)]
densities have not been associated with the proper
encounter frequency, a schematic scale of which is
included beneath part (b) of the figure. Part (¢) indi-
cates the association step. The contribution of Region
I extends from zero to w, = g/ (4U, cos p,J. The Region
IT contribution folds back and extends down to zero
frequency, and the Region III contribution starts at
zero and extends to indefinitely high encounter fre-
quency. Part (d) of the figure indicates the wave spec-
trum as would be sensed aboard the moving ship. In
the range 0 < w, < ¢g/(4U, cos u,) the contributions
from the three wave frequency regions are additive,

Thus, the encountered spectrum for quartering or
following waves can be a practically unrecognizable
modification of the wave frequency spectrum. It is
worth noting that if the wave spectrum is appreciable
at o = g/(2U, cos p,) the encounter spectrum will
almost certainly have a strong peak at o, = g/(4U,
CoS L,). Within the range of typical ship sizes and
speeds, the contribution of Region III tends to be un-
important, but there is a good possibility that both
Regions I and II may be important for high-speed
ships.

Now turning to the relation between the response
and the encountered wave spectrum, the preceding
discussion shows that, in order to estimate the re-
sponse spectrum in quartering or following waves, we
must handle the contributions from the three regions
of wave frequency separately. In this case the re-
sponse spectrum is formed by:

Sf(w,) = [} (., o Us)|* S'(we; 1o, Uo)
+ |Wju(wey Hoy Uo)|2 S (w,; Ko, Up)
+ Iﬁ-jul(‘oe, P‘O) U0)|2 SIH(me; F’O’ UO)

where for example, S'(w.,; o, U,) is the contribution
to the wave encounter spectrum from Region I, and
1 (@, po; Uy)| is the response amplitude operator as-
sociated with the wave frequencies of Region I. It
should be noted that the contributions from Regions
I and II will contain singularities unless the response
operator for o, = g/(4U, cos p,) is zero, a relatively
unlikely event. However, the area of the response spec-
trum will be finite and equal to the response variance.

In practice, the moments of the response spectrum
are usually a more important result than the response
spectrum itself. The response spectral moments are
only meaningful in terms of encounter frequency, and
are defined as follows:

(191)

= f (@)" S,(w,) do, (192)

so that once having the response spectrum, (190) or
(191), the immediate next step is to integrate over
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encounter frequency. As mentioned previously, all
practical work is done numerically. Because of the
nature of the head or bow sea frequency transfor-
mation, numerical integration of (190) is hardly more
difficult than in the zero speed case. However, because
of the singularities in (191), which are brought on by
the frequency transformation, numerical integrations
for quartering or following waves become rather com-
plicated exercises. For this reason it is customary to
proceed in a different manner. The basic relationships
between response variance or moments could have
been developed in the wave frequency domain at the
outset, and this was done in St. Denis and Pierson
(1953). The frequency transformation was introduced
in that reference only to develop the response spec-
trum properly. Thus, relative to the present treatment,
if the expression for the response spectrum, (191), is
substituted in (192), and a variance-preserving trans-
formation from encounter to wave frequency is carried
out, the expression for the moments becomes:

©

m, = J lo — (02 U,/ g) cos pol X
0

Iﬁj(w, Ho» Uo)‘2 SL(O’) do (193)

The same result is obtained when the head or bow
sea response spectrum is substituted. Equation (192)
for the response spectral moments as an integral over
wave frequency thus holds for any speed and heading
to long-crested waves. No singularities appear in the
integrand and thus the numerical work is straightfor-
ward. In short, all moment calculations can be con-
veniently carried out in the wave frequency domain,
with knowledge of the point spectrum of waves, Si(w),
and the response operator as a function of wave fre-
quency.

It may be noted that the integrand of Equation (193)
for n = 0 is:

|'T)j(0)y Hos Uo)|2 S;(w)

This is in the form of a spectrum, and the integral
over frequency (the area) is the response variance, but
it is not the spectrum of response as would be sensed
by instrumentation aboard a moving ship. Depending
upon ship speed and wave direction, the frequencies
and the shape of the integrand of (193) may be com-
pletely incorrect as 2 representation of an observed
response spectrum. Nevertheless, the integrand of
(193) can be and is called a spectrum, and can be put
to good use in practical analyses of the contributions
of various wave frequencies to the response moments.
If it is desired to work out the actual response spectral
shape the wave spectrum must be transformed to the
encounter frequency domain, and the operations of
(190) or (191) must be carried out.

4.4 The Short-Crested Sea Case. The last of the
complications in applying linear random theory to the
response of a vessel is that introduced by the variation
of direction of the wave components in a short-crested
sea. In Sections 4.2 and 4.3 for the long-crested case
the wave component direction was assumed to be a
constant parameter, p,. In the short-crested case the
component wave direction, pn, becomes a variable in
the same sense as is wave or encounter frequency. In
this case we must deal with waves that are defined by
a directional spectrum, S (o, W), rather than the point
spectrum, S (). As before, we denote the spectrum
of the j th response as Si(».), and note from the def-
inition of the variance spectrum that the contribution
to total response variance of response components of
all directions with encounter frequencies within a small
range, do,, of some frequency, ., may be represented
as S;(w.) do..

According to the simplified treatment of Section 4.1
we may think of Sj(w.) 8o, a8 the sum of all the con-
tributions to variance of the response to all the indi-
vidual directional wave components that produce a
response with frequency very near .. The indicated
summation in Equation (184) is over wave direction,
and we must thus anticipate that the response spec-
trum for short-crested seas will involve an integral
over wave direction of the form:
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flﬁ}(we: P’y Uo)|2 S;(me, IJ,) dl,l,

where S (., p) is the result of transforming the wave
directional spectrum into the encounter frequency do-
main. All the complications noted in the last section
for long-crested waves enter into the transformation
of the directional spectrum. Since the wave direction
is a variable rather than a constant parameter, the
boundaries of the various “regions’ described in the
last section become functions of encounter frequency
as well as direction. Because of this, the response spec-
trum is not the straightforward direction integral of
(190) or (191) that the form just noted might imply.
However, the general form of the response spectrum
is superficially similar to that for the long-crested case
in that it may be written in the form:

Sj(we) = Sjﬂ(we) + Sjl(me) + Sju(we) + Sjnl(we)

The first contribution is essentially that from wave
directions corresponding to head and bow seas, and
the second through fourth the contributions from the
ambiguous quartering and following sea regions of
the o, w, transformation. Each of these contributions
is an integral over wave direction, each with very pre-
cise, and different, domains of integration. As a prac-
tical matter, the complications are such that estimates
of the response spectrum in short-crested seas are
virtually never done, and the interested reader is re-
ferred to St. Denis and Pierson (1953), or Price and
Bishop (1974) for further details.

As in the long-crested case, spectral moments are
of more practical interest than the details of the form
of the response spectrum. Thus it is fortunate that it
is possible to substitute the detailed expression for the
response spectrum in short-crested seas into the gen-
eral expression for spectral moments. Equation (192)
makes a variance-preserving transformation from the
encounter to the wave frequency domain, and arrive
at an expression that allows all moment calculations
to be carried out in the wave frequency-direction do-
main. The resulting expression for the spectral mo-
ments is:

o 2

m, = JJ‘ lo — (0®U,/g) cos |
0 0

(@, u; Up)l? Siw, p) dp do  (194)
As before, the expression holds regardless of speed
and wave direction, and is free of singularities. The
integrand is essentially that of Equation (193) and is
thus 7ot a proper response spectrum because it is not
based on w,. The main difference between this and
(193) for the long-crested case is that the wave direc-
tion is a variable.

There is a manipulation of very practical significance
that may be done to Equation (194) under the special

circumstance that the directional spectrum may be rep-
resented as the product of a point spectrum and a
spreading function, M(u),

Si(w, w) = S(w) M(u)

As noted in Section 2.6, this is of practical influence
in design application because of the dearth of infor-
mation on directional wave spectra. It is easily seen
that if this representation is substituted into (194), the
computation of moments in short-crested seas may be
split into two operations:

2
m, = [ w0 M) dp (195)
0
where:
m(n, u) = f lo — (0*U,/g) cos p|" X
0
i, p; Uy)? Si(w) do  (196)

the function m(n, u), (196), is simply the »’th spectral
moment in long-crested seas as a function of the wave
direction, u. The »’th moment in short-crested seas
involves weighting the long-crested moments with the
spreading function (See example in Subsection 4.6).

4.5 Statistics of Maxima. The shape of the spec-
trum of a vessel’s response tells the analyst what fre-
quencies are important contributors to the response
variance. Thus the response spectrum may allow in-
ferences to be made about why a response variance is
what it turned out to be, or perhaps (indirectly) how
a vessel might be modified for better performance.
However, in practice the most important result of the
theory described previously is the response variance
(the zero’th spectral moment, or spectrum area) be-
cause this quantity is central to all the measures of
response magnitude that are considered useful in de-
sign application.

In the marine field it is customary to estimate mag-
nitudes of response in terms of quantities that have
some connection with the qualitative aspects of waves
or response to waves (visible crests, troughs, ampli-
tudes, etc.). Mechanically, such estimates are made by
multiplying the square root of response variance (the
RMS response) by a constant that is derived from the
theory for the probability density of the maxima of a
stationary zero-mean Gaussian random process. The
applicable probability theory was summarized in Sec-
tion 2 for ocean waves and is applicable to the response
if, as we have assumed here, the wave processes are
Gaussian, and the response is linear. Hence, it may be
assumed that all of the formulas and constants pre-
sented in Section 2 for wave heights apply to response
double amplitudes. Since amplitudes, rather than
heights or double amplitudes, are usually of more in-



MOTIONS

terest for response, all the height constants presented
in Section 2 should be multiplied by %. Hence,

1.25 \'m,

Significant response amplitude 2.0 \/m,
Average of %, highest

response amplitudes = 2.55 \/m,

Average response amplitude

The greatest response amplitude expected on the
average in samples of size (V) of independent obser-
vations of apparent response amplitudes are

N = 100, 3.25 \m,
N = 1000, 3.85 \m,
N = 10,000, 4.45 \fm,

However, if a large number of samples of the stated
size are taken, five percent of them would be expected
to contain maximum amplitudes exceeding:

N = 100, 3.9 Jm,
N = 1000, 4.45 \Jm,

The above involves the concept of confidence level.

We may note that response spectra are generally
narrower than wave spectra. Thus the narrow-band
assumption normally applied to wave stdtistics (and to
derive the numbers just given) is usually even more
appropriate for responses. To restate the magnitude
of the theoretical error introduced by the narrow-band
assumption, for most response cases of interest the
spectral broadness parameter, € is less than 0.6, and
Fig. 32 (Section 2.6) shows, for example, that assuming
¢ = 0 leads to an error in the significant amplitude
estimate of only about 5 percent. However, it should
be noted that there are types of ship response in which
the spectral broadness parameter can be greater than
0.6, and the conventions and numbers just given may
be improper. The most common case is associated with
the stress response of ships. Strong vibratory stress
fluctuations can superimpose upon wave induced
stresses in a way that produces double peaked re-
sponse spectra which may be “broad” in the sense
defined by the probability theory.

Since there are occasions when it is important to
estimate extreme response magnitudes when response
spectra are broad, a useful extension of the extreme
value theory for the maxima was made by Ochi (1973).
As was noted in Section 2.6, when the spectrum of a
zero-mean process is broad, we have maxima that are
negative and minima that are positive. However, these
are of virtually no engineering interest if, as is com-
mon, we are interested in the possibility that some pre-
determined response amplitude might be exceeded.
Thus Ochi (1973) derived the probability density of
positive maxima (or negative minima) for processes
with arbitrary broadness. In order to apply extreme
value theory properly it is necessary first to define the
level of confidence in the result. Suppose that &, rep-
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resents the largest positive maximum in a sample con-
taining 7z positive maxima, and that =, = £,/ Jm,
represents this sample extreme in non-dimensional
form. Further, define an estimated non-dimensional
extreme for samples of #» maxima as =,. The confi-
dence level is defined by a probability statement that
is valid before the data are collected:

Prob[=, >

where a is a “small” probability chosen to reflect the
desired degree of confidence that the estimated ex-
treme value will not be exceeded in one sample. If the
value of a is chosen to be 0.01 for instance, and a value
of =, estimated, the actual extreme in each of many
samples of 7 maxima should exceed =, only once on
average in 100 such samples. Broadly, the development
of Ochi (1973) involves estimates of extremes in which
there is an 100(1 — a) percent confidence that the
actual extreme in a sample of » maxima will not exceed
the estimate.

The development of Ochi (1973) continued by devel-
oping a relatively simple formula for =, from the
density function for positive maxima previously men-
tioned. This led to the recognition that the number of
observed maxima of interest, n, could be related to
the duration of the observation of the process from
which the positive maxima were derived if it be as-
sumed that successive positive maxima are statistically
independent. The final relatively simple result for the
estimation of extreme positive maxima (or extreme
negative minima) became:

o [ 2] - ] o

where £, is the estimated non-dimensional extreme
that should be exceeded only once on average in 1/a
samples of D seconds duration. The second form of
Equation (197) follows from the definition of the zero
crossing period, T, in Section 2.6, and it may be illu-
minating to note that D/T, is equal to the expected
number of zero up-crossings in duration, D. More or
less coincidentally, (197) is the same as the answer
obtained when Ochi’s assumptions are applied to the
case of an ideally narrow band process. It must be
noted that (197) holds for small values of a and for
values of spectral broadness parameter less than 0.9;
that is for the vast majority of cases of practical in-
terest. On the other hand, the necessary assumption
that successive positive maxima be statistically inde-
pendent is likely only to be true for processes with
very broad spectra; that is, the assumption is normally
violated for responses of interest. However, the effect
of this violation is to inject some conservatism into the
result in that (197) should usually yield answers larger
than would be the case if statistical independence of
successive maxima were considered rigorously. Due

(1)

~
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to the sluggish numerical behavior of the square root
of a logarithm, this conservatism is likely to amount
to less than 10 percent, even for responses that are
quite narrow band.

To take a simple example of practical application,
suppose that the variance, m,, of heave and the var-
iance of heave velocity, m,, are computed from a re-
sponse spectrum to be

4 (m)?
1 (m/sec)?

and assume that we wish to estimate an extreme heave
amplitude that we are 99 percent confident will not be
exceeded in 24 hours of statistically steady response.
The duration, D, becomes 86,400 seconds, « is 0.01,

and substituting into (197) the result is: £, = 5.18.
This is the non-dimensional extreme. The dimensional
extreme is obtained by multiplying by \/m,, so that
the estimated extreme heave amplitude in a 24-hour
exposure becomes 10.36 m, with 99 percent confidence.
For comparison, from the previous discussion the ex-
pected average of the ), highest amplitudes for this
case would be 5.1 m.

4.6 Example Computations. By comparison with the
theoretical determinations of response functions, Sec-
tion 3, the computation of response moments is quite
straightforward, as is the computation of response
spectra, so long as short-crested following seas are
not involved. Such computations are ordinarily done
on the computer to save time, but the more important
ones can be done by hand, and will be illustrated here
in forms that can be used for hand calculation.

As has been noted, the computation of spectral mo-
ments for the long-crested case is the basic operation,
and a typical such hand calculation is illustrated in
Table 15. The objective of the computation is to esti-
mate the first three even spectral moments for one
response to one long-crested wave system in accor-
dance with Equation (193). If more than one response
or more than one wave system is at issue, the com-
putation is repeated with as many combinations of
response and wave data as are required.

In the evaluation of (193) it is convenient to define
both the response operator and the wave point spec-
trum at uniform increments of wave frequency, Col-
umn 1. In the table Column 3 reflects a heave response
operator (RAO) typical of a ship proceeding in bow
seas (u = 157.5 deg) at a Froude number of 0.2. For
the example the ship was assumed to be 500 ft (152.4
m) in length so that speed, U,, is 15.05 knots. This
yields encounter frequencies, Column 2, according to
w, =  + 0.7294 w’. The wave point spectrum, Column
4, was taken to be in the 15th ITTC form (Section
2.11b), with T at 10.8 seconds and a significant height
of 5 m (16 ft). Ordinates of the integrand of Equation
(193), Column 5, are the product of Column 4 and the
square of Column 3. Columns 6 and 7 indicate the usual
steps in a Simpson’s integration of Column 5. Columns

my, =
my, =

8 and 9 are formed by successive multiplications with
the square of encounter frequency, Column 2. These
last operations result in Simpson’s functions of ordj.
nates for the second and fourth spectral moments, m,
and m,. After summing Columns 7, 8 and 9, the three
moments are worked out as indicated in the lower part
of the table.

In setting up such computations it is clearly impor-
tant to select wave frequency increments so as to de-
fine reasonably well both the peak of the spectrum and
the peaks of the response operator. In some cases plots
of the integrand may be required in order to confirm
the adequacy of this choice. In this connection it might
be noted that the extra work of Simpson’s integrations
is not absolutely required. In the example the simpler
trapezoidal integration of Column 5 yields an answer
only 0.8 percent different from that given in the table
for m,. The usual precision of the determination of
response operators seldom justifies highly precise
spectral moment integrations.

Computations such as outlined in Table 15 are in-
herently dimensional since the wave point spectrum
and the wave frequency are dimensional. In the ex-
ample the RAO happens to be non-dimensional since
it is that for heave. It is important to note that if the
example had involved pitch or roll response, the units
of the RAO would have been degrees per meter, and
thus the units of Column 5 would have been deg®sec,
and those of the moments would have been deg?, (deg/
sec)?, and (deg/sec?)2.

The usual next step after the moments have been
obtained is to compute the statistical averages of in-
terest. For example:

Average period between zero-up crossings of
response:

T, = 2a\my/ m, = 9.49 sec

Average period between response maxima:

T, = 27\m,/m, = 8.86 sec

Spectral broadness parameter:

€ =41 —(T,/T,)* = 0.36

(so that the heave is relatively narrow-band.)

Significant amplitude estimates become:

Significant heave amplitude = 2 \/m, = 2.30 m.
Significant amplitude of heave velocity
= 2 \m, = 1.52 m/sec
Significant amplitude of heave acceleration
= 2 m, = 1.08 m/sec? = 0.11 g
Significant heave double amplitude
= 2(2.3) = 4.6 m.
Considering other measures of response:

Average of the %,th highest heave
amplitudes = 2.55 \/m, = 2.94 m.
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Table 15—Example Computation of Heave Spectral Moments,

93

Long-Crested Seas

® @ ® ® ® 6 @ ®
© w, RAO Sgl@) @ X ® OX® OX® O@X&
rad/sec rad/sec m/m m*sec m?sec SM  m*sec m?/sec m?/sec®
0.10 0.107 100 O 0
0.15 0.166 1.00 0 0
0.20 0229 100 O 0
0.25 0.295 1.00 0.00 0.000 1 0.000 0.000 0.000
0.30 0365 1.00 020 0.200 4 0.800 0.106 0.014
0.35 0.439 1.01 2.04 2.081 2 4.162 0.802 0.154
0.40 0.517 1.03 4.27 4.530 4 18.120 4.843 1.294
0.45 0.598 1.07 4.98 5.702 2 11.404 4.078 1.458
0.50 0.682 1.20 450 6.480 4 25.920 12.056 5.607
0.55 0770 1.22 362 5.388 2 10.776 6.389 3.788
0.60 0.862 0.80 2.75 1.760 4 7.040 5.231 3.887
0.65 0.958 0.50 2.06 0.515 2 1.030 0.945 0.868
0.70 1.057 024 153 0.088 4 0.352 0.393 0.439
0.75 1.160 0.09 114 0.009 2 0.018 0.024 0.032
0.80 1267 0.03 0.86 0.0008 4 0.003 0.005 0.008
0.85 1.376 0.00 0.65 0.000 1 0.000 0.000 0.000
0.90 1.491 0 050 O
0.95 0 038 0
1.00 0 030 O
1.05 0 024 0
1.10 0 019 O
1.15 0 016 0
1.20 0 012 0
1.25 0 010 0
1.30 0 008 O
1.35 0 007 O
1.40 0 005 O
s =179.625 3 = 348712 2 = 17.549
my = 9;? X 79.625 = 1.3271 m?
m, = 9% % 34.872 = 0.5812 (m./sec.)’
m, = 0—‘% « 17.549 = 0.2925 (m./sec?)’

Greatest heave amplitude expected on
the average in 1000 oscillations
= 3.85 ym, = 4.44 m.

The extreme heave amplitude that should not be ex-
ceeded in 24 hr exposure with confidence of 99 percent
would be computed from Equation (197) as follows:

, 86,400
o \[ In [(0.01)(9.49)] 524

thus the extreme sought equals 5.24/m, = 6.04 m.
Typical computations of response moments in short-
crested seas are of course more involved since heading
is a variable rather than a constant parameter. How-
ever, the usual objective is the same as in the long-
crested case; that is, to estimate spectral moments,
which are used in the same way as in the preceding
long-crested example. If the directional wave spec-
trum, S;(w, p), is givenas a general numerical function
of wave frequency and direction, then the computation

would involve double integrations of the form of (194).
At present, not enough detailed engineering data are
available to define the directional spectrum this way,
and virtually all computations of response to short
crested seas have involved the approximation that the
directional wave spectrum is the product of a point
spectrum and a spreading function. Accordingly, the
present illustration of short-crested computations will
be confined to the approach indicated by (195) and (196).
To illustrate, the cosine-squared spreading function
noted in Section 2.6 will be assumed, and the angular
spread taken to be plus or minus 90 degrees. Thus:

2
M(p’w) = ; COSZ(’J,w)

where —90 deg < p, < 90 deg

and p, is the angle between a wave component and
the dominant wave direction. The usual way to perform
the numerical integrations over wave direction re-
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Table 16 —Derivation of Spreading Function Weights for
22.5 deg Heading Intervals

® ® ® ®
ﬁé’ (1) =
w Z cos? W () ws
t{ég. 7 S5 e SM %op X @ X B (feg.
-90 .0000 1 0.0000 270.0
—675 .0932 4 0.0488 292.5
—45.0 .3183 2 0.0833 315.0
—225 .5434 4 0.2845 331.5
0.0 .6366 2 0.1667 0.0
22.5 .5434 4 0.2845 22,5
45.0 .3183 2 0.0833 45.0
67.5 .0932 4 0.0488 67.5
90 .0000 1 0.0000 90.0
> = 0.9999

S = 22.5 deg = 0.3927 radians
% 8u = 0.1309

Note: Function, W(u,) is zero outside the directional range
shown.

quired by (195) is to choose an even divisor of 90 de-
grees as the wave direction increment and apply
Simpson’s rule. Essentially, the expression is turned
into a weighted sum, in which the spreading function,
M(n,), weighted by Simpson’s rule is designated
W(j8u). Then:

Table 17—Example Computation of Zero™

PRINCIPLES OF NAVAL ARCHITECTURE

m, = > m(n, jou) W(jsp)

j

(198)

Table 16 illustrates the computation of the function,
W(jdu), for a wave direction increment of 22} deg.
The computation is in the form of a Simpson’s in.
tegration of the assumed function with the factor
6u/3 applied to the functions of ordinates rather than
to the final summation. The required weighted function
is given in Column 4. Since the integral of the spread-
ing function must be unity, a check summation of
Column 4 is performed. For later use Column 5 is added
to express component wave direction, p,, relative to
the dominant direction, in a zero to 30 deg convention,

The next step in the short-crested moment compu-
tation is to evaluate the long-crested spectral moments
of interest as functions of component wave direction,
u, relative to the ship’s heading, as indicated in (196).
If “around the clock” results are desired and the
spreading function integration is to be performed with
22} deg intervals, as assumed for Table 16, Equation
(196) would be evaluated for p = 0,225, ... 180 deg.
Each of these computations is the same as those shown
in Table 15. The results of the long-crested computa-
tions for pitching may be arranged as in the first two
columns of Table 17. Because phase relations are lost
in a variance computation, and ships are ordinarily

Spectral Moment for Pitching in Short-Crested Seas, Using the Wave Spreading

Function Weights of Table 16

Bo = 0° M, = 157.5°
® ® o ® ® ® ® ® @
- Ha = He
Bw = B — w Hw =1 — H, w

p deg m(0, p) deg () @OxX@® deg () @xX0Q®
0 0.61 0 0.1667 0.1017 202.5 0 0
22.5 0.65 22.5 0.2845 0.1849 225.0 0 0
45.0 0.65 45.0 0.0833 0.0541 247.5 0 0
67.5 0.36 67.5 0.0488 0.0176 270.0 0 0
90.0 0.03 90.0 0.0000 0 292.5 0.0488 0.0015
1125 0.79 112.5 0.0000 0 315.0 0.0833 0.0658
135.0 1.99 135.0 0.0000 0 3317.5 0.2845 0.5661
1575 2.28 157.5 0.0000 0 0 0.1667 0.3801
180.0 2.21 180.0 0.0000 0 22.5 0.2845 0.6287
202.5 2.28 202.5 0.0000 0 45.0 0.0833 0.1899
225.0 1.99 275.0 0.0000 0 67.5 0.0488 0.0971
2475 0.79 247.5 0.0000 0 90.0 0 0
270.0 0.03 270.0 0.000 0 112.5 0 0
292.5 0.36 292.5 0.0488 0.0176 135.0 0 0
315.0 0.65 315.0 0.0833 0.0541 157.5 0 0
337.5 0.65 337.5 0.2845 0.1849 180.0 0 0
T = 0.6149 s = 1.9292

m, for ship heading to dom. wave dir. 0 deg
M, for ship heading to dom. wave dir. 157.5 deg

= 0.6149 deg?
= 1.9292 deg?

Note: The zero™ moment (area) results were obtained for the pitch response of a ship 175 m in length at 22 knots by
i’gpeated application of the method illustrated in Table 15. The same 5 m (16 ft) sea spectrum is used as in Table
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Fig. 69 Comparison of pitch variances computed for long and short-crested
waves

symmetric about the center-plane, spectral moments
for wave directions (360n) deg are the same as for
wave direction u. Thus the numbers entered in Column
2 for directions greater than 180 deg are just a re-
flection of the computed results about p = 180 deg.
Note that the wave point spectrum is assumed con-
stant for all the long-crested computations.

Next, the relationship between the wave direction,
K., and the wave direction, u, must be clarified. The
spreading function angles are defined with respect to
a dominant wave direction, which in turn may be de-
fined relative to the ship’s heading as p,. Thus the
direction of a wave component relative to the ship’s
heading may be written:

K= pa T py

and: p, = p — W,

This last relationship provides the connection between
p. and p required to complete the computation, Table
17. In the table, computations for dominant wave di-
rections of 0 and 157.5 deg are indicated. Columns 3
and 6 indicate the values of u, implied by p, and p in
a zero-to-360 deg convention. Now given p,, the func-
tion W(u,) is entered in the appropriate places in accor-
dance with the results in Table 16, noting that the
weights are zero outside the range —90 deg < p, <
90 deg. The computation for the zero’th moments are
completed by forming the produects of Columns 2 and
4, and Columns 2 and 7, and summing the results.

Fig. 69 compares graphically the pitch variance, m,,
obtained by performing the operations of Table 17 for
dominant wave directions between zero and 180 deg
with the original long-crested estimates. The effect
upon variance of using the cosine-squared spreading
function of Table 16 to estimate response in short-
crested waves is usually as shown; that is, humps and
hollows in the curve of long-crested variance vs. dom-
Inant wave direction tend to be smoothed out.

4.7 Synthesis of Ship Response to Irregular
Seas. The theory outlined in the preceding subsec-
tions holds for any linear ship response to random
waves, and for this reason it was convenient there not
to go into details about particular responses. The intent
in this sub-section is to illustrate the implications of
the theory for specific vessel responses, mainly for the
important case of pitch and heave in head seas.

(a) Heave in irregular waves. It was noted in Sec-
tion 3.7 that one of the fundamental things to keep in
mind when analyzing heave response to regular waves
is that the non-dimensional response is always unity
at zero wave frequency, and tends to zero at very high
frequencies. As wave frequency approaches zero the
wave length approaches infinity and the ship follows
the wave surface, so that heave and wave amplitudes
are equal. On the other hand, as wave frequency in-
creases, wave lengths ultimately become very small;
that is, become ripples to which ships and platforms
do not respond.

Fig. 70 illustrates the typical shape of a ship heave
response operator at fixed forward speed (Fn = 0.15)
in head seas. Usually the operator is very near unity
for an appreciable range of wave frequency starting
at zero. There is often an apparent resonance peak,
and then a decline to zero. For ships at moderate
speeds in head seas the range of frequencies where
this transition is defined usually corresponds to a var-
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iation in wave length from 0.5 to 2.0 ship lengths. It
should be noted that, though the heave response op-
erators for all floating vessels involve a transition from
unity to zero as wave frequency increases, the quali-
tative nature of the transition shown in Fig. 70 is not
universal. For example, the heave response operator
of a semi-submerged offshore platform may have a
series of undulations in the high-frequency part, and
a more pronounced peak. Unusually strong hydrostatic
or dynamic coupling between heave and pitch of a
vessel can produce either a “notch” or an accentuation
of heave response in the vicinity of pitch resonance.
A method of plotting data to identify the resonance
peaks of both heave and pitch is in Section 8.

Fig. 70 has been prepared to illustrate heaving re-
sponse of a ship heading into long-crested irregular
waves. At the top of the figure are shown three wave
point-spectra of the Bretschneider form (Section 2.11),
having three different modal periods. The product of
each of these spectra and the square of the response
operator is shown at the bottom. Strictly, these prod-
ucts are the integrand of Equation (193) for the heave
variance. It has been pointed out in Section 4.3 that
such functions of wave frequency may be called heave
response spectra though they do not reflect the con-
tributions of various encounter frequencies to vari-
ance, and for present purposes this convention will be
followed. For each of these heave “spectra”, estimates
of the significant heave double amplitude (4 times the
square root of spectral area) are shown in the figure.

Considering the results corresponding to Spectrum 1,
the important range of wave frequencies corresponds
to the range where the response operator is essentially
unity, the heave and wave spectra are almost identical,
and the significant heave double amplitude is the same
as the significant wave height. Generally, the signifi-
cant heave double amplitude of a vessel in a wave
system where most of the wave components are much
longer than the vessel is about the same as the sig-
nificant wave height. Spectrum 2 in the figure extends
over the transition in the heave response operator. In
this case the shape of the heave response spectrum is
unlike that of the wave, though the significant heave
double amplitude is almost as great as the significant
wave height. Had the resonant peak of the RAO been
higher, the heave response could have been much
higher. Finally, only the high-frequency end of the
response operator overlaps the low-frequency tail of
Spectrum 3, with the result that the significant heave
is much reduced. Ultimately, as the significant wave
frequency range is moved higher relative to the re-
sponse operator transition, the significant heave goes
to zero because all wave components are relatively
short. Ships and platforms do not respond to irregular
ripples either.

Fig. 71 illustrates the same things from a slightly
different point of view. Here one wave spectrum is
shown in relation to three response operators. The
response operators are typical of three geometrically
similar ships whose heave resonant frequencies differ
by factors of two, and whose lengths thus differ by
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factors of four. The heave spectrum for the very small
ship (No. 1) is nearly the same as the wave spectrum,
and the significant heave double amplitude will thus
be nearly the same as the significant wave height. The
largest ship (No. 3), which would be sixteen times
longer than ship No. 1, will have a relatively low heave
response because most of the components of the ir-
regular wave are of higher frequency than the range
for significant heave response. This last condition cor-
responds to what is called supercritical heave re-
sponse.

(b) Pitch in irregular waves. In principle, the
analysis of pitching response to irregular long-crested
head seas follows that for heave, except that the pitch
response operator has different asymptotic properties.
As with heave, pitch amplitude per unit wave ampli-
tude approaches zero when wave frequency grows to
the point that the corresponding wave length is small
relative to vessel dimensions. However, as wave fre-
quency approaches zero, wave length approaches in-
finity, the pitch of the vessel is controlled by
hydrostatics, and the vessel follows the wave slope.
Thus pitch amplitude per unit wave slope tends to unity
for small wave frequency. For waves of amplitude 77
the amplitude of wave slope (or “maximum’ slope) is
k{ = w?l/g for deep water. Thus, pitch amplitude per
unit wave amplitude tends to k = ?/g; that is, to
zero as wave frequency tends to zero.

Fig. 72 illustrates typical pitching response spectra
for head long-crested waves, calculated according to
the relation, Equation (190), for two geometrically sim-
ilar ships at Froude Number 0.15. It should be em-
phasized that the calculations have been made in the
encounter frequency domain. Accordingly, the single
wave-frequency spectrum for which predictions are
being made in the figure has been transformed into
two encounter spectra by means of (189), one for each
of the two absolute ship speeds. The response opera-
tors in Fig. 72 are plotted in squared form, a curve
for each of the two ships, and the resulting pitch re-
sponse spectrum for each ship size is shown in the
lower part of the figure. Clearly in this case the av-
erage pitch response of the 250-ft ship is greater than
that of the 500-ft ship because the RAO for the 250-
ft ship is greater and covers a greater frequency range
than does that of the 500-ft ship.

We note that the pitch amplitude per unit wave-slope
amplitude for geometrically similar ships is the same
for equal Froude numbers, and equal ratios of ship
length to wave length. The large differences in re-
sponse operator magnitude shown in Fig. 72 are a
result of the scaling necessary to make predictions for
the same absolute sea. When the size of the ship is
changed the scale of frequency varies inversely with
the square root of the linear scale ratio. Thus in Fig.
72 the frequency of peak pitch response and the range
of frequency for significant response of the 250 ft ship
18 roughly J2 greater than that of the 500 ft ship.

Similarly, the pitch response amplitude operator is di-
mensional (units of degrees per ft) and so must be
scaled for different ship sizes inversely to the scale
ratio. Thus the peak of the squared pitch response
operator for the 250 ft ship is about four times the
magnitude of that for the 500 ft ship. In this example
it may be noted that the peak of the wave spectrum
has little obvious effect upon the results because of
its position on the frequency scale; that is, the wave
spectrum peaks at a frequency where neither response
operator is too significant. Under the circumstances
indicated the larger pitch response of the smaller ship
comes about because it responds not only to the long
waves that affect the larger ship, but to the short (high
frequency) components as well.

It is often helpful in the analysis of comparative
response, such as that shown in Fig. 72, to consider
the excitation and the response operators from the
point of view of wave slope, as in Section 2.7. Whatever
equivalent representation is considered, the pitch var-
jance must be the same, and from (193) we may write
(and manipulate) the pitch variance in long-crested
waves as follows:

my = [ 70 pa U Sl
0

= f (@, po Up)/ kI? (0*/ g%) Sy (@) do (199)

f 7@, o Un) /B Ser(w) do

where the expressions have been specialized to pitch
by choosing the subscript 5 in the response operator,
[M5(@, po; Uy)|- The first of the three forms is the same
as (193). The second is derived from the first by mul-
tiplying and dividing the integrand by the square of
wave number, %, and to obtain the third form we set
S () = (0'/9) S () from Equation (67), Section 2.7,
where S, () is the slope spectrum; that is, the spec-
trum of the slopes of the long-crested wave system.
In the third form of the variance equation above,
[T (e, po; Up)/ k| is the pitch amplitude per unit wave
slope; that is, the pitch response operator referred to
wave slope. In this form the pitch RAO is nondimen-
sional, and has the same low frequency asymptotic
properties as heave. From the equations, the product
of the slope spectrum and the squared nondimensional
pitch RAO in the third of Equations (199) defines a
pitch response spectrum equal to that implied by the
first. As before, this spectrum is the same as that which
would be sensed aboard a ship only if the speed were
zero, but can be used to advantage for any speed in
aid of analyses such as the present. (If desired, the
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slope spectrum for long-crested seas can be trans-
formed into the encounter domain in the same way as
was shown for wave elevation spectra in Section 4.1).

Fig. 73 shows the prediction of pitching response
for the two geometrically similar ships of Fig. 72 using
wave slope instead of elevation spectra. Note that the
work in Fig. 72 was done in the encounter frequency
domain, while Fig. 73 is in the wave frequency domain.
However, the final plots of pitch response spectra look
very similar, and would have been identical had both
analyses been in the same frequency domain. An ad-
vantage of the slope spectrum way of looking at the
problem is that it gives a better idea of the relative
importance of the different wave spectral components
for responses that depend upon wave slope. In partic-
ular in accordance with the discussion of Section 2.7,
it may be noted that the spectral peak of Fig. 72 has
been deemphasized, and that the largest contributions
to the wave slope variance are in the high frequency
range. In the figure the relative pitch response for the
two ships is as before. We may amplify the reason for
the much larger response of the smaller ship by noting
that though the magnitude of the RAO referred to
wave slope is the same for the two ship sizes, the
smaller ship also responds to a wave frequency range
where the wave slopes are greater.

As noted previously, the RAO curves in Fig. 72 for
geometrically similar ships of differing size differ con-
siderably in shape because both the wave frequency
scale and the RAO itself are dimensional. The trans-

formation to the wave slope basis in Fig. 73 reduces
the disparity, but does not eliminate it because the
wave frequency scale is still dimensional. To make the
response operator curves have the same shape for
geometrically similar ships it is an advantage to plot
them on the basis of In w, the natural logarithm of w,
instead of w. Under this transformation RAO curves
for geometrically similar ships are identical in shape,
but are shifted along the In w scale in accordance with
their size. This fact leads to a further transformation
of the slope spectrum described in Section 2.7; that is,
to the log-slope form, S (In w). The transformatlon is
variance-preserving, and it may be shown that:

m, = f (0 @, o Uy)/ k2 SIn ) d(In w)  (200)

which is to say that the area of the curve formed by
a plot vs. In w of the product of the squared RAO and
the log-slope spectrum is equal to the response vari-
ance, and thus that this product defines a response
spectrum that may be interpreted in the same way as
the others previously described.

Fig. 74 indicates the prediction in the log-slope form
of the pitching response for the two geometrically sim-
ilar ships of Figs. 72 and 73. The wave spectrum in
log-slope form is shown at the top of the figure, and
it should be noted that the log-frequency range of
general interest is negative in sign, and that short
waves are to the left. For later use a constant log-
slope spectrum has been added. In this form the RAO
curves for the different sized ships are identical in
shape, but are shifted horizontally. The horizontal shift
along the /7 w scale depends upon the scale ratio be-
tween the ship dimensions and in this case is In{/2 =
0.347. The plot at the bottom of the figure indicates
the response spectra formed for the two ships of dif-
fering size, calculated both for the log-slope spectrum
corresponding to the slope spectrum of Fig. 73 and the
constant log-slope spectrum indicated in the figure. If
all the components of the sea had the same relative
slope; that is, if the log-slope spectrum spectrum were
a horizontal straight line, the response spectra for
geometrically similar ships would have identical
shapes, as do the RAO’s. For actual ocean-wave pat-
terns this is not the case, and therefore the response
spectra for similar ships of different size are also dif-
ferent, as shown in Fig. 74.

Comparing the magnitude of the pitching responses
as measured by the spectral areas in Fig. 74 we see
as before that the shape of the sea spectrum has less
effect upon the result than does ship size, for even if
the log-slope spectrum were a horizontal line (equal
slope for all components) there would be but little
difference in response at negative values of Inw
greater than —0.6. Hence, the larger pitching response
of the small ship results almost entirely from its
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smaller size—as indicated by the horizontal separation
of the response spectrum curves—which adds the
shaded area, Fig. 74 to the variance. However, in the
case of a heavy swell, with most of the energy in long
wave components, a situation might arise which was
more favorable to the pitch response of the small ship.

Since we have just finished considering the effect of
ship size on pitching response with three different rep-
resentations of wave excitation spectra, it is probably
worthwhile to consider the choice between the three
approaches. As far as prediction of spectral moments
is concerned, integrations similar to those indicated in
Section 4.2 may be, and have been done, using the
wave, the wave slope and the log-slope representa-
tions. The choice is largely a matter of what is wanted.
If it is desired to clarify and separate the effects of
ship size and wave spectral shape upon response (the
intent in the immediately preceding paragraphs) the
slope and log-slope approaches have much to recom-
mend them. These approaches work particularly well
with responses that are naturally dependent upon
wave slope, such as pitch and roll, and make engi-
neering sense with accelerations (to be discussed) and
bending moments (Chapter IV, Vol. I). These ap-
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proaches have little value in clarifying heave-related
responses because such responses are not naturally
dependent upon wave slope. On the other hand, if pre-
dictions of variances for a given set of sea conditions
and responses is wanted, and as is usually the case,
the details of the spectral shapes are not of primary
concern, the approach outlined in Section 4.3 is ordi-
narily preferred because usually the wave data base
exists in terms of elevation spectra.

(c) Heave acceleration in rregular waves.
Displacements in heave are of less direct importance
to personnel and equipment than heave accelerations.
(For example, heave accelerations are linked to sea-
sickness in Section 7.) The usual approach to measures
of acceleration has been presented in Section 4.2. This
approach involves the calculation of the fourth spectral
moment of response, which is equal to the variance of
response acceleration, and thus the variance of heave
acceleration may easily be estimated once the basic
heave displacement RAO is available.

However, for the sake of illuminating the effect of
ship size upon heave acceleration response, it is of
interest to consider an alternate approach similar to
that employed for pitch response in the last sub-sec-
tion. Suppose first that consideration is restricted to
long-crested waves and that heave acceleration is ex-
pressed in g’s. On this basis, specializing Equation
(193), the fourth spectral moment (the heave acceler-
ation variance) may be written:

o<

J lwez (@, oy Uo)/g|2 X

0
f 0. M@, ko Uo)/92
5 X
w?/g
0 (201)
(w*/9%) S,(w) dw

Il

m,/ g*

S (w) do

f ./ @) (o, oy U)X

S (w) do

where the encounter frequency is denoted by w, in-
stead of by the equivalent expression involving wave
frequency and direction. Recalling the notation in Sec-
tion 4.1, and the relations between displacement and

" acceleration shown in Section 3.2, the quantity inside

the absolute value signs in the first form of the heave
acceleration variance is the complex amplitude of
heave acceleration, in g’s per unit wave amplitude; that
is, the absolute value of this complex number is the
RAO of heave acceleration, with acceleration ex-
pressed in g’s. The second form of the heave accel-
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eration variance above is obtained from the first by
multiplying and dividing the integrand by w*/g®. The
third form is obtained by cancelling out the g’s inside
the absolute value signs, and setting S;'(0) = (o*/
9%) S (). Since we are dealing with long-crested waves
we may again identify S,'(w) as the wave slope spec-
trum, Section 2.7. In a regular wave of amplitude, ¢,
the acceleration amplitude of a surface wave particle,
expressed in g’s, is (w?/g){, and it may be seen that
this is numerically the same as the amplitude of the
regular wave slope in deep water at any particular
wave frequency. Noting that, in the notation of Section
4.1, the complex response is defined to be per unit wave
amplitude, it may thus be seen that the expression
within the absolute value signs in the second and third
forms of the heave acceleration variance is the complex
heave acceleration amplitude per unit vertical accel-
eration of a wave particle at the free surface. The
absolute value of this expression is thus a nondimen-
sional heave acceleration RAO. When vessel speed is
zero the nondimensional heave acceleration RAO is
equal to the dimensional heave displacement RAO. Re-
gardless of speed it has the same asymptotic properties
as heave. The integrands in all three representations
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define a spectrum of heave acceleration that can be
used for purposes of analysis as in the treatment of
pitching; that is, the product of the wave slope spec-
trum and the square of the nondimensional heave ac-
celeration RAQ provides an alternate way to estimate
a spectrum of heave acceleration. The wave slope form
may also be transformed into the log-slope form.

A log-slope plot of the nondimensional acceleration
prediction for the geometrically similar ships treated
previously is shown in Fig. 75. In a similar fashion,
the figure indicates the relation between the log-slope
wave spectrum, the squared nondimensional heave ac-
celeration RAQ, and the resulting estimates of a heave
acceleration spectrum (here denoted Sy (Inw)). The re-
sulting picture is similar to that obtained for pitch,
Fig. 74 and the same conclusion can be drawn; that is,
the larger response of the small ship results almost
entirely from its smaller size, because it responds to
a wider range of frequencies. Again, a smaller ship
will always be worse off in acceleration than a similar
larger ship, except perhaps in long swells.

In most cases the vertical acceleration due to the
combined effect of heave and pitch at a particular lo-
cation in the ship is of more importance than heave
acceleration alone. This can be analyzed in the same
way, and can be expected to yield a picture similar to
Fig. 75. This form of analysis is convenient for com-
paring either the performance of different ships of the
same size or that of the same ship at different speeds.
See Section 5.

(d) Rolling in irregular waves. Though there are
some caveats that will be discussed later, the linear-
random theory provides considerable insight into the
rolling behavior of ships. The asymptotic behavior of
the RAO for rolling in beam seas is the same as that
for pitch in head seas; it tends toward zero at high
wave frequency, and to wave slope at low. Rolling is
far more dependent upon wave slope than amplitude,
so that the remarks about the contrast between the
dimensional and the nondimensional forms of the RAO
for pitch apply in this case also. The main difference
between the pitch and the roll RAO is that the rolling
RAO almost always has a much more pronounced res-
onant peak, both higher and narrower than is the case
for pitch. Because of the low damping, as noted in
Section 3.8, resonant ship rolling amplitudes in re-
sponse to regular waves vary typically between twice
and ten times wave slope amplitude (pitch amplitudes
tend to be less than twice wave slope) and this has an
important effect upon the character of the rolling spec-
trum. Fig. 76 illustrates a typical situation of rolling
in irregular long-crested waves where the wave direc-
tion is somewhere near the beam sea case, and there
is significant energy in the wave spectrum at a wave
frequency corresponding to the resonant encounter
frequency. In the top frame a typical wave elevation
spectrum is shown schematically; in the middle a
squared roll RAO in the roll/ wave amplitude form;
and at the bottom the predicted roll spectrum. What
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happens is that once squared, the narrow peak of the
RAO is the only part that is significant, the roll spec-
trum shape is controlled by the RAO, and the mag-
nitude of roll depends almost entirely upon the
magnitude of wave spectral density near resonance.
Hence, there is little practical advantage in using slope
or log-slope spectra.

Because ship rolling is ordinarily much more sharply
“tuned” to a particular encounter frequency band than
is pitch, ships often appear to roll mainly in their own
natural rolling period rather than in the dominant pe-
riod of encounter determined by vessel speed, wave
direction, and the ambient wave spectrum. If there is
some energy in the encountered wave spectrum in a
frequency band that corresponds to roll resonance, the
sharply peaked RAO of a lightly damped vessel can
amplify the response to this portion of the wave spec-
trum to the point that the overall roll response is dom-
inated by roll response components in the resonant
period. This is why the relatively simple passive roll
damping devices discussed in Section 6, which are ef-
fective mainly at resonance, are as successful as they
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are when applied to an initially lightly damped ship.

In a very rough wind-driven beam or quartering sea
almost any conventional ship will roll heavily because
the range of practically attainable natural rolling pe-
riods is usually within the range of wave frequencies
present. In more moderate wind-driven seas the rolling
may be less severe, not only because the waves are
less steep, but because lower frequency components
which might cause resonant rolling may not be pres-
ent. If the latter is the case, the ship is then in a
supereritical condition with respect to rolling. It can
also be concluded that a long rolling period can be
advantageous, since in general it shifts the supererit-
ical range to rougher seas.

The case of ship rolling when at speed at oblique
headings to short-crested waves is much more com-
plicated than in long-crested oblique waves. (See Sub-
section 4.9.) Relatively large changes in speed or head-
ing may be required to reduce heavy resonant rolling
because when the ship is moved out of synchronism
with one band of wave components the many wave
directions present makes it more likely to approach
synchronism with another band. -

The caveats previously alluded to about the appli-
cation of the linear-random theory to rolling are cen-
tered upon whether or not the basic assumption,
linearity of response, is satisfied. The mechanism pro-
ducing the damping of pitch and heave is largely the
radiation of ship generated waves (Section 3), a mech-
anism that is linear to reasonable accuracy. But, as
explained in Section 3.8, in the case of rolling, theory
usually predicts wave radiation damping that is rela-
tively much smaller than model experiments suggest,
unless the ship geometry is such that rolling will pro-
duce radiated waves of significant magnitude (ex-
tremely shallow draft barges, some work boats, and
the like). For more normal large ship forms it is nec-
essary to augment the wave radiation damping sug-
gested by the basic theory by semi-empirical
corrections for bilge keels, various viscous effects (Sec-
tion 3.8) and the oscillatory dynamic lift forces upon
appendages (Cox, et al 1977). Although the majority
of these augmentations are nonlinear, Schmitke (1978)
found that for high-speed ships (e.g:, frigates and de-
stroyers) including the important factor of dynamic
lift on appendages, which is roughly linear, gave good
agreement between linear calculations and model and
full-scale tests in the vicinity of synchronism.

Thus, the degree to which linear-random theory will
yield reasonable predictions for roll depends to an ex-
tent upon the vessel and operating conditions. Early
experiments suggested that the rolling motion of a
ship fitted with bilge keels and moving through the
water is not too far from linear if the deck edges are
not immersed (Lalangas, 1964), and that consequently
the linear-random approach may be used in many
cases. Since then, conclusions from experimental and
theoretical research are less sanguine (Tasai, et al
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1973), (Fujii, et al 1975), (ITTC, 1979, 1981). Depending
upon speed, some fraction of roll damping appears to
be nonlinear, which is to say dependent upon roll am-
plitude. As noted in Section 3.8, most theoretical treat-
ments involve the form of damping nonlinearity
postulated by Froude in the 19th Century (INA, 1955).
In addition, model tests of beam-sea rolling often show
evidence of a weak nonlinearity in restoring moment.
Unfortunately, it is not now possible to give simple
rules about the conditions and ship geometry where
the nonlinear effects are important enough to invali-
date the linear-random approach, except perhaps to
suggest that the lower the speed and the lighter the
apparent damping the more important the nonlinear-
ities may become.

Because these nonlinearities are weak in the math-
ematical sense for moderate roll angles, and because
roll is usually sharply tuned, there are practical ways
of overcoming the difficulties in using linear spectral
prediction methods. Several approaches have been sug-
gested by Yamanouchi (1964), Kaplan (1966), Vassi-
lopoulous (1971), Cox, et al (1977) and Schmitke (1978).
Most involve an equivalent statistical linearization
scheme where the nonlinear system is replaced by a
conditionally linear one in which the RAO is a function
of average or rms roll angle. This leads to an iterative
solution where the roll magnitude predicted is com-
pared with updated estimates until reasonable con-
vergence is obtained.

4.8 Validity of the Linear-Random Theory. As noted
earlier, there are two crucial assumptions that underlie
the methods under discussion. These are that the re-
sponse of the vessel is a mathematically linear function
of wave elevation or slope, and that the wave field is
Gaussian. In the strict sense it is obvious that neither
can be true. The logical consequence of the Gaussian
assumption is that regardless of wave height the
troughs and crests must on average represent equal
deviations from the mean water level, and further that
wave elevation is unbounded. The strict interpretation
of the linear assumption is that the vessel is wall-sided,
travels on a straight course at constant speed, in waves
of infinitesimal height, and never experiences motions
that allow the forefoot or deck edge to approach the
free surface. However, in engineering it is usually
more important that an approach yield useful and rea-
sonably correct results than that it be pure mathe-
matically. In the present case, experience has shown
that the linear and Gaussian assumptions usually take
us a long way toward useful and reasonable answers,
even under conditions where both assumptions are
clearly violated. Thus when validity is mentioned in
this context it means only the degree to which a valid
engineering tool is available. How valid the tool is
depends upon the type of vessel, to some extent its
speed, the severity of the wave conditions, the mode
of motion or the response of interest, and the nature
of the statistics it is desired to predict.
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Fig. 77 Comparison of predicted and observed spectra of bending moment
in irregular head seas

The early work in exploring the validity of the
method for ship design concentrated upon longitudinal
motions and bending moments. The theory of linear
systems (Price and Bishop, 1974) (Ochi and Bolton,
1978), provides a number of approaches to the dem-
onstration of validity in long-crested waves. One is that
the observed response spectrum be the same as that
predicted from RAQ’s obtained from theory or regular
wave experiments. Fig. 77 (Jacobs, 1960) shows a
three-way comparison of predicted bending moment
spectra in long-crested irregular head seas: (a) As pre-
dicted from model tests in regular waves, (b) as pre-
dicted from calculated bending moments in regular
waves, and (c) as determined directly from the record
of bending moment obtained in an irregular tank sea.
Though there are relatively large percentage differ-
ences in spectral density shown in Fig. 77, it should
be remembered that the quantity used in a design
application is the square root of the spectral area. Thus
in application a margin of difference such as shown in
the figure translates into statistical prediction uncer-
tainties of the order of ten or fifteen percent, a mag-
nitude which is usually less than the uncertainty in
the definition of real wave conditions at sea. Ochi (1964)
extended this approach to more severe towing tank
waves and oblique seas, and to seakeeping parameters
somewhat more sophisticated than just the spectra,
with quite positive results.

Another more basic approach is to assess the degree
to which RAO’s derived from towing tank regular
wave tests are invariant with regular wave height.
Dalzell (1964) for example pursued this approach to
extremely steep regular waves (length-to-height ratio
up to 9). The conclusion was that amplitudes of head-
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sea motion and bending moment response were rea-
sonably proportional to wave amplitude for a range of
wave steepnesses that covered a significant part of the
physically possible range.

A third approach from the theory of linear systems
is to identify the RAO’s and transfer functions by
cross-spectral analysis of observed wave and response
time histories, and compare the answers with regular
wave test results, as for example in Dalzell and Ya-
manouchi (1958) and Dalzell (1962). This type of anal-
ysis enables one to obtain phase information, an
improved RAO estimate, and an estimate of statistical
errors. A further variation on this theme (Dalzell, 1963)
compared cross-spectral estimates of RAQ’s from ex-
periments involving a range of wave severities, since
the derived RAO must also be invariant with wave
significant height. Finally, a fourth approach involved
an inversion of the frequency domain descriptions of
towing tank model response into the time domain ac-
cording to linear theory, and using the result to cal-
culate deterministic responses to known wave
elevation records (Dalzell, 1963). The general conclu-
sion from all the work was that the linear-random
theory could be used for predictions, with practical
validity, of the rms longitudinal motions (and deriva-
tions) of normal ships at reasonable speeds. More re-
cent experience (Cummins, 1974) (Ochi, 1974), tends to
bear this out. There are, however, two caveats asso-
ciated with naval practice. It appears that nonlineari-
ties in heave and pitch may become practically
significant for Froude numbers in excess of 0.3, and
for ships with extremely large bulbs (Smith and Salve-
son, 1970). Fortunately, these nonlinearities are rela-
tively weak. One practical, but not rigorous, solution
is to make predictions using RAQ’s from regular wave
experiments in which the wave height is comparable
to the significant irregular wave height of interest.

The situation with respect to ship rolling has been
mentioned in the previous sub-section.

All the discussion just concluded involves model ex-
periments, and it has been of concern to consider scale
effects. There have been a number of full-scale ship
trials in which the major objectives have included the
examination of the validity of the linear-random the-
ory; as noted for example, in Gerritsma and Smith
(1967), Aertssen and van Sluijs (1972), Beukelman and
Buitnhek (1973), and Taylor and Lundgren (1976). In
cases where the apparent waves were unidirectional,
some quite reassuring agreement among full-scale
trials, model experiments and theory have been ob-
tained. Fig. 55, Section 3, is an example of such results
from Gerritsma and Smith (1967).

The validity of the linear-random approach for other
than normal ship forms has been less well documented.
In the case of the catamaran no adverse findings are
known for the ordinary large-waterplane type. How-
ever, the low-waterplane type (SWATH) is known to
have weak nonlinearities in longitudinal motions, even
in the theory of Lee and Curphy (1977), so that some
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caution is required. The theoretical nonlinearities are
qualitatively similar to those discussed in the context
of ship rolling. Experimentally, some SWATH con-
cepts have displayed what may be considered strong
nonlinearities, sub-harmonic response in roll for in-
stance, and this is a problem not yet explained.

In most instances the linear-random approach is not
considered applicable to planing craft at speeds above
which significant dynamic lift is generated (Savitsky,
1968) (Savitsky and Brown, 1976) (Fridsma, 1969). It
should also be noted that under some circumstances
a planing vessel can experience strong nonlinear (sub-
harmonic) response in heave and pitch. At present writ-
ing, argument exists about applicability to the surface
effect ship concept. Some studies indicate that the lin-
ear-random approach is practically valid, others do not.
In the case of the semi-submerged platform, complete
applicability depends largely upon how heavily damped
pitch, roll or heave is, and upon initial stability. Semi-
submersibles with relatively low initial stability are
prone to steady tilt (Numata, et al 1976), and some-
times to strong sub-harmonic response in pitch or roll.
The more transparent the semi-submersible is to
waves, the less likely that wave damping will control
damping at motion resonances, and the more likely
that the motion at resonance will be nonlinear. How-
ever, linear-random predictions that do not heavily in-
volve wave excitation at a resonance are usually
considered valid.

4.9 Period Relationships. The illustrative examples
in the earlier part of this section show that in general
the magnitude of vessel motions response will depend
upon the interacting effects of vessel speed, wave spec-
trum, dominant wave direction and the characteristics
of the response RAO, which depend in turn mainly
upon the proportions and geometry of the ship’s hull.
Though the principles are not the same for all types
of vessels, the intent here is to summarize some trends
that have been found helpful to a general understand-
ing of the relationship between the behavior in waves
and the geometry of the conventional displacement
ship.

Of the six modes of motion, the most important three
(pitch, heave and roll) have natural frequencies, since
in each case there is a hydrostatic restoring moment
or force. As noted in Section 3, the regular wave re-
sponse for these modes of motion may involve signif-
jcant magnification due to resonance for wave
encounter frequencies near the natural frequencies. It
should be clear from the discussion of rolling in irreg-
ular seas that rolling motion should be much reduced
if it is possible to avoid resonance (or synchronism)
with wave components having significant energy. As
also noted in Section 3, the magnitude of pitch and
heave response to regular waves is not entirely deter-
mined by synchronism with wave encounter frequency
since the magnitude of the wave excitation forces and
moments varies with wave length as well as wave
amplitude. However, for displacement ships of con-
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Fig. 78 Nomograph for determining conditions for synchronous oscillation in regular waves

ventional form the natural frequencies of pitch and
heave usually locate roughly the dominant response,
as discussed further in Section 8. This justifies further
consideration of the conditions for synchronous mo-
tion. It has also been found that phase relationships
leading to wet decks and slamming are associated with
resonant conditions, which provide further justification
(Szebehely, 1955) (Lewis, 1955).

For purposes of analysis of resonant behavior of
ships it is useful to consider period and wavelength
rather than frequency relationships. If we assume reg-
ular long-crested waves in deep water we have from
Section 2, wave frequency, o = (2wg/Ly) %, and from
the basic definition the encounter period, T, = 27/ w,.
Substituting these into Equation (188) for the encoun-
ter frequency, as well as expressing speed in terms of
Froude number, Fn, the period of encounter becomes:

(Lw/g)"
|2m)"2 — (L/Ly)"? Fn cos

T = (202)

[

in which L is ship length. A convenient way of ex-
pressing how near the period of encounter is to syn-
chronism is the tuning factor, A = T,/ Ty, where T;
is the natural period of the j’th response. Then with
the aid of the expression for the encounter period:

A = [T, (9/L)"*)(L/L,)"
X |(2m) "2 — (L/Ly)"?Fn cos u

Synchronism results when A = 1.0. Setting A to unity
and solving the result for the Froude number for syn-
chronism, Fn_,

1 (Ly/L)"
* 203
V27 Tnj(g/L)l/zl (203)

Since the Froude number is considered positive in the
conventions established thus far, cos p fixes the sign
of the left-hand side of the solution. Thus, for fixed p,
L, Ly and T,; there may be one, two or no solutions
for the synchronous Froude number.

A dimensional form of the last relationship has been
used in developing the nomograph shown in Fig. 78.
This nomograph yields solutions within the ranges of
speed, wave direction, wave length, and natural pe-
riods that are of importance for displacement ships. It
may be noted in the lower right hand side of the nom-
ograph that the lines for various wavelengths come
together and cross one another so as to define an en-
velope. The envelope is defined by the relation, U, cos
p = gT,;/ 8w, and corresponds to the condition where
a singularity is expected in the encountered spectrum
(See Section 4.3). Thus, for example, a ship having a
20-second roll period should experience near-resonant
roll response to a broad range of wave lengths making
up the peak of the encountered spectrum if it makes
20 knots in quartering waves (wave direction about 40
degrees from Fig. 78).

As may be noted from Fig. 78, wave direction affects
the conditions for synchronism appreciably, but a good

Fng cos p = (Ly/L)" {
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Fig. 79 Ship speeds for synchronism with regular head seas
of various lengths (V = U,)

deal can be learned for the case of pitch or heave by
considering the head-sea case alone. Fig. 79 was pre-
pared by specializing the foregoing relation for the
synchronous Froude number to the head-sea case. The
figure shows the Froude number (and speed-length
ratio) for synchronism with head seas of various wave
lengths, for different values of the natural period pa-
rameter, T,,(9/L) /2 (as well as a period-length ratio
in English units). The range of the natural period pa-
rameter was chosen to reflect the attainable range for
conventional ships, and will be elaborated upon later.
It is clear from this figure that, in regular head waves,
synchronism with a particular wave length can easily
be avoided by a change in speed.

The discussions and examples in Section 3 and the
earlier part of this section indicate certain general con-
clusions about ship behavior in head irregular waves:

« Only the wave components of about 7 ship length
and above have appreciable effects on motions in head
seas because the excitation in very short waves is much
reduced, even at resonance.

« The most severe and objectionable results of ship
motions (wet decks, slamming, high accelerations) re-
sult from the responses to wave components that are
both relatively long and near synchronism with the
ship’s natural pitching and heaving periods.
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These statements go some distance toward explain-
ing the behavior of ships in head irregular storm seas.
For instance, as a rule, ships are reasonably comfort-
able when they are hove to at very low speeds. The
reason for this is that synchronism occurs only with
wave components that are so short that they have only
moderate effects. As the speed is increased, the period
of encounter with longer wave components becomes
short enough to approach synchronisim with the ship’s
natural periods, and the motions become more violent.
When violent motions occur, there will be the greatest
likelihood of wet decks and slamming, since the ship
is then responding predominantly to the wave com-
ponents that lead to these effects. These trends are
confirmed by model tests and by observations at sea.

Some ships must reduce speed more than others to
ease motions in the same sea. For example, a 400-ft
naval combatant generally can maintain higher speed
than a 400-ft cargo ship. To obtain a general picture
of the lowest speeds at which serious pitching and
heaving are to be expected for ships of different pro-
portions in irregular head seas, we may consider the
conditions that result in synchronism with the wave
components of approximately one ship length. Viewing
the curves in Fig. 79 as representing the regular com-
ponent waves of an irregular sea, one can see from
the figure that, at any particular value of T,,(9/ L)V 2
Froude numbers on or above the curve for Ly/L =
0.75 will result in synchronism with wave components
as long as or longer than the ship, and may therefore
lead to heavy pitching and/or heaving, wet decks, and
slamming in a storm sea having a wide range of com-
ponents. At speeds somewhat below the curve, syn-
chronism will occur only with wave components
shorter than the ship, which would not cause serious
pitching. Thus the curve for Ly/L = 1.0 may be con-
sidered as an approximate boundary between moder-
ate and serious pitching and heaving in irregular head
seas.

To an extent, this approximation to the boundary
between moderate and severe longitudinal motions
may be extended to oblique wave directions so long
as the beam wave case is avoided. To accomplish this
an effective wavelength is defined to be Ly/cos p.
When the effective length is substituted for the wave-
length in the previous equation for the synchronous
Froude number, it is possible to present the results as
in Fig. 80, which defines zones of subecritical operation
in oblique seas. Suberitical refers to the situation
where synchronism occurs with waves that are too
short to produce serious effects, i.e., Ly, < 0.75L.

The generalizations for longitudinal motions of con-
ventional displacement ships tend to be incomplete
without some relatively simple connection between
ship geometry and the magnitudes of pitch and heave
periods. To start from the results in Section 3.7, we
may take the expression for the uncoupled, undamped
natural frequency of pitch and convert to natural pe-
riod as follows:
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where I;; is the longitudinal mass moment of inertia,
Ajg; is the hydrodynamic added moment of inertia and
Css is the pitch restoration coefficient. To clarify the
effects of ship dimensions, form and other variables it
is desirable to introduce non-dimensional coefficients
in expressing each of these three terms. Thus /;; = A

w = pVC L?, where C,L is the longitudinal radius
of gyration, k,,, and Cy is the coefficient, k /L. Ag
represents the contribution to the longitudinal moment
of inertia due to the entrained water and depends to
a large extent on the longitudinal distribution of buoy-
ancy. It can be expressed as A;; = pVAL? from
Equation (164), where A/ is a non-dimensional added
mass moment of inertia coefficient analagous to C,2
Finally, C; is given approximately in Table 13 of Sec-
tion 3 (neglecting speed effect shown in Fig. 51) as Cy,
= pgV GM, + LCF* Cy,. Neglecting the second term
and assuming GM, ~ BM,, we have roughly Cj, ~
pg9l., where I is the longitudinal moment of inertia of
the waterplane. This can be rewritten as C;, =
pgC L’ B, where C, is the conventional waterplane
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inertia coefficient, C;, = [I,/L* B. Making these sub-
stitutions and reducing, we obtain
[55 + Ass _ ka2 + VAés
Css Bl 9CyBL
Hence, the following three approximate expressions

for the non-dimensional natural period of pitching re-
sult:

V"2 C + A\
15 — K 55
T,.(9/L) 2w( B—Lz) (—C,L ) (@)

1/2 2 ’ 1/
_ 277(13 E) (—CK + Aw) .y
B Co (204)

27 ( w L)‘/z
(Ckz + Ags) V2
CIL

These equations separate the influence of dimensions
relative to displacement (first radical) from the influ-
ence of hull form and distribution of weights and buoy-
ancy (second radical). In form (b) the ship’s volume is
expressed in terms of the nondimensional ratio V/L?,
and L/B is a left-over ratio usually determined on the
basis of other considerations than seakeeping. The
third form (c) is obtained by substituting the conven-
tional displacement-length ratio, W/(L/100)3 where
W is in long tons and pg = %;, in salt water.

From the foregoing approximations it is clear that
in order to shorten the period ratio, 7, (g/L) "% in-
creased length relative to displacement is generally
desirable. The appearance of the ratio, L/B, in the
first radical of forms (b) and (¢) means that V/L? is
not as good a parameter as V/BL* and needs to be
adjusted by multiplying by L/B—not that reducing
L/B is desirable in itself (generally the reverse is the
case). On the other hand, if L/B is determined by other
considerations (such as stability), then V/L? and W/
(L/100)® are very useful indexes to use.

Fig. 81 shows typical values of pitching period-
length ratio as functions of displacement-length ratio,
as well as of V/L3 V/BL? and CxT/L. Both model
and full-scale data are presented, and the third form
of the above approximation was used to curve-fit the
data on the assumption (Lewis, 1955) that most of the
variation occurs in the first radical of Equation (2040').
It is clear from the figure that this last assumption is
reasonable, since the spread of the data is well re-
flected by only a 20 percent variation in the curve-
fitting constant, C, in which the second radical is
embedded. For first approximations, values of Ag,;.of
0.03 or 0.04 are reasonable, and are consistent w_lth
Fig. 81 (See also Fig. 51, Section 3.7). The gyradius
for conventional ships is typically between 24 and 26
percent of length, i.e., Cx = 0.24 to 0.26. Noting that
nearly the entire practical range of ship displacement-

(c)
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length ratios is represented in Fig. 81, it appears that
once length is established for a conventional ship the
possibilities for variation of pitching period by changes
in form or proportions are relatively limited. Hence, it
is essential that a wide range of ship lengths be con-
sidered in design.

Finally, in order to clarify the design problem of
improving subcriticall performance by reducing the pe-
riod ratio, T,; (¢/L) "%, another form of Equation (204)
is useful. To obtain this the ship’s volume is eliminated
by substituting LBTC, for V and Cy, is eliminated by
introducing a waterplane inertia coefficient, C, = k,/
L, where k,, the area radius of gyration, is defined by
I, = k.2 Ayp. Hence,

Equation (204a) becomes
T, (9/L)"

1/ 1/ 2 1\ Ve
= 27 (%) : (Ci:) 2 (CK C—':ZA%) (204d)

Note that C,/ Cyp is the vertical prismatic coefficient,
Cyp. The period ratio has thus been expressed as three
factors, covering: Dimensions, form coefficients and
non-dimensional coefficients dependent on longitudinal
distribution of hull mass, buoyancy and waterplane
area. Since V has been eliminated, this expression is
independent of ship size.

Hence, the following specific steps appear to be ta-
vorable to reduced T, (¢g/L) "

« Decrease in draft-to-length ratio, 7/L;

« Increased waterplane area coefficient in conjunc-
tion with decreased Cj (i.e., reduced vertical prismatic
and more V-shaped sections)

+ Reduced mass moment of inertia coefficient, Cx
= k,,/L (ie., reduced mass radius of gyration in re-
lation to length), reduced added-inertia coefficient, A ;;
= A,/ pVL? (which is not ordinarily calculated or as-
sumed to be a variable, although it varies with speed
and other factors, as shown in Section 3), and

« Increased waterplane inertia coefficient, C, = k,/
L (i.e., increased waterplane radius of gyration in re-
lation to length), which implies increased fullness of
waterlines in the ends of the ship.

Another useful form for the equation of natural

pitching period, assuming GM, = BM, = I,/V, is:
27k,

_— Yy

where £k, ils an effective radius of gyration,
L(CZ + AL) ", which with the typical values quoted
above is about 80 percent of length.

_As for heaving, we may adapt the results from Sec-
tion 3 for the uncoupled natural heaving frequency to

(205)
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produce the following estimate for the natural heaving
period:

pv + A33]‘/2

T, =27
" [ C33

We may express the heave restoration coefficient with
the aid of the waterplane area coefficient, Cyp, as Cyy
= pgCypLB. Defining a nondimensional heave added
mass coefficient as 4;;, = A3/ pVY, the numerator of
the expression for heave natural period becomes pV (1
+ Aj). Making the substitutions and nondimension-
alizing the expression, the approximation to the heave
natural period ratio becomes:

1/ 1/
Too(g/L)" = 2m (9 (ci) T+ AW (206)
WP

It appears that the draft-length ratio, 7/L is again an
important factor, followed by the vertical prismatic
coefficient, Cyp = Cy/ Cyp. The added mass coefficient,
Al varies very little for conventional ships, and is
usually taken to be unity for first approximations, Fig.
51. Note the similarity to Equation (204d) for pitch.
The foregoing relationships allow the natural period
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ratios to be estimated in very early stages of design
(Section 3) and allow the conditions for synchronous
pitching and heaving in regular waves to be deter-
mined. It has been noted that the most significant fea-
tures of the heave and pitch RAQ’s are more or less
dictated by natural periods. The fact that reasonably
close estimates of natural periods can be made using
only the most basic principal dimensions and form coef-
ficients has an important consequence, which is that
once the principal characteristics of the ship are se-
lected a good part of its expected behavior in a seaway
is determined. Over the years it has proven very dif-
ficult to produce large changes in the longitudinal mo-
tions of conventional displacement ships with small
changes in form or size. But the importance of changes
in proportions is considered further in Section 8.

The foregoing analyses raise the interesting tech-
nical possibility of attaining the supercritical condition
of operation for ships; that is, going fast enough into
head seas so that the periods of encounter with the
longest important wave components are well under the
natural pitching period. In other words, when the su-
percritical condition is reached the ship is going so fast
that it does not have time to respond to a wave before
it has passed and the next one has arrived. The pos-
sibility of attaining supercritical speeds depends upon
the fact that there is an upper limit to the length of
wave components normally found at sea. Oceanogra-
phers have established that the longer and harder the
wind blows, the longer are the longest wave compo-
nents present in the sea. The upper limit for different
sea conditions has not been firmly established. How-
ever, Moskowitz, et al, (1963) indicated a limit between
625 and 1060m (2000 and 3400 ft), with about 800m
(2600 ft) being average for a sample of severe North
Atlantic seas (winds of 50-65 knots). In less severe
storms the limit would be lower.

The other factors affecting supercritical operation
are ship factors. The faster the ship and the longer
the natural pitching and heaving periods, the easier it
is to attain the supercritical condition. If the longest
wave component in a given storm sea is 315 m (1000
ft), then the supercritical condition for a 155-m (500-
ft) ship would lie above the curve for L, /L = 2.0 in
Fig. 79. The speed required to attain it for any value
of the period-ratio is also shown in the figure, which
shows that the Froude numbers required would typi-
cally be in excess of those usually appropriate for
merchant and most naval vessels. This illustrates the
practical difficulties in assuring supercritical operation
in all but very mild sea conditions. Attempts to develop
supercritical ships usually involve radical departures
from the usual ship form in order to lengthen natural
periods. Furthermore, a considerable increase in bow
freeboard may be required.

An early example of a ship designed for supercritical
operation is the Escort Research ship design described
by Oakley (1960). In this approach very large bow and
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stern bulbs were incorporated so as to produce larger
than normal added mass inertia, and thus longer than
normal natural pitching periods.

Another method proposed for obtaining supereritical
operation involves drastic reduction in longitudinal wa-
terplane inertia coefficient, with a semi-submerged hull
similar to a surfaced submarine (Lewis, et al 1960).
Saunders (1965) points out that old style submersibles
could often maintain high speeds in very rough seas,
operating upon the surface in the supercritical condi-
tion. Such a hull pitches very little, though heaving
accelerations may be rather high, and the decks are
very wet.

The idea of design for supercritical operation has
found most practical application in the design of semi-
submerged platforms. In this case the natural periods
achieved by the un-ship-like geometry are usually
longer than the periods of typical waves encountered,
but not usually longer than the longest components in
a severe storm, so that the semi-submerged platform
too is not always supercritical. The same may be said
for the SWATH (Small Waterplane Twin-Hull) ship
(Lee and Curphy, 1977) (See Section 8.5).

4.10 Long-Term Performance Predictions. The treat-
ment thus far has been of measures of short-term
response to one sea as defined by a spectrum that
applies to a stationary process. The result is essentially
conditional; that is, the response is predicated on the
condition that the specified sea occurs. Practical per-
formance predictions and design decisions have been
made upon the results for one “design” sea, but cur-
rent practice has tended away from this approach. The
problem is that the probability of occurrence of any
particular one of the sea spectra noted in Section 2 is
virtually zero. Thus if the response in question is sen-
sitive not only to the area but to the shape of the
spectrum, or the range of significant frequencies, the
answer obtained may correspond to an event of low
probability and thus may be misleading. Accordingly,
when practical performance predictions are at issue,
current practice is tending toward the analysis and
interpretation of collections of seaways, covering the
expected range of spectral areas and shapes. Such
analyses are particularly important in the synthesis of
structural design loads, and in fact the concept of the
synthesis of the response to collections of seaways
originated in this context (See Chapter IV).

Several collections (families) of seaways have been
discussed in Section 2. Mechanically, the response cal-
culation involves repeating the linear-random predic-
tions outlined in Section 4.1 for as many seaways as
are defined in the collection, and then interpreting the
collected results in the light of the expected frequency
of occurrence of each member of the seaway collection.
Essentially, the analysis of the response to collections
of seaways is a strategy to overcome the statistical
nonstationarity of real seas over the long term, and
the fact just mentioned that there is negligible prob-
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ability of any particular sea spectrum being exactly
replicated.

The most important part of such procedures is the
definition of the appropriate statistical measure or cri-
terion of performance, to be discussed in Section 7.
Once this is done the next step is to define the wave
environment (Section 2) in terms of a collection of rep-
resentative wave spectra, and a probability of occur-
rence for each. The linear-random prediction of
response for each spectrum is then associated with the
probability of occurrence of the spectrum. Finally, the
predictions are weighted in accordance with the as-
sociated probabilities to form the desired statistical
measure of performance for comparison with criteria.
There are a number of variations of this type of anal-
ysis that follow from the various kinds of measures
of performance to be discussed in Section 7, and doubt-
less others will arise. By far most of the numerical
work and manual preparation for a collection analysis
is in the generation of RAO’s and the subsequent var-
jance computations for a variety of wave spectra.

The increasing availability of computers with mass
storage capability, has given rise to seakeeping data
base development. To produce a data base of this type,
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the geometry of a series of ship forms related in some
way is assumed, motion RAQ’s are estimated for each,
and the variances and spectral moments required for
a large number of possible performance criteria are
computed for each of a large number of hypothetical
seaways. Computer storage of such results allows the
major part of the numerical work to be recaptured
when the undefined portions of the analysis (the exact
criteria and the seaway probabilities) are defined. One
of the primary justifications for the data base approach
for ship design is the observation that large changes
in a response statistic can ordinarily only be made by
major changes in ship geometry; that is, by changes
in principal dimensions and coefficients, the class of
ship remaining constant. Examples incorporating a
standard series approach to the geometry for mer-
chant ships include Bales & Cummins (1970) and Lou-
kakis & Chryssostomidis (1975). Examples including
extensive variations of operational parameters for lim-
ited numbers of existing ships are: Bales, et al (1975),
Baitis, et al (1976a & b). These latter are most useful
in obtaining estimates of performance for existing
ships, for comparison with estimates for a new design,
or in the design of new ship systems on similar ships.

Section 5
Derived Responses''

5.1 Introduction. The aspects of ship response to
rough seas that are generally of greatest importance
to the evaluation of seakeeping performance will now
be considered. These are the responses that can in
principle be derived from the basic six modes of motion.
They include:

o Vertical and/or lateral motions, velocities and
accelerations at specific points, i.e. local motions.

« Relative motions between a location in the ship
(as the F.P.) and the encountered waves.

Non-linear effects arise in connection with:
 Shipping water and slamming.

« Yawing and broaching.

o Added resistance and powering in waves.

o Wave bending moments and loads on hull and
equipment.

All of these linear and non-linear responses will be
considered in this section, first in regular and then in
irregular seas.

5.2 Local and Relative Motions.

(o) General case of six degrees of freedom. 1f am-
plitudes of motion in regular waves in all six degrees

U Section 5 written by Robert F. Beck, John F. Dalzell and the
Editor.

of freedom, with phase angles, have been calculated
by methods discussed in Section 3.3 to 3.5, it is possible
to compute the resultant local motions, velocities and
accelerations at any position in the ship (Hamlin, 1979).
Such caleulations are facilitated by the use of complex
number notation, however.

The motions of any point (%, 7, ) on the body may
be defined by three translations and three rotations.
Since the ship is assumed to be a rigid body, the ro-
tational motions are the same at all points on the body.
Thus, the complex amplitudes 7, s, Ms define the
rotational motions at every point. In vector notation
we may write

Q = vector of rotational motion at any point
= (M, s» _71_6)
The three translational motions at any point, re-
sulting from the combined effect of rotation of the

body and translation of its center of gravity, are de-
fined in vector notation by

E=(5,58)

where £,, £,, £, are the complex local amplitudes at
%, ¥, Z in surge, sway and heave, respectively.
To determine ¢ we must combine the motion at
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(7, 7,7%) due to the translations and rotations of the
body. From basic kinematics it can be shown that, for
small motions,

E=n+Q0xXr (207)

where

1 is the vector of translational motions at the
origin
=, N2y M3)
r is the position vector of point T,Y 2
=(Z,7,7)
The individual component amplitudes of £ are given
by

I oew

=Mt I, — M

=M+ TN - 27,
£ = 75 + YN — 27
The velocity and acceleration at any point are found
by differentiating the motion with respect to time. Re-
call that the time dependent motion at any point is
written as: £(t) = £ gio«t
Thus, the complex amplitudes of the velocities and
accelerations are given by

A

(208)

| vee

E the complex amplitude of velocity
vector = 1w, £, and (209)
.E. the complex amplitude of acceleration
vector = — 2 £

To find the translatory motions, velocities or accel-
erations at any point on the basis of the preceding
equations it is simply necessary to add several complex
numbers and multiply by iw, or —o,” as necessary.
Since these equations are in complex number format,
they give both the absolute, or scalar, magnitudes and
the phase angles for a ship in regular waves. Note
that these complex amplitudes have been normalized
by dividing by the exciting wave amplitude, so that
they represent response per unit wave amplitude, as
in Section 4.

To proceed to irregular seas, response spectra can
be obtained from wave spectra and appropriate RAOs,
using the techniques discussed in Section 4. In this
case we are concerned only with the absolute or scalar
amplitudes of response, since the phase angles of the
component waves of the sea are assumed to be random.

Hence, the RAOs are simply €L E] €], where the
sidebars signify that only the absolute values of the
complex amplitudes have been taken. From the re-
sulting response spectra the variance and other sta-

tistical quantities can be calculated as needed.

(b) Longitudinal motions. If the motions are sep-
arated into the longitudinal and transverse modes, as
in the case of a symmetrical ship, where there is no
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SHip
o

WAVE

Fig. 82 Notation for absolute and relative motions in head seas, as scalar
functions at time (y = o)

coupling between the longitudinal and transverse mo-
tions, the problem is simpler. It is further simplified
if head seas only are considered, or if the point is
located on the ship’s center line. Insofar as the eval-
uation of specific ship or platform designs is concerned
the responses that may be derived from longitudinal
plane motions are often of more importance than the
heave or pitch motions themselves. Specifically, the
responses of particular importance are vertical: the
vertical motion at any point along the length of the
ship (local heave); the vertical velocities at any point
along the length; the vertical accelerations at any
point; and the vertical motion and velocity at any point
relative to the sea surface, Fig. 82.

In this case Equation (208) for vertical local motion
reduces to

gs =Mz — T, (210)

where £, is the complex amplitude of vertical motion
at point 7, 0, Z, with u = 180 deg, assuming that both
¢ and 7; have been normalized by dividing by wave
amplitude, { . For calculating responses to long-crested
irregular head seas it is only necessary to know fj,|
and iy, the amplitudes of heave and pitch. The RAO
is then

1531 = |7 — Z7s) (211)

where |£,| represents the absolute magnitude of the
complex amplitude. (Note that phase information em-
bodied in 7, and 7, was needed to calculate ;). Fig.
282 defines the notation for simple problems in head
seas on which the preceding equations are based.
The asymptotic properties of the local vertical mo-
tion RAO are the same as for heave (Section 3.2), that
is, as wave frequency approaches zero (long waves)
pitch approaches wave slope (which approaches zero)
and the heave RAO approaches unity, so that the local
vertical motion RAO also approaches unity. At very
high frequencies both pitch and heave RAQ’s tend to
zero, so that the local vertical motion RAO also does.
The qualitative differences between the heave RAO
and the local vertical motion RAO are slight. When
the point of interest is far removed from the origin,
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the pitching terms usually have the effect of producing
a much larger apparent resonance peak of vertical
motion than for heave alone near midship. Because of
the phasing between heave and pitch, the amplitude
of vertical motion is usually much larger at the bow
than at the stern. The longitudinal location of the cen-
ter of flotation is also a factor.

In general, if the amplitude of heave—or of vertical
motion at any point—is known in regular waves, the
corresponding velocity and acceleration amplitudes
can be determined from

&l = . ||
HERE

Hence, the response amplitude operators (squared) can
be transformed from motion to velocity by multiplying
successive points by w, and to acceleration by multi-
plying by .’ In evaluating ship performance the ver-
tical acceleration at critical locations is of particular
importance.

Also of interest is the relative vertical motion be-
tween a point in the ship and the surface of the en-
countered wave. This relative motion in regular wave
is found by subtracting the free-surface motion from
the vertical ship motion at the desired point, taking
account of their phase relationship. The free-surface
motion is composed of the incident wave, the diffracted

(212)
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wave, the radiated wave (Section 3) and the wave due
to the ship’s steady forward speed. The traditional
assumption is that the principal component is the in-
cident wave and that the other components tend to
cancel each other; i.e., the incident wave is not distorted
by the presence of the ship. This may or may not be
true and will be discussed further in the next subsec-
tion.

Assuming that the wave is not distorted by the pres-
ence of the ship and zZ = 0, the amplitude of the relative
vertical motion in general is given by

& :Es_ZEyz"_la_Tﬁs
+?77—)4—Zi'17
=T — TN + 7N

_ Ze~i/o(5 cos u + ¥ sin p)

(213)

where Z;; is the complex amplitude of the wave at x
= T, y = ¥ relative to the body coordinate system.
In the case of pitch and heave in head seas this reduces
to

§R=§3—Z;=(ﬁs—f‘ﬁs—ze’”)
where {; is the complex wave amplitude at x_= 7
relative to the body coordinate system, or {z = { e™*.
Then the RAO which requires only the scalar or
absolute amplitude is

(214)
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Fig. 83 Measured magnitude of relative motion RAOs in regular head waves (O'Dea, 1983)
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E/L) = (T — TW)/ L — €™ (215)

It is important to note that the relative motion RAO
has entirely different asymptotic properties than
heave. These properties are illustrated in Fig. 83
(O’Dea, 1983), which shows a plot of the total relative
motion divided by the incident wave amplitude at sta-
tions 0-3 (on a 20-station ship) for a high-speed cargo
ship (SL-7) model. At very long wavelengths the rel-
ative motion tends to zero because the ship contours
the waves. For very short wavelengths both heave and
pitch RAQO’s go to zero, and the relative motion is due
only to the wave motion, yielding a value of around
1.0. In between the two extremes the relative motion
peaks, typically around a wavelength to ship-length
ratio of 1 to 1.5. In general the relative motion is
greatest at the bow. However, as seen in the figure
for Froude number 0.3, there are cases where the
relative motion is greater abaft the bow. O’'Dea also
gives curves for non-head seas. For this case, the char-
acter of the relative motion curves is the same as Fig.

(a) WAVE SPECTRUM
5m SIGNIFICANT WAVE HEIGHT
(m, = 1.56m?)

5y (w) , m-SEC.
IS
T

1 1 i 1 1 1
(¢} 0.2 04 0.6 08 1.0 1.2
WAVE FREQUENCY, »

—_—d 1 4 1 1 1 1 1 1
15001000 500 300 200 150 100 75 50 40
WAVE LENGTH, Ly, m

(b) RESPONSE OPERATOR
150m (500-FT)
SHIP AT 11.3 KNOTS

1§, /51

0o 02 04 06 08 1.0 12
, RAD/SEC.

(9]
& 0r
o (c) RELATIVE BOW MOTION
E’ 401 m, =~ 10m?
3

=30
v

0 0.2 04 06 08 10 12
, RAD/SEC.

Fig. 84 Relative bow motion in an irregular head sea
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83, except that the magnitude is increased on the
weather side and decreased on the lee side.

It should be noted that the model test data given in
Fig. 83 include certain dynamic effects to be discussed
subsequently. So far our discussion of relative bow
motion is based on the simplifying assumption that the
ship and its motions do not affect the encountered
wave, giving a so-called kinematic solution.

If the RAQ’s for absolute or relative motions have
been calculated and the system is assumed to be linear,
then the corresponding responses to irregular seas can
be determined by the methods of Section 4. The cal-
culation of relative bow motion in an irregular sea is
of particular interest. Fig. 84 is an example of the
prediction of relative bow motion for the 150-m (500-
ft) ship of Fig. 72 (Section 4). In this example the
influence of pitch is relatively strong and results in
peak values of |£,/(| in excess of 4.0 at ® = 0.6 rad
per sec. This is not an untypical magnitude for a ship
at speed in head seas. Depending upon speed and full-
ness the peak relative motion RAO for ships can vary
between 2 and 5. In the example of Fig. 84 the effect
of unity high-frequency relative motion RAO is slight.
It becomes of more concern as the RAO peak induced
by pitch becomes smaller, or as the wave spectrum
peak shifts to higher frequency.

The significance of the relative motion response is
that the moments of the spectrum provide probability
measures related to anticipated deck wetness and bow
emergence—the latter affecting the likelihood of slam-
ming—as discussed in the following sub-sections.
However, in general we can expect that comparative
calculations of relative bow motion will give useful
qualitative information on the seakeeping performance
of alternative ship designs. It should be emphasized
that so far we have considered only the simplest pos-
sible, or kinematic, treatment of relative motion. Dy-
namic effects will be discussed under shipping water
in the next sub-section.

5.3 Shipping Water Forward. An important aspect
of relative bow motion is the probability of bow sub-
mergence and hence of shipping water on deck, par-
ticularly in head seas, since this greatly affects
attainable speed in service. Predicting the shipping of
water involves the comparison of the relative bow mo-
tion previously discussed with the available bow free-
board. One approach is to compute the probable
fraction (or percentage) of time that the foredeck is
awash or that the deck edge or bulwark is submerged,
at a specific longitudinal location. This can be done on
the basis of the underlying assumption that relative
motion can be considered to be a Gaussian process, s0
that values taken at equal intervals of time follow a
normal or Gaussian density function. The probability
of relative bow motion exceeding a particular value of
freeboard F,, is 1 minus the cumulative normal dis-
tribution, which is readily obtainable from probability
tables.
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Typical values are given in the abbreviated Table N, = eFi¥2mo (216)

18, where \/m, is the standard deviation and m, is the
area under the response spectrum. For example, if the
bow freeboard is twice /7, at the bow F,/~/m, is 2.0.
Then the probable fraction of time that the foredeck
is awash would be 0.0228.

Often we are interested in the probability that an
event such as shipping of water will occur in any par-
ticular cycle of motion; i.e., the probability that a peak
response will exceed the freeboard F',. Here we are
concerned with the visible peaks (or maxima) of the
record rather than equally spaced points in time. In
most cases it may be assumed that the relative low
motion spectrum is narrow band and that a Rayleigh
density function will apply.

In Section 4 it is stated that, on the basis of a Ray-
leigh distribution, the highest expected amplitude in
1000 oscillations is 3.85 «/m, for any ship response,
such as relative bow motion, where m, is the area
under the response variance spectrum. For a larger
number of cycles, &, than 1000, the highest expected

value is \/2m, In N. Hence, if we place the bow free-

board F, equal to \/2m, In N and solve for N we can
say that the water will be expected to reach the
weather deck once in N, cycles,

Alternatively, the cumulative Rayleigh distribution,
whose values are the reciprocal of the right-hand side
of Equation (216), can tell us directly the percentage
of cycles (or maxima) in which it is to be expected that
the deck will be wet by the sea. These are given by
the probabilities of exceeding F',,

Pr =1 — e Fi*2me (217)

By calculating the average apparent period 7', from
Equation (52) Section 2, or assuming T, = T,,, the
result can be expressed in terms of number of times
per hour,

N, = 3600 P/ T, (218)

Table 18—Probability of Exceeding a Particular Value of a
Gaussian {or Normal) Function

Fy/\mq Probability
0 e 0.5000
0.5 0.3085
L0 0.1587
L 0.0668
00 0.0228
300 0.0013
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The water can be expected to reach the deck on the
average N times per hour, so long as conditions re-
main unchanged and the total number of cycles N, is
large.

Probability techniques have been applied to deter-
mination of desirable trends in bow freeboard with
ship type and size. For example, calculations were
made (Band, 1964) beginning with relative bow motion
for four lengths of full tankers in five different short-
crested head seas. The probability of bow submergence
at reasonable speeds in each sea was determined. Fi-
nally, considering the frequency of occurrence of each
sea condition the combined probability of bow sub-
mergence in all head seas was calculated as a function
of freeboard. Results are plotted in Fig. 85 in the form
of required freeboard/length ratio versus ship length
for different probabilities of bow submergence in both
the North Atlantic and on typical tanker routes (Eu-
rope or U.S. to Mediterranean). In this case, absolute
values are less important than trends, and it is inter-
esting to note that all of the curves indicate approxi-
mately constant required freeboard for ship lengths
above about 180m (600 ft). Hence, if a bow freeboard
of 0.05L = 9m (30 ft) has been found satisfactory for
600-ft cargo ships it would appear that 9m (30 ft)
should be satisfactory for any longer ships of the same
type in head seas.

However, if accurate quantitative predictions of
shipping water for specific ships in specific seas are
needed, a detailed analysis of the deck wetness prob-
lem reveals that the effective freeboard does not equal
the nominal freeboard, and the relative motion is al-
tered by hydrodynamic effects not accounted for in the
simple kinematic approach. The actual effective free-
board can be considered as the sum of several com-
ponents. The most important is the nominal freeboard,
usually defined as the distance from the calm waterline
to the deck or top of the bulwark at any longitudinal
location. The second is the change in freeboard due to
the sinkage and trim caused by the forward speed of
the vessel. The forward speed also creates a calm
water wave profile which further modifies the free-
board. Tasaki (1960) called these two effects static
swell-up. Finally, as introduced by Newton (1960), the
above-water body shape, freeboard, flare, knuckles,
and other special features will alter the necessary rel-
ative motion required to produce deck wetness. Al-
though this influence is often considered as a change
in effective freeboard, it is convenient to consider it
here along with the dynamic effects to follow.

Static swell-up can easily be evaluated by model
tests in still water, and it can be assumed that there
is linear superposition of the ship’s wave and the en-
countered wave. The theoretical prediction of static
swell-up has been extensively investigated in conjunc-
tion with ship wave-resistance theory. Various theo-
retical methods are available ranging from simple
slender-body theories to “thin-ship’” theory, to three-
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dimensional source-panel distribution methods. A gooq
summary may be found in Bai and McCarthy (1979)
and Noblesse and McCarthy (1983). Lee, et al (1982)
used a thin-ship theory to determine the steady wave
profile and devised an empirical formula for the pre-
diction of sinkage and trim of destroyer-type hulls
(Bishop and Bales, 1978) and (Tasaki, 1963).

The actual relative motion may differ from that ob-
tained by the simple kinematic approach because of
the presence of the ship, as mentioned in Section 5.2,
The first effect is the diffraction of the incident wave
system and the second is the radiation of waves caused
by the motions of the vessel. The change in relative
motion due to the diffracted and radiated wave systems
is often referred to as dynamic swell-up since it re-
sults from the dynamics of ship and wave motions.

Dynamic swell-up can again be determined by model
tests. In model tests of a Mariner hull in head seas
(Cp = 0.61), Hoffman and Maclean (1970) found a dy-
namic swellup factor of 1.12 to 1.15. Experimental
trends of swell-up are given by Journee (1976a) for
full-load and ballast conditions of a high-speed cargo
ship (with bulb). It is noted that the dynamic swell-up
is much greater at a station 10 percent of length abaft
the FP than at the FP. O’Dea (1983) and O’Dea and
Jones (1983) also measured the components on a model
of an SL-7 high-speed containership.

Since simple general formulas for all types of ship
are not yet available, the best solution in a specific
case appears to be model experiments for the designs
under consideration. However, theoretical and exper-
imental research continues and some highlights will
be mentioned.

Lee, O'Dea and Meyers (1982) extended the basic
ship motion theory, as presented in Section 3, to predict
the vertical motions of a point in a ship relative to the
free surface, retaining the assumptions of strip theory
and linearity. Calculations for a high-speed contain-
ership and a typical naval combatant were then com-
pared with model tests in head and bow seas. Results
showed some discrepancies at the higher speed, which
were attributed to inaccuracies in prediction of the
phase relations among the incident, diffracted and ra-
diated wave components, and may be due in part to
neglect of non-linear effects, including the influence of
above-water hull form. On the other hand, the com-
parisons reveal no conclusive evidence that the theo-
retical refinements in calculation of relative motions
provide much improvement compared to using only the
kinematic solution.

Beck (1982) measured experimentally the radiation
and diffraction components in head seas about a math-
ematical hull form with parabolic waterlines. The com-
ponents were also predicted theoretically using a strip
theory for the radiated waves and a slender-body the-
ory for the diffracted waves. Researchers have used
three-dimensional computations to improve the agree-
ment between theory and experiment for the mathe-
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matical model. The general conclusion from the
investigations is that the individual components taken
separately may substantially alter the relative motion.
However, in many cases the various components tend
to cancel one another so that the simple kinematic
approach gives reasonable answers.

For example, Lloyd, et al (1979), reporting on model
tests on a “typical modern warship” without bulb,
found that, “The computed relative bow motion ...
with no allowance made for any distortion of the waves
by the ship,” gave reasonably good agreement with
experimental measurements at the stem of the model.

The effect of above-water bow shape (flare, knuckles,
etc.) on relative motion, and hence on effective free-
board, has been investigated by several researchers.
In general above-water bow section shape has very
little, if any, effect on the primary ship motions (pitch
and heave), but the influence of flare on deck wetness
is more significant, although it is not clearly defined.
0'Dea and Walden (1984) and Newton (1960) found
that increased flare reduced deck wetness. On the
other hand, the relative motions measured by Swaan
and Vossers (1961) and Lloyd, et al (1985) were in-
creased as the flare increased. This was apparently
caused by increased dynamic swell-up. The increased
flare was effective at shielding water on either side of
the bow. However, the increased swell-up caused by
the flare propagates forward as the bow pitches down
into an approaching wave and may be responsible for
increased shipping of water over the stem. The O’Dea
and Walden experiments were conducted in regular
waves while Lloyd, et al, used more realistic irregular
seas; this might account for the different conclusions.
Furthermore, O’Dea and Walden kept the same stem
profile, while Lloyd, et al, increased stem rake as the
flare increased. It is possible that the differences in
deck wetness were caused by differences in the detailed
design of the bows. It is obvious that non-linear effects
are present here. Salvesen (1978b) has shown that sig-
nificant second-order terms can be introduced without
excessive complications.

Although all factors affecting relative motions are
not yet fully understood, a tentative procedure based
on Bales (1979) has been adopted by the U.S. Navy for
checking bow freeboard in the contract design stage
of combatant ships NAVSEA, 1982). It makes use of
computer calculations of motions and empirical data
for the static and dynamic build-up, neglecting the
influence of above-water hull form.

Relative motions at other longitudinal locations may
be of importance also, particularly at the stern where
shipping water in following seas, or pooping, may be
a problem for some ships. Comparison between ex-
periment and theory.for a cargo ship hull by Journee
(1976b) showed that, although calculated relative mo-
tions at the stern agreed with those determined from
measured pitch, heave and wave, the measured relative
motions were generally % to ) as great, as a result of
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dynamic effects. It is clear that further work is needed
on such effects in following as well as head seas.

5.4 Slamming. Another phenomenon related to rel-
ative bow motion is bow emergence and bottom slam-
ming. Impact of the ship’s bottom on the surface of a
wave can cause not only decelerations and local struc-
tural damage but transient vibratory stresses (whip-
ping) elsewhere in the hull, as discussed in Chapter
IV. It might be expected that the prediction of bow
emergence in regular waves from kinematic calcula-
tions of pitch and heave and the incident wave ampli-
tude would be reasonably reliable, since the previously
mentioned effects of ship’s above-water bow form and
interaction of ship motion with the encountered wave
should here be less. A simplified probability of bow
emergence in irregular head seas can be determined
in the same way as for deck wetness (sub-section 5.3)
by substituting still water draft forward, T/, for free-
board, F.

However, whether or not bottom slamming impact
will occur when the bow emerges depends also on
factors such as relative vertical velocity at the fore-
and-aft location where slams occur, section shape, par-
ticularly extent of flat of bottom, and angle between
keel and wave slope at entry. On the basis of experi-
ments with a model of a 160-m (525-ft) Mariner class
cargo ship, Ochi (1964) found that slamming occurred
when the bow emerged and the relative velocity ex-
ceeded a threshold value of 3.65m/sec (12 ft/ sec) (full-
scale), regardless of angle of entry. He suggested that
for other similar ships the threshold velocity would
depend on ship length in accordance with Froude scal-
ing (i.e., proportional to VD).

Calculation by the techniques of Section 4 of the
probability of slamming in irregular head seas having
a specified spectrum requires first the evaluation of a
suitable RAO for relative vertical velocity. As previ-
ously explained in Equation (212), this involves mul-
tiplying the relative motion RAO (Equation 215) by w,.
That is,

B = w.Ed (219)

The probability of exceeding a given relative vertical
velocity can then be determined using the area under
the response spectrum, in the same manner as for bow
emergence or shipping water. Alternatively, the iden-
tical result can be obtained by taking the second mo-
ment, m,, of the response spectrum for local relative
motion.

On the basis of work of Ochi (1964), one can go on
to predict the joint probability of forefoot emergence

and vertical velocity exceeding a critical value Ercy
which is given by

exp — 4T/ my + Enc/ms) (220)
where T, is forward draft and the moments, m, and
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m, apply to relative ship-to-wave motion near the bow
and relative velocity, respectively. Details of calcula-
tions to predict the occurrence of slamming in irregular
seas are thoroughly covered by Ochi (1964) and Ochi
and Motter (1973).

For structural design purposes magnitudes of bot-
tom impact pressures are needed. The prediction of
such impact pressures is a complex problem that is far
from a satisfactory solution. Some of the important
factors:

« Relative vertical velocity at bow entry.

o Section shape, particularly whether bottom is
flat.

o Angle between keel and wave slope at entry.

+ Area of impact on flat of bottom.

« Duration of impact.

In general there seems to be reasonable agreement
between pressures obtained by two-dimensional drop
tests and by theory, when theory includes the effect
of entrapped air and water surface deformation. How-
ever, hydrodynamic pressures obtained in two-dimen-
sional experiments are consistently higher than those
obtained in ship model tests. The difference is believed
to be due to the effect of surface waves, air entrapment
and three-dimensional effects. Work by Beukelman
(1979) has shown that at forward speed impact pres-
sures are significantly increased if there is an angle
between the centerline of the keel and the wave sur-
face.

In spite of the above difficulties, two approximate
methods of calculating impact pressures are now avail-
able, one by Ochi and Motter (1973) for merchant hull
forms and the other by Stavovy and Chuang (1976) for
high-speed vehicles. The former assumes that the local
pressure at a critical section is the product of the
square of the relative vertical velocity and a form
factor dependent on section shape. Form factors are
derived empirically from model tests and full-scale
data, using Froude scaling. No account is taken of
angle between keel and wave slope nor of differences
in ship speed. The second method is applicable to V-
shaped forms without significant flat of bottom and
takes account of the angle between keel and wave
slope. Because of the latter refinement, this method is
more difficult to incorporate into conventional ship mo-
tion calculations, but it has considerable promise for
the future (Troesch and King, 1986).

From the point of view of hull structural design
(Chapter IV), impact on bow flare may be even more
serious than bottom slamming, since the duration of
the impulse is longer and the dynamic magnification
factor therefore is usually greater. Kaplan and Sar-
gent (1972) have presented a method for calculating
forces due to flare entry. The applied load is computed
on the basis of the “non-linear variations in buoyancy
and inertial forces, over and above those used in the
linear ship motion analysis.” Results are obtained as
time domain solutions of structural response to various
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Fig. 86 Leeway angle of a Victory model in bow seas (1., = 1207, (Vossers,
1962)

wave inputs, as well as rms values and other statistical
properties. Work has also been done by Kumai and
Tasai (1970) and O’Dea and Walden (1984).

Pending the development of completely reliable the-
oretical methods for predicting bottom and flare entry
slamming, the value of direct experimental determi-
nation of deck wetness and slamming features of a
new design should be recognized (Murdey, 1979). Such
model tests in irregular waves can be considered to
be a form of analog computer solution in which all
non-linearities are automatically taken into account,
and a single model can be fitted with a number of
alternative bows or bow segments. Of course, wind
and spray effects are not usually reproduced in model
tests.

5.5 Yawing and Broaching. The problems of steer-
ing and maneuvering in waves depend upon systems
for ship control, and therefore they are discussed in
Chapter IX, as well as in Section 8 of this chapter.
However, since they also involve ship motions—in-
cluding important non-linear behavior—they need to
be mentioned here.

The interacting effects of sway, yaw and roll are
shown mathematically in the equations of motion de-
veloped in Section 3, which apply very well for head
and bow seas (with rudder fixed). Only the hull lift
effects resulting from the changing angle of attack
due to yaw and sway are not included.

As noted in Section 3.8, early model tests in regular
oblique bow waves revealed unexpectedly large values
of leeway angle between the mean model heading and
the path made good across the tank. This angle varied
with wavelength and speed, as shown in Fig. 86. Con-
sequently, when many wave components are present .
simultaneously, as in the case of irregular seas, a ship
will continually change its heading to the sea unless
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Fig. 87 Record of yawing motion in bow seas, S.S. Nissei Maru (Exp. Tank
Com. of Japan, 1954)

controlled by rudder action. At the same time, tests
showed that the model also oscillated in yaw about its
mean heading. Thus a ship or model’s heading in bow
seas changes as a result of both high-frequency yaw-
ing and slower changes in leeway angle. The former
is affected very little by the action of the rudder and
hence may result in unnecessary steering-gear wear.
But the latter depends greatly on the efficacy of steer-
ing gear and helmsman or automatic steering system.
Fig. 87 shows both types of change of heading in rec-
ords taken on the Nissei Maru at sea (Exp. Tank Com-
mittee, Japan, 1954).

Salvesen (1974) has investigated the causes of the
observed leeway angles in oblique waves. He states,
“In the horizontal modes of motion the ship will ex-
perience steady drift motions in addition to periodic
motions, because of the lack of hydrostatic restoring
forces and moments in these modes. Similarly, in ir-
regular seas a ship will experience slowly varying
surge, sway, and yaw motions with non-zero means in
addition to motion with frequency components equal
to the frequency of encounter of the individual wave
components . .. the drift and slowly varying motions
are caused by wave excitation which is of higher order
according to the conventional formulation of ship mo-
tion.”

Thus leeway angle in oblique seas, as well as added
resistance at all headings, requires a more advanced
second-order theory. He stated, “It should be recog-
nized that the motions resulting from second order
slowly-varying excitation can be determined from
equations of motion which are otherwise linear be-
cause the motions may be assumed to be linear even
though the excitation is non-linear.” Newman (1974)
has shown, that the slowly varying exciting forces and
moments in irregular seas, which are caused by the
interaction between the different frequency compo-
nents, can in some cases be approximated by the
steady-state forces in regular waves. In other cases a
completely non-linear solution may be required, and
research continues on the subject.

In quartering seas, the wave-encounter frequencies
are much lower and good steering is particularly im-
portant. Theoretical treatment of this case requires
the inclusion of at least coupled yaw and sway equa-

tions, for sway with forward speed induces a lateral
force and yawing moment. Rydill (1959) has made such
a study and evaluated the effectiveness in irregular
quartering seas of various rudder-control parameters
in the automatic steering system—heading, rate of
change of heading, and integral of heading change.
Korvin-Kroukovsky has pointed out, however, that an
important factor not included in Rydill's treatment is
the effect of other modes of motion on the coefficients
in the equations of yaw-sway. Pitching in particular
has a large cyclical effect on lateral coefficients, as the
underwater profile is continually changing as bow and
stern pitch in and out of the waves. This effect is not
allowed for in a linear theory.

At very low encounter frequencies, i.e., when the
wave and ship speeds are nearly equal, the danger of
loss of control and broaching arises. Here the pres-
sures may actually turn the ship broadside to the
waves, and excessive rolling or structural damage, or
even the capsizing of small vessels, may result. This
phenomenon was investigated as a quasi-static phe-
nomenon by Davidson (1948) and later by Grim (1963),
who concluded that nonlinear surging, as well as sway-
ing and yawing, plays an important part. He found
that broaching is more probable for a ship that is
unstable on course in calm water than for one that is
stable.

The theoretical approach of Paulling, et al (1974),
also Chou, Oakley, Paulling, et al (1974) is particularly
promising. Quoting from Salvesen (1978b), “J. R.
Paulling has worked for several years on the nonlinear
problem of large-amplitude ship motions in following
and quartering waves. With the assistance of some of
his students, he has developed a time-domain numer-
ical simulation technique ... which has been used to
predict even the very nonlinear phenomena of capsiz-
ing. In this method the forces due to body-generated
waves (i.e., added mass, damping, and diffraction) are
assumed to be small due to the low encounter fre-
quency and therefore are estimated very crudely; the
hydrostatic forces are assumed to dominate the prob-
lem and are computed to a high order of accuracy for
the actual instantaneous submerged hull shape. The
good agreement between computational and experi-
mental results shown seems to indicate that this time-
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domain numerical method may not only be a useful
tool for predicting capsizing but it may also be useful
for the general dynamical problem of ship motions and
course-keeping at low encounter frequencies.” Work
in Japan was also reported in the Proceedings of Sta-
bility ‘81 and subsequent conferences.

5.6 Added resistance. The increase in required
power resulting from ship motions in heavy seas arises
from the combined effect of several factors:

(a) Added resistance caused by

e Direct wind and wave action.
o Indirect effect of waves associated with ship
motions (all six components).
« Rudder action.
(b) Reduced propulsive efficiency caused by
o Increased propeller loading.
 Propeller racing or air drawing.
o Unsteady propeller effects.
o Reduced hull efficiency.

Added resistance will be discussed here; factors in-
volving propulsive efficiency are discussed in Section
5.7. The resistance caused by wind is discussed in Chap-
ter V, Vol. II.

When a ship is subjected to pitching and heaving,
the effect of the motions on resistance may be consid-
erable. Havelock (1945) first investigated this problem,
and more recently Maruo (1957) developed an advanced
theory.

Vossers (1962) summarized this and other work by
explaining that the added resistance in head seas may
be considered to be made up of three components:

(a) One corresponding to that experienced by a ship
forced to oscillate in calm water, generating damping
waves that dissipate energy.

(b) Another caused by the phase shift between wave
excitation and ship motions, analogous to the power
loss in an alternating-current circuit associated with
phase shift between voltage and current.

(c) One resulting from the reflection and refraction
of oncoming waves by the ship.

Maruo (1957) reached the following conclusions,
which seem valid for head seas even though his equa-
tions have not been fully substantiated for general
use:

(a) The excess resistance is independent of the still
water resistance.

(b) The additional resistance is proportional to the
square of the wave height.

(c) The pitching motion has a dominating effect upon
the resistance increase.

(d) The direct effect of the reflection of sea waves
is comparatively small.

(e) The maximum increase of resistance oceurs at a
slightly higher speed than that for pitch synchronism,
if the natural pitching period is longer than the natural
heaving period.

A comparatively simple theoretical approach by Ger-
ritsma and Beukelman (1972) considered the added re-
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sistance to be primarily the result of the damping
waves radiated from the oscillating ship’s hull. The
method is simpler to use than other methods, but ig
not applicable to the case of the relatively small addeq
resistance due to waves that are too short to cause
appreciable ship motions. Model tests by Strom-Tejsen,
et al (1973) on Series 60 models (0.60 and 0.70 block
coeflicients) and a destroyer hull showed better agree-
ment with Gerritsma and Beukelman (1972) than with
other theories investigated (Maruo, 1957) and (Joosen,
1966).

Equating added resistance to energy radiated by the
pitching and heaving ship, Gerritsma and Beukelman
(1972) arrived at the simple relation for a ship in reg-
ular head seas,

(8R) = (n/Ly w,) J b(@) El(z) de (221)

where £ is the scalar amplitude of relative vertical
velocity at any section between ship and wave surface
as a function of x and b(x) is the sectional value of
total damping coefficient. Using the notation of Section

’

b(x) = bg(x) — U, (d ay(x)/ dx) (222)

where as;(2) and b, (x) are sectional heave virtual
mass and damping coefficients, respectively. The sec-
ond term involving U,, the ship forward speed, is what
Korvin-Kroukovsky, et al (1957) referred to as dy-
namic damping.

Assuming a,; goes to zero at the ends of the ship,
after partial differentiation and substitution, the mean
added resistance at U, and w, becomes

(OF) = (m/Lyw) X [ [butolEs
+ 20, ay(2) diEe|/dx] [Eoldz  (223)

Since |¢| represents the amplitude of relative veloc-
ity, it must be calculated by combining the effects of
pitch, heave and wave elevation, considering their
phase relations, as discussed in Section 5.2. A dynamic
factor is also introduced and applied to the encountered
wave height to correct for refraction effects resulting
from the distortion of the incident waves by the pres-
ence of the ship.

Salvesen (1978a) has presented another theory in
which second-order effects are expressed as a product
of first-order terms that are all computed by programs
presently in use for predicting linear heave and pitch
motions. Furthermore, the theory applies to oblique
waves as well as head seas. Comparisons were made
between theory and experiment in head seas for Series
60 hulls (C = 0.60, 0.70, 0.80) for a destroyer at Fn
= 0.25 and 0.35 and for a high-speed, bulbous-bow
form at Fn = 0.20 — 0.50. In a few cases the new
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theory was not quite as good as that of Gerritsma/
Beukelman (1972) (destroyer hull at low speed), but in
other cases it was much better (fine Series 60 models).

Others contributing to the subject of added resist-
ance in waves have been Vossers (1961), Joosen (1966),
Newman (1967), Lee and Newman (1971), Lin and Reed
(1976), Dalzell and Kim (1976), and Ankudinov (1972).

The most significant aspect of all theories is that, in
regular waves of any particular length, the added re-
sistance is proportional to the square of wave height.
This is highly significant, for it means that the principle
of superposition can be applied to added resistance in
irregular waves, as well as to ship motions. The su-
perposition principle for the mean added resistance (or
drift force or moment) was first noted without elabo-
ration by Maruo (1957). Early experimental validation
was carried out by Kawashima, et al (1959) and Ger-
ritsma, et al (1961). Later Hasselmann (1966) and Vas-
silopoulos (1966) pointed out that the basic result could
be explained in terms of the theory of quadratic, non-
linear systems. Though this latter theory has been
used to develop approaches for other statistics (Dalzell,
1976) (Pinkster, 1980), we will concentrate upon the

119

estimator for the mean value since it is of primary
practical interest.

The usual estimator for the mean value of added
resistance, (8Ry), or drift force, in irregular seas
takes the form

(8Ry) = 2 f [6R(w,)/T?] S (,) do,  (224)

This estimator has a strong, but entirely coincidental,
resemblance to that for the variance of a linear re-
sponse (Section 4). The mean value on the left-hand
side is a statistical mean, conceptually the result of
averaging the fluctuations in added resistance or drift
force over a very long time under statistically station-
ary conditions. The factor [6F (w,)/ {?] in the integrand
is the normalized mean value of added resistance in
regular waves of encounter frequency w, and scalar
amplitude . (Head, bow or beam seas are assumed if
the ship is at speed). This added resistance or drift
force operator is sometimes called an RAO, but it is
to be noted that the normalization is by the square
rather than the first power of wave amplitude, as in
the linear case, and the entire quantity is not squared
in the integral. The factor S; (»,) in the integrand is
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frequency is equal to the variance. The leading factor
of 2 falls out of the derivation for the statistical mean,
and is not to be confused with the various multipliers
for significant amplitudes noted previously. If the
mean value has units of force ¥, and the wave spec-
trum has units of (L? X T) (where T'is time), the added
resistance operator [6R(w,)/{?] must have units of ¥/
L?), and accordingly the integrand must have units of
(F X T), which are not those of a variance spectrum.

While the integrand can be, and often is, called a spec-
trum of added resistance or drift force, it is not a
variance spectrum and cannot be interpreted as such.

Hence, it is possible to compute the added resistance
in different representative sea conditions at various
speeds and prepare rough-sea resistance curves for
each condition. Furthermore, Gerritsma, et al (1961)
have found that, as shown in the next subsection,
added thrust and torque can be estimated in the same
way.

Rolling presumably increases resistance, particu-
larly when bilge keels are fitted, although little quan-
titative data are available. Anti-rolling devices may be
expected to have a net favorable effect on powering,
particularly if they are internal types that do not have
their own drag.

Yawing and swaying in oblique seas, with the related
rudder action, also increase resistance, but this effect
is relatively minor. A more important aspect is the
leeway angle that is experienced in bow seas, which,
as noted in the preceding sub-section, give rise to an
induced drag of appreciable magnitude.

An important consideration, especially for ship op-
eration, is resistance at oblique headings to waves,
since it is often desirable to compare a change of course
with a speed reduction. Furthermore, to obtain accu-
rate calculations of added resistance in short-crested
seas, the effect of different directional wave compo-
nents is needed. Some experimental work along this
line has been done, as for example a study by Fujii
and Takahashi (1975) on resistance increase in oblique
seas. Such oblique wave tests require rather complex
instrumentation, as discussed in the Proceedings of
ITTC '78. The added resistance, as well as the sideways
drift force, was derived theoretically by N. Salvesen
(1974) (1978), as well as by Maruo (1963).

5.7 Powering in Waves. Fig. 88, derived from
Aertssen and van Sluijs (1972), gives a broad overall
picture obtained from service records of speed-power
relationships in rough seas for a large containership.
It shows a series of average power curves correspond-
ing to different degrees of sea severity. The limit lines
indicate the upper limits of attainable speed (based on
wet decks, slamming, etc.) that provide cut-off points
on each power curve. The plot also shows the effect
of ship’s heading to the waves.

Two basic approaches have been used for estimation
of power requirements in rough seas:

(a) Direct self-propelled testing in waves, some-
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times in irregular waves but usually in regular waves,
with calculation of power in irregular waves by sy.
perposition.

(b) Measurement or calculation of added resistance,
estimation of propulsion factors and calculation of
power and rate of rotation in waves, using these val.
ues.

For many years some model basins have made use
of self-propelled model tests in regular waves for lim-
ited comparative purposes (for example, Kempf, 1934),
Such tests repeated for many different conditions can
provide an indication of the effect of speed, heading,
and wavelength on added power requirements in reg-
ular waves, as shown in Fig. 89 (Vossers and Swaan,
1960). (Added power in quartering and following seas
was found to be insignificant).

Of course, power is not usually measured directly
in self-propelled model tests, but is calculated from
measured mean torque and rate of rotation, since P,
= 2w Qn, where P, is in kW if @ is in kNm and % is
in RPS. It is customary to carry out tests in regular
waves at model self-propulsion point and to maintain
constant shaft rotation throughout each test run in
waves, but for accurate evaluation of performance it
is necessary to take account of the response of the
power plant itself. Reciprocating steam engines and
diesel engines produce essentially constant torque, so
that as RPM is reduced by added resistance, the power
falls off. Geared-turbine and electric drive, on the other
hand, produce essentially constant power as RPM is
reduced. Hence, the nature of the power plant has a
great deal to do with the power and speed that can be
maintained. A more satisfactory approach than con-
stant-rotation testing was described by Nakamura and
Fujii (1977). A speed control was built that enables the
engine characteristics to be simulated during model
tests, i.e., constant RPM, constant torque or constant
power. Results are presented of tests on a contain-
ership model in regular and irregular head seas in
which speed reduction was determined under either
constant torque (decreasing power) or constant RPM
(increasing power). The experimental approach is rec-
ommended as the most direct way to obtain the data
needed to evaluate attainable sea speed under different
irregular sea conditions.

The report of the ITTC Seakeeping Committee (1978)
discusses the relative merits of the above direct power
measurements in waves and the so-called thrust
method, which uses thrust increase measured on a self-
propelled model in waves together with propulsion fac-
tors from overload tests in calm water. No conclusion
could be reached other than a recommendation that
work be continued and no significant changes have
been made in subsequent conferences. A survey of
alternative test methods was given by Day, Reed, and
Lin (1977) along with a description of the technique
then in use at DTRC.

The second method for determining power required
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Fig. 89 Power increase in waves for a Victory type ship model as a function
of wave length, ship heading, and Froude No. (Vossers and Swaan, 1960)

in a seaway—a direct calculation procedure without
model tests in waves—is the ultimate goal. This in-
volves first the calculation of added resistance due to
waves (Section 5.6) and wind resistance (Chapter V,
Vol II). But added resistance model tests can be used.
Then it is necessary to estimate the propulsion factors
in waves, i.e., wake, thrust deduction and relative ro-
tative efficiency. Gerritsma (1976) states that, “Exper-
iments by Goeman, who used a forced oscillating ship
model with a propeller running at constant speed, have
shown that the influence of frequency of motion on
the mean thrust and power is very small and can be
neglected for practical purposes, when the propeller
does not suffer from air suction. Thus for the sustained
sea speed calculation only the decrease of efficiency
due to the higher loading is of interest, provided that
extreme conditions are excluded.” However, recent
open-water propeller tests at the University of Mich-
igan yielded a 5 to 10 percent change in K; and K,.
Finally propeller characteristic curves are used to de-
t?rmine propeller efficiency under the overload condi-
ion.

However, Murdey (1979) says that it is usually as-
sumed that all of the above propulsion factors are “the
same as in calm water with the propeller loading the
same as the average loading in waves.” Although this
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assumption has been used satisfactorily to provide en-
gineering solutions (Journee, 1976), there is evidence
(Nakamura and Naito, 1977) that the propulsion fac-
tors in waves are not the same as in calm water. These
differences are most marked for models of ships tested
at ballast drafts and therefore may be due to air draw-
ing. More study of propulsion factors is clearly needed.
Nevertheless, assuming that propulsion factors can be
determined by overload self-propelled tests in calm
water, the added power in regular wave trains can be
approximated.

Coming to the problem of added power in irregular
waves, we find that knowing the added torque, rate
of rotation and power in regular waves, obtained either

by model tests or calculations, it is possible to deter-
mine mean values of these quantities in irregular
waves. They are determined for any specific wave spec-
trum in the same manner as that used for added re-
sistance (Section 5.6).

Fig. 90 shows graphically a typical calculation of
added power for two ships of different sizes in non-
dimensional form. The influence of spectrum shape is
clearly presented. The log-slope form of plotting was
used in this figure, with an added power operator,
normalized by the square of the scalar wave amplitude,

as given by
0?5\
n:/(57)
g

where IT., is a non-dimensional coefficient of added
power, &P, derived from one given by Gerritsma, et al
(1961),

., = 6P/pgB°’LV (225)
Hence, with »?/g = 2m/L,, the scalar operator’s
8P L2/ 4w*pgBLVL® (226)

But the common (dimensional) plot, on the basis of
o, is equally suitable. The added power operator is
then of the form,

8P/ "
Mean added power in irregular long-crested head seas

is, in form similar to Equation (224) for mean added
resistance,

(8P,) = 2 J [P (0.)/T?] Si(w,) do,  (227)

Thus it is clear that systematic self-propelled model
tests or calculations for different speeds and headings
(head and bow seas) make it possible to predict rough
curves of sea speed vs. power for various represen-
tative ocean wave spectra similar to Aertssen’s curves,
Fig. 88. These curves can be of great value in esti-
mating the maximum required power in service, or
service power factor, for a new ship design as dis-
cussed in Section 8.
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5.8 Wave loads.

(a) General, Although wave loads enter implicitly
into the calculation of ship motions, they are consid-
ered here under the heading of derived responses be-
cause, in order to determine the loads at a particular
instant of time, a solution to the ship motions must
first be obtained.

There are three different levels at which wave loads
may be needed for structural design purposes:

1. Instantaneous local hydrodynamic pressures on
the surface of the hull as a result of ship motions and
ship-wave interactions. These pressures may be needed
over the entire hull surface or only some portion of it.

2. Integrated instantaneous pressures yielding the
longitudinal and torsional bending moments and shear
force at midships or other stations.

3. Impulsive pressures on local areas of the hull (flat
bottom, flare, sponson, or stern) which can cause vi-
bratory hull response (slamming, whipping, springing).
See Section 5.4 and Chapter 1V, Vol I.

(b) Local Pressures. The introduction of finite ele-
ment structural analysis techniques has given impetus
to the development of methods of calculating the dis-
tribution of instantaneous hydrodynamic pressures
over individual sections and hence over the entire sur-
face of a hull oscillating in waves. It was shown in
Section 3 that the calculation of ship motions requires
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the determination of hydrostatic and hydrodynamije
pressures over the surface of the hull. Hence, there
is no basically difficult problem in determining thege
pressures at a particular instant in time, with the ship
in any desired position relative to an encountered reg.
ular wave.

Hoffman (1966) and Tasai (1966) simultaneously, byt
separately, published papers showing the methods to
compute the wave-induced pressures on the hull sur-
face of a ship heaving and pitching in regular long;-
tudinal waves. Hoffman also measured the pressure
distribution on a T-2 tanker model, and found that the
experimental results had good agreement with theo-
retical calculations.

(¢) Wave Bending Moments. The ship motion the-
ory of Section 3 can be extended to permit the calcu-
lation of wave-induced shearing forces ang
longitudinal bending moments on the hull girder. First
it is necessary to solve the equations of motion for the
motion amplitudes. Then one can evaluate the incre-
mental vertical forces (in excess of or less than the
still-water buoyant force) acting at any instant of time
along the length of the ship. The shear and bending
moment in regular waves were shown to be the result
of integrating vertical hydrodynamic pressures and
inertia (D’Alembert) forces over the ship length at a
fixed time (Jacobs, 1958). The work explained experi-
mental observations of the reduction in dynamic wave
bending moments on the basis of two factors: The so-
called Smith effect, which accounts for the pressure
reduction in a wave crest and increase in a trough
resulting from the orbital motion of wave particles,
and a second effect of comparable magnitude resulting
from ship-wave interaction (Salvesen, et al 1970).

The study of longitudinal wave-induced shear and
bending moments in Irregular seas according to the
linear-random theory (assuming bending moment am-
plitude proportional to wave amplitude) has had im-
portant consequences in the strength standards for
large ships, as discussed in Chapter IV, Vol I. Bending
moment RAQ’s in terms of scalar moment/ unit wave
amplitude tend toward zero for both very low and very
high frequencies. They often are “double humped,”
Le., one peak corresponding to a motions resonance,
and another to the wavelength that produces the great-
est re-distribution of buoyancy (Moor, 1966). Prediction
of statistical parameters according to methods illus-
trated in Section 4.1 is one of the important steps in
caleulating short-term magnitudes and in the synthesis
of long-term trends for design purposes.

A revealing early study of bending moments used
the log-slope form of presentation to show clearly the
effect of size alone on ships in the same seaway. To
carry out the prediction of bending moments in irreg-
ular waves in this way, wave bending moment may in
regular waves be expressed in nondimensional form
by dividing by maximum wave slope, giving a bending
moment operator,
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where Cjp,, is a nondimensional bending moment coef-
ficient,

Fig. 91 summarizes graphically the calculation of
wave bending moments in a severe irregular short-
crested head sea for a family of geometrically similar
ships of 0.80 block coefficient. From the bending mo-
ment spectra at the bottom of the figure one can com-
pute the average short-term bending moments for
ships of all lengths or the highest expected bending
moments in 10,000 cycles, for example. However, it
should be emphasized that trends here apply only to
geometrically similar ships with similar weight distri-
bution. Methods of taking into account many different
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sea conditions to obtain long-term probability trends

"are discussed in Chapter IV, Vol. I.

(d) Springing. An important effect of sea waves
on some ships is the excitation of random hull vibration
that may continue for extended periods of time. This
phenomenon, known as springing, has been noticed
particularly in Great Lakes bulk carriers (Matthews,
1967), but it has also been reported on large ocean-
going ships of full form (Goodman, 1971). The spring-
ing excitation and response can be treated as stochastic
processes that can be handled by the techniques dis-
cussed in Section 4. However, it has been shown by
Kumai (1972) and Troesch (1984b) that longer waves
in the spectrum can also excite the hull vibration. This
introduces non-linear aspects that are important to
consider here.

Experiments in waves were carried out by Troesch
(1984a) on a model jointed amidships, to measure both
wave excitation and springing response. He found that
if the incident wave amplitude is given as {(f) =
L cos (w,t), then “there is a measurable springing ex-
citation at 2w, and, sometimes 3w,. Here w, is the
encounter frequency and { is the incident wave am-
plitude. Should 2w, or 3w, equal w,, the natural fre-
quency of the hull, there will be a large increase in
the springing response. This non-linear response is
quadratic in wave amplitude. In other words, if { dou-
bles, then the response increases by a factor of four.”
Furthermore, wave components at one frequency will
interact with components at other frequencies. A good
description of the theory is given by Longuet-Higgins
(1963), who said, “The implication for ship springing
is that, in addition to the long-wave excitation resulting
from 2w, and 3w,, there will also be long-wave exci-
tation at w, from o; + ©; = w,, where o, and w, are
frequenciés of first-order wave components.”

Summarizing, the response at w,, is the result of the
following sources of excitation:

1. Waves with a frequency of w,. (This is the linear
case).

2. Waves with a frequency of w,, where 20, = w,.
(This is the non-linear excitation due to harmonics of
long waves).

3. Waves with encounter frequencies of w; and w;
where »;, + ®; = o,. (This is also a non-linear exci-
tation caused by the interaction of two different wave
components).

Jensen and Pedersen (1981) give the total bending
moment response as follows:

m(x, t) = mP(x, t) + m®(z, t) + ... (228)

where m® (z, ¢) is the linear moment due to wave
excitation as previously described in 1, and m® (z, t)
is the non-linear moment due to wave excitation de-
scribed by 2. and 3. They next show how a spectrum
of bending moment can be calculated if the spectrum
of the incident wave is known and if the bending mo-
ment response amplitude operator (RAQ) is given or
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can be determined. The RAO is the bending moment
due to waves of unit amplitude and may include the
effects of non-linearities, which requires iterative pro-
cedures to be followed. The bending moment spectrum
would then include both linear and non-linear parts.

Troesch (1984a) determined springing excitation ex-
perimentally for a Great Lakes bulk carrier, which
showed an oscillatory character when plotted against
encounter frequency. (Peaks correspond to wave
lengths such that forces at bow and stern reinforce
one another). The complete solution to the springing
problem requires consideration of the hull structural
properties as well as the hydrodynamic excitation
(Chapter 1V, Vol. I).

(e) Forces due to ship motions. The local forces
acting upon parts of a vessel subject to motions in
waves consist primarily of inertial reactions (d’Alem-
bert forces) which depend on the accelerations dis-
cussed in Section 5.1. In addition, angular motions
produce changes in the direction of the gravity forces,
which affect the components along the three ship axes.
In general, determining these forces for a ship in reg-
ular waves permits statistical estimates to be made of
the local forces in irregular seas according to the spec-
tral method. Before considering these, however, it is
important to note that the time-honored deterministic
approach for a ship subject only to rolling in regular
beam seas can provide useful approximation for some
purposes and is thus worth repeating at this point. All
parts of a rolling ship are acted upon by two inertial
reactions (d’Alembert forces) in addition to gravity;
viz., a centrifugal force and a tangential force. The
force of gravity may be resolved into components par-
allel and perpendicular to the centerline plane of the
ship. These components are equal, respectively, to w
cos ¢ and w sin ¢, where w is the weight of the part.
See Fig. 92.

The centrifugal force, which acts radially away from
the axis of roll, is equal to (w/g) ¢*r, where & is the
angular velocity of the ship and » is the distance from
the axis of roll to the center of gravity of the part
under consideration. Since ¢ is seldom greater than
0.15 radian per sec, the centrifugal force is usually
negligible in magnitude. For example, if ¢ is 0.1 radian
per sec and r is 150 ft, the centrifugal force is about
5 percent of w. If the center of gravity of the part is
above the CG of the ship, the centrifugal force opposes
the gravity component w cos ¢ and therefore reduces
the force on the supports. Since the static downward
force on the supports when the ship is not rolling is
o, the effect of centrifugal force is to reduce this force
by a small amount. It should be noted that ¢ and
consequently the centrifugal force has its maximum
value when the rolling ship is upright (¢ = 0). The
value of ¢ when ¢ is zero, is w ¢, where ¢, is the
maximum angle of roll in radians. The angular velocity
of roll and centrifugal force are zero where b =d,.

The tangential force is an inertial reaction to the

TANGENTIAL
D’ALEMBERT
FORCE (ACCEL.)

TRANSVERSE
ACCEL.
COMP.

/- TRANSVERSE
GRAVITY
COMPONENT

Fig. 92 Forces due to rolling (at maximum angle)

angular acceleration of the ship, which is a maximum
when ¢ = ¢ ,. Its maximum value then is w? ¢ , where
¢ 4 is in radians. The linear acceleration acts in a di-
rection normal to the radius that connects the center
of gravity of the part to the axis of roll, usually as-
sumed to be through the center of gravity of the ship.
The maximum value of the tangential acceleration is
7 w* ¢, and therefore when ¢ = ¢, the tangential
force is (w/g)r X w® ¢, (Fig. 92).

In designing foundations or restraining devices the
main interest is in the transverse components (parallel
to the deck) of the tangential and gravity forces. In
general, the transverse component of the tangential
force is obtained by substituting Z for r, where % is
the height of the part above the CG (assumed rolling
center), using ship axes. (Determining the true rolling
center is discussed in Section 3.8.) Combining this
transverse component with the transverse gravity
component, w sin ¢,, gives the total transverse force
acting at any point on a rolling ship as

(W/9)Z w* by * wsin b, (229)

If the center of gravity of the part is above the CG
of the ship, this force acts in the same direction as the
w sin ¢, component of the force of gravity: if the part
is below the CG the reverse is true. This explains the
greater likelihood of cargo shifting in the ’tween decks
than in the hold.

A numerical example. A gun turret mounted on
the centerline of a naval vessel has its center of gravity
at a height of 9 m above the waterline. The turret’s
mass is 1000 kg. The period of roll is 15 sec. Calculate
the transverse reaction on the turret foundation when
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he ship is rolling to a maximum inclination of 30 deg
ssuming that the axis of roll is at the waterline.

T T
ba = 157 x 30 deg = 5 radians

faximum tangential force

(—‘g—; X 7 X 9 = 82TkN

Pransverse component of weight (g = 9.81 m/ sec’)
= 1000 x 9.81 x 0.5 = 4905 kN

= 5732 kN

= 1000 X

Vaximum transverse reaction

In addition to this reaction the foundation bears a
transverse moment that is equal to the maximum
transverse force times the height of the center of grav-
ity of the turret above the top of the foundation.

The more general approach to the same problem,
involving irregular waves and all modes of motion,
follows the linear random theory discussed in Section
4, including the estimation of extreme values. The only
different aspect is the construction of RAO’s or force
operators relating force amplitudes to wave ampli-
tudes. The “forces” are the sum of gravity components
and inertial reactions dependent upon the mass, m, of
the component under consideration and its accelera-

. . w a .
tion, a; i.e., F' = ma = E a = w -, where w is the

weight of the element and a/g is the acceleration in
¢’s. Hence, the inertial reaction may be expressed as
the product of the weight of the element, w, and an
offective accelerationin g’s. The usual final scalar force
operator is computed in g’s and may be interpreted as
the amplitude of acceleration in g’s per unit wave am-
plitude per unit element weight. With an operator so
defined the measures of response computed for irreg-
ular waves by means of the methods of Section 4 will
be in the nature of effective accelerations in g’s which
may then be applied to the weight of the element of
interest. However, it is important to bear in mind that
what is desired is the effect of the vector sum of a
gravitational component and an acceleration in some
direction.

The derivation of the RAOs for force per unit weight
proceeds as follows. It is first assumed that the basic
complex ship motion amplitudes of Sections 3, 4 and
52 (7, ... M) are obtained per unit regular wave am-
plitude, £, as a function of frequency. Thus following
Equations (208) and (209), retaining the complex no-
tation, and dividing by g to express accelerations in
¢’s, the complex amplitudes of the three components
of acceleration at a point (%, %, 7) relative to the origin
of the ship coordinate system may be written:

ﬁ)ez—
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The first two components above include the tangential
acceleration components that determine the inertial
reactions due to pitch and roll in the conventional anal-
ysis, and the third includes modifications to the heave
acceleration due to pitch and roll which, in the end,
determines a “virtual weight.” The expressions are
more complicated than those given in the simpler anal-
ysis because they take into account the influence of
heave, sway, surge, pitch and yaw accelerations which
are neglected in simplified analyses. In a sense, the
expression for the lateral acceleration is less compli-
cated than that of the simplified analysis because it is
linearized and uses complex notation with a consistent
coordinate system. The lateral acceleration associated
with the centrifugal force can be neglected in the con-
struction of the RAQO’s because it is nonlinear, and in
any event small.

The gravitational component is accounted for next.
In the simpler analysis the lateral component of force
on a part of the ship due to gravity and a roll angle
¢ is w sin . Linearizing, this becomes wd, or just ¢
in terms of an increase in lateral force per unit weight.
The complex amplitude of roll, m,, corresponds to the
negative of the complex amplitude of the lateral com-
ponent of (gravitational force per unit weight) if the
axis sense conventions of Section 3 are observed. Ob-
serving the axis conventions of Section 3 in a similar
fashion, the complex amplitude of pitch (ms) corre-
sponds to the complex amplitude of the longitudinal
component of (gravitational force per unit weight). Fi-
nally, the change in the vertical (gravitational force
per unit weight) due to roll and pitch, relative to the
static 1g case, is of the order of (1 — cos [T cos 7)),
which is zero to the present linear approximation.

To construct the force-per-unit-weight RAO’s the
signs of the acceleration components of Equation (230)
are changed in accordance with d’Alembert’s principle,
and added to the complex amplitudes of the gravita-
tional components noted above the absolute values of
the results are taken to yield the scalar amplitudes of
force per unit weight for the regular wave amplitude,
{, assumed in the original motions computations. Di-
viding these results by the wave amplitude, {, the
RAO’s for force per unit weight then become:
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The net result from analyses utilizing these RAO’s
will be the deviations from the static case (1g vertically
and zero laterally and longitudinally). In the spectral
approach it is not necessary to assume pitch or roll
periods, since these are factored into the definition of
the force-per-unit-weight RAO’s and the sea spectrum.

For the simple case of rolling alone (at zero speed
where w, = o), assuming sway and yaw to be zero,
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the preceding expression for the amplitude of latera]
force on a part of the ship per unit weight and unit
wave amplitude reduces to

(1)2

_.?77_)4 pu—

W/ L

3

Then the total lateral force amplitude becomes, in
agreement with the simpler case previously given,
Equation 229,

2

w
_?2774_774

2

/T =w [%m + o, @3y

{w

where |7,| = ¢, the amplitude or maximum angle of
roll in rad. (¢, ~ sin ¢,) and w is the weight of the
item under consideration (w/g is its mass).

Section 6
Control of Ship Motions'”

6.1 General. The reasons for attempting to control
and reduce the motions of a ship are as varied as the
types of ships. Excessive motions would interfere with
the recreational activities of passengers on a cruise
ship. Often more than half of the load of a contain-
ership is stowed above deck where it is subjected to
large accelerations due to rolling. In some situations
this may cause some internal damage to the contents
of the containers; in more severe situations failure of
the lashing can occur and containers may be lost over-
board. Underdeck cargo in ordinary cargo ships and
bulk commodities in colliers, ore ships and grain ships
can shift if the motions become too severe. Excessive
motions of warships can both seriously degrade the
combat readiness of its crew and adversely affect the
performance of its weapons systems. Finally, offshore
platforms, pipe-laying ships and drill ships require only
very small motions to perform many of the individual
operations. The amplitude of the motions may be the
most important feature in these latter ocean engi-
neering tasks, whereas in some of the other situations
mentioned, the velocity or acceleration of the motions
may be of principal concern.

The purpose of this section is to concentrate on the
additions, either internal or external to the hull, that
reduce or otherwise improve the motion responses of
the hull. It is assumed that the additions are such that
their benefit to the motions of the ship outweighs any
impact on the ability of the ship to perform its assigned
task. It is particularly challenging to obtain large im-
provements in the motion characteristics of existing

2 by William C. Webster.

ships that are being rebuilt or modified for some task
not anticipated in their original design.

In light of the foregoing discussion, it is appropriate
to ask what motions can be sensibly influenced by a
small addition to the ship. Let us first consider the
unrestored (horizontal) motions of the ship: sway, yaw
and surge. These motions exhibit no resonance, and
their amplitudes in deep water are never greater than
the wave amplitude, or in the case of yaw, never
greater than the wave slope. Thus, these motions are
rarely a significant problem of themselves. Further,
these motions are caused by exciting forces that are
comparable to the ship’s weight or, in the case of yaw,
the product of the weight times the ship length. It is
unreasonable to expect that any small addition will be
able to produce an effect comparable in magnitude.
Only the usual directional control, or steering, is
needed, as discussed in Chapter IX.

Motions that have vertical components (heave, pitch
and roll) have restoration forces. For these motions,
the ship behaves somewhat like a damped spring-mass
system. These motions exhibit resonance and respond
with amplitudes sometimes greater than the wave
slope or, in the case of heave, greater than the wave
amplitude. The magnification factor or nondimensional
RAO, the ratio of the amplitude of motion in regular
waves to the wave amplitude (or amplitude of the wave
slope) at the resonant frequency, varies greatly
amongst the three motions. The magnification factor
for heave for a typical ship is less than 1.3 and is
frequently less than 1.0. That for pitch is rarely more
than 1.5, but that for roll can be 10 or more for the
bare hull, and 7 or more for a ship equipped with bilge
keels.
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The foregoing serves to illustrate that resonant roll
motions in waves are perhaps the most attractive can-
didate for control. These motions are large enough to
be important in most applications. The almost total
lack of inherent roll damping means that small addi-
tions to this damping can produce large reductions in
the response. The possibility of controlling pitch mo-
tions is entertained from time to time, but the pros-
pects are certainly not as good as they are for roll. It
appears neither feasible nor necessary to attempt to
control heave for normal ship forms. The subsequent
parts of this section explore methods that have been
investigated and used to control motions, with the pre-
dominant emphasis on roll motions.

6.2 Control of Roll. Since, as described in Section
3.8, the most severe roll motion occurs at resonance
(sometimes referred to as synchronous rolling) the best
way of reducing it is to increase damping. The most
common means of doing so is the installation of bilge
keels. If more control of the roll motions is required,
the use of special anti-rolling devices may be called
for. A multitude of different devices for this purpose
have been invented but only a few types are in common
usage. In the following discussion these devices are
described in general, but special emphasis is placed on
the popular devices. The stabilizers can be grouped by
general categories, depending on how they achieve the
stabilization; i.e., passive, controlled-passive or active.

(a) Passive Stabilizers. These devices do not re-
quire power or a control system to operate. They be-
long to two separate sub-categories: those that do not
have moving parts and those that do.

The primary devices with no moving parts are bilge
keels (which have been discussed in Section 3.8) and
sails. Sails are a very effective roll stabilizer for small
ships and have been used extensively in fishing boats.
The lift on the stabilizing sail changes as the ship rolls
and the phasing of these lift forces is such that roll
energy is removed from the ship. The size of sail re-
quired and complexity associated with rigging the sail
are modest for a small boat, but generally prohibitive
for large ships.

There are a variety of devices that rely on motion
of the stabilizer to interact with and to reduce the roll
motions. These stabilizers are passive in the sense that
they are unattended and do not rely on special sensors
or actuators. Typical stabilizers of this type include
passive antiroll tanks and moving-weight stabilizers.
Three types of antiroll tanks have been used and
sketches of them are shown in Fig. 93, adapted from
Bhattacharyya (1978).

The free surface tank shown at the top (a) of this
figure is a single, partially-filled tank which typically
extends across the full beam of the ship. Its shape and
internal baffles allow the liquid in the tank to slosh
from side-to-side in response to the roll motions. The
phasing of the roll moments acting on the ship as the
result of the fluid motion in a well-designed tank are
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(c) EXTERNAL TANKS

Fig. 93 Different types of passive antiroll stabilizing tanks

such that they reduce the roll motion. This type of
tank was first investigated by Froude, but did not
receive much attention until the 1950’s when it was
rediscovered and used in several naval vessels.

A related concept is that of the U-tube antiroll tank,
a perspective view of which is shown in the middle (b)
of Fig. 93. The use of these tanks was pioneered in
Germany by Frahm around the turn of the century
and they are often referred to as Frahm tanks. This
stabilizer consists of two wing tanks connected on the
bottom by a substantial crossover duct. These tanks
are also partly filled, and the air spaces above the fluid
in each wing are connected by a duct. As in the free
surface tanks, when the ship begins to roll, fluid flows
from wing tank to wing tank causing a time-varying
roll moment on the ship. With careful design this roll
moment is of the correct phasing to reduce the roll
motions (see Fig. 94). As shown in this figure, both
the roll motion and the motion of the fluid in the tank
are at a larger amplitude than the wave slope.

Another stabilizer concept introduced by Frahm was
the external stabilizer tanks, also shown in Fig. 93.
These tanks were used in several ships (including some
naval ships) in the early 1900s. In this configuration,
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Fig. 95 Definitions of variables used in the analysis of stabilizers

the two wing tanks are not connected to one another
except perhaps by an air duct at the top. Water flows
in and out of each tank through openings in the hull
to the sea. This configuration eliminates the duct filled
with water, which exists in either the free-surface tank
or the U-tube tank, but has its own set of disadvan-
tages. These include corrosion due to the seawater in
the tank, and resistance to forward motion due both
to the holes in the hull and the force required to ac-
celerate the seawater outside the ship (which is initially
almost at rest) to the speed of the ship as it enters the
tank. The horsepower required by this latter drag com-
ponent (sometimes called momentum drag) increases
with the square of the ship speed and can be substan-
tial. More recently, a variation of external tanks have

been used in oil drilling rig applications where forward
speed is not a concern. A comparison of different tanks
is given by Vugts (1969).

A fourth concept is that of a moving weight stabi-
lizer (see Fig. 95a). In this scheme a large weight is
allowed to move athwartships on a track. It is kept
near the center of the travel by either a spring (as
shown) or a curved track, and it is also restrained by
a damping mechanism. These mechanisms produce a
force, F, acting on the moving weight that is given by

F=ks+ds (232)

where £ is the spring constant, s is the distance of the
moving weight from the ship centerline, d is the damp-
ing constant and ¢ is the moving weight’s velocity. The
motion of the ship leads to other forces on the moving
weight which cause it to respond in such a way as to
create roll moments that counteract the wave exciting
moments. Its action is therefore similar to that of the
fluid in the antiroll tanks.

All four of these concepts rely on a common, un-
derlying physics as a basis for operation. Each has a
mass that can transfer from one side of the ship to
the other, and each has a design feature that restores
this mass to amidships when the ship is near upright.
The result is that each of these passive stabilizers is
a damped mass-spring system that moves in response
to all three transverse motions. In a properly designed
stabilizer, the roll moments generated by the stabilizer
movement will counteract part of the roll moment ap-
plied to the ship by the seaway, and will reduce the
overall roll motion. None of these stabilizers can elim-
inate roll motions entirely, since the stabilizer does not
move until the ship moves. In concept all of these
devices are similar to the classic vibration absorber.

The equations of motion for the ship and stabilizer
system for all four devices are of exactly the same
form and the design parameters used for each are
similar. The equations of motion are too complex to
derive here, but details can be found in Vasta, et al
(1961) or in Webster (1967). A careful analysis of the
resulting coupled roll, sway, yaw and stabilizer system
shows that the stabilization performance depends prin-
cipally on five parameters: _

1. Stabilizer size, p = 8GM,/ GM,, the loss of
metacentric height caused by the stabilizer divided by
the metacentric height with the stabilizer weight or
liquid frozen in mid-position. Each of these passive
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stabilizers has the characteristic that, when the ship
has a heel, the weight in the stabilizer moves to cause
a moment that increases the heel. In the tank config-
urations this loss of stability is simply the free surface

loss. In moving weight stabilizer, 5GM, is given by
w?/ gkA, where w is the moving weight (mass = w/
g), k is the spring constant restoring the weight to
the center of its track and gA is the displacement
weight, W. The parameter u measures the static effect
of a motion of the stabilizer on the roll motion. All
three tanks shown in Fig. 93 have the same p, even
though their other characteristics may be different.
9. Stabilizer coupling, o, = w,/ w4, the ratio of
the natural frequency of the stabilizer to the roll nat-
ural frequency (also known as stabilizer tuning fac-
tor, in order to avoid confusion with the ship tuning
factor, used elsewhere, which is the ratio of encounter
frequency to ship roll natural frequency). When the
ratio, o,, is near unity, the worst motions of the ship
(those near the resonant frequency) couple easily into
motions of the stabilizer. In practice, it is typical for
this ratio to be slightly larger than unity to account
for the difference in damping between the ship and the
stabilizer. The natural frequency of a U-tube tank sys-
tem can be estimated by o, = v29/S", where
L
r — AO
S A0) dv

0

and where the girth parameter v, the U-tube free sur-
face area A, and cross-section area A(v) are defined
in Fig. 95a. The natural frequency of the other types
of stabilizer tanks can be estimated on the basis of an
equivalent U-tube (Vasta, et al 1961). The natural fre-

quency of the moving weight is simply \/Q—;E

3. Nondimensional stabilizer damping, {,, the ra-
tio of the stabilizer’s equivalent linear damping to its
critical damping. This parameter is comparable to B*
in the ship roll equation; see Section 3.8, Equation
(172). Stabilizers are typically moderately damped and
the damping is usually quite nonlinear. Values of ¢,
of 0.2-0.4 are typical for moderate motions. Therefore,
these stabilizers do not exhibit a resonance as marked
as the ship in roll. The damping in a tank depends on
the details of the shape of the wing tanks and espe-
cially of the crossover duct or, in the case of external
tanks, on the details of the hull openings. Since the
fluid drag associated with flow in this type of compli-
cated geometry is difficult to predict, it is common to
construct a reasonably large scale model of the tank
to confirm the damping. Analysis of free surface tanks
is somewhat more difficult since both the natural fre-
quency and the damping of the tank are sensitive to

the water depth.

129

4. Stabilizer capacity, m,, the maximum angle to
which the stabilizer can heel the ship with all of the
weight in the stabilizer on one side. For instance, for
a U-tube tank, 7, is computed as the static heel angle
induced when the fluid inside has moved to one side
and completely fills one wing tank. Typical values of
capacity are 0.03 to 0.10 rad., corresponding to a ca-
pability of the stabilizer to cause 2 static roll of 2 to
6 deg. A stabilizer loses effectiveness if the effective
wave slope is greater than 7,, and in very heavy seas
the stabilizer might be only marginally effective.

5. Stabilizer height parameter, &,. This parameter
is given either as

_ hol
g

for the moving weight stabilizer, where £ is the height
of the center of gravity of the moving weight above
the roll center, or as &, = S"/ S’ for the U-tube tank,

where

£

L
S" = fg%—)dv,
0

S’ is as before, and where R and ¢(v) are defined in
Fig. 95b. Here q(v) is defined to be negative if the
tangent line to the flow path at the point v is below
the roll center axis and to be positive if it is above.
The height parameter for the other tank configurations
can be determined by analogy to the U-tube configu-

ration.
The roll moments that arise due to the acceleration
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of the mass of the stabilizer weight or fluid from one
side of the ship to the other counteract the static mo-
ment of the weight or fluid if the stabilizer is mounted
far below the roll center (¢, < 0), and add if the sta-
bilizer is mounted far above the roll center (¢, > 0).
That is, the higher the stabilizer is located in the ship,
the more effective it is. Because of the factor w2 in
the parameter, stabilizers for ships with high meta-
centric stability (high roll resonant frequencies) re-
quire stabilizers to be mounted high in the ship if they
are to be effective.

The roll magnification factor or RAO (amplitude of
roll divided by effective maximum wave slope) is a
simple and effective measure to explore the effect of
the various stabilizer parameters, when plotted
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against non-dimensional frequency, &. = o,/ w,, (or
tuning factor). The following parameters represent a
typical good design of a stabilizer:

p =020
o, = 1.08
{, =030 (233)
n, = 0.05
£, =0.00

We first consider motions that are small enough so
that the capacity of the tank, 7,, is not a question.
Fig. 96 shows a sample calculated magnification factor
or RAO for a ship in beam seas with a roll damping
ratio of 0.05 (typical for a large ship fitted with bilge
keels) with and without a stabilizer defined by the
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parameters given in Equations (233). At very low fre-
quencies both the stabilized and unstabilized ships
have an RAO of unity. In other words, in very long
waves the ship rolls with an amplitude equal to the
effective wave slope and at these frequencies the sta-
bilizer has no motion relative to the ship. The ship
alone has a sharp peak at its resonant frequency, and
this peak is greatly reduced by the stabilizer. However,
for non-dimensional frequencies (tuning factors) below
about 0.7 and above 1.25, the RAQ’s are larger for the
ship with the stabilizer. That is, the stabilizer does not
improve motions at all frequencies.

It is rare that a ship experiences a seaway that is
composed of regular waves of a single frequency. Typ-
ical situations involve random seas with component
waves of many different frequencies and the effect of
the stabilizer over all these frequencies is important.
The extremely large roll reductions observed near roll
resonance are not realized in a real seaway. In partic-
ular, the average roll reduction in a real seaway is
typically of the order of 50 percent for a well-designed
stabilizer, even though the reduction at resonance is
90 percent or more.

It is interesting to examine typical variations in the
calculated beam-seas motions with changes in stabi-
lizer size, tuning, damping, and stabilizer height pa-
rameters. Fig. 97 shows the effect on stabilization of
changes in the stabilizer tuning, o-,. One sees that
changes in tank tuning factor, o, either above or
below the baseline frequency given in Equation (232)
lead to significant changes in the shape of the response
curve. A stabilizer with a natural frequency much
higher than the ship’s roll resonance frequency, o,
>> 1, is effective only at high frequencies. A similar
statement also applied to a tank with a much lower
natural frequency.
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Fig. 98 shows the effect of changes in stabilizer size,
p. Increases in p further reduce the peak of the RAO
at resonance, but also increase the response in the low
and high-frequency regions where the stabilized ship
rolls more than the unstabilized ship. The selection of
a p = 0.2 represents a typical compromise between
these competing effects.

Fig. 99 shows the effect of changes in the stabilizer
damping, {,. When the damping is much smaller than
the baseline damping given in Equation (232) the mo-
tions at the original roll resonance becomes small, but
two large resonances at frequencies above and below
the original resonance appear. If the damping is too
high the roll motions are little different from their
unstabilized counterparts.

Fig. 100 shows the effect of stabilizer height, &,. It
is clear that stabilizer performance improves with in-
crease in height above the roll center. However, the
topside space on board a ship is usually more valuable
for other purposes and stabilizers are often placed
deep in the ship. This figure shows that if the stabilizer
is placed too deep in the ship its performance may be
marginal.

When roll motions become larger, the nonlinear roll
characteristics and nonlinear tank damping play a
more important role. As a result, the stabilization per-
formance in these situations can vary considerably
from one ship to another. The most important single
parameter governing these differences is the tank ca-
pacity, 1,. Fig. 101 shows the variation of the signif-
icant roll motions as a function of significant wave
height for a typical unstabilized ship, and for the same
ship with stabilizers that differ only in their capacity,
7,. The motions are in a short-crested irregular seaway
at the worst heading. It is seen that in low and mod-
erate seas the stabilizers are quite effective and do not
differ in performance. As the sea state increases the
stabilizer with the lowest capacity saturates first and
its stabilization is not as good as for the higher-ca-
pacity tank. The effects of tank saturation appear at
small roll angles when 7, is small and not until larger
roll angles when 7, is large. Thus, the capacity param-
eter must be considered in relation to the mission pro-
file of the ship in which it will be installed.

Selection of the appropriate passive stabilizer for a
given application requires consideration of several dif-
ferent factors. Within a rough approximation all four
types of passive stabilizers discussed, i.e., moving
weight, U-tube, free surface and external tanks, are
not grossly different in weight for a given set of design
parameters. The moving weight can be much smaller
in volume, since the weight can be constructed using
steel and even denser materials. However, the size of
the weight increases in direct proportion to the ship
displacement and safety considerations restrict mov-
ing weight stabilizers to small ships. U-tube tanks re-
quire somewhat more internal structure for the
bulkheads and ducts than do free surface tanks but
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Fig. 102 Schematic of controlled-passive antiroll stabilizing tanks

have the advantage that they do not restrict fore-and-
aft passage. That is, the space above and below the
water cross-over duct is available for other purposes.
Free surface tanks have the advantage that it is pos-
sible to vary the tank natural frequency by changes
in water level and thus accommodate changes in the
ship’s metacentric height. It is, however, difficult to
measure the water level at sea and it is not easy for
the crew to decide the best water level setting for a
given situation. External tanks do not restrict fore-
and-aft passage inside the ship but have unique cor-
rosion problems and high added resistance.

Several features of all four passive stabilizers re-
quire special emphasis:

o These stabilizers cannot eliminate all of the roll
motions. Each relies on the ship motions to generate
the sloshing in the tanks or the motion of the weight.
The principal effect is a significant decrease in the level
of roll motions in the neighborhood of roll resonance.

« All passive stabilizers of this type increase the roll
motions at frequencies significantly away from the roll
resonance. For instance, in seas that are predominantly
from the stern, the encounter frequenecy may be quite
low and the ship may actually roll more with the sta-
bilizer in operation.

« Passive stabilizers do not require the ship to have
forward way. In fact, passive stabilizers are perhaps
the most effective system of roll reduction at zero
speed. This is often a ecritical consideration for drill
ships and other ocean engineering vehicles.

« The action of the stabilizer is to eliminate the
sharp peak in the roll RAO at resonance. The stabilized
RAO curve is more or less flat over a large frequency
band. The roll motions of the stabilized ship therefore
have a random or unpredictable characteristic similar
to that of the seaway. This is in sharp contrast to the
unstabilized ship motions which tend to have regular
and predictable, although larger, roll motions. The
result is that the stabilized ship may be perceived sub-
jectively by the on-board personnel as less comforta-
ble.

o The motion of the passive stabilizer’s fluid or
weight in high sea states may become so severe that
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saturation occurs. The fluid can hit the tank top or the
weight can come to the end of its track. In either cage
the stabilizer loses effectiveness and the ship roll pe.
havior becomes more like the unstabilized ship. Pry.
dence dictates, therefore, that other means of
stabilization, particularly bilge keels, also be installeq.

o In anti-roll tanks it is common to use fresh water
with additives to prevent corrosion. It is possible tq
use other liquids including fuel oils and ordinary sea
water. These latter liquids may require special atten-
tion to combat corrosion and flammability dangers.

(b) Controlled-passive stabilizers. In the event
that the roll stabilization offered by ordinary passive
stabilizers (such as described in the previous sub-sec-
tion) is not sufficient, it may be possible to use a slightly
more complex stabilization system known as a con-
trolled-passive roll stabilizer. The concept is to improve
the performance of a passive system by adding a so-
phisticated control system which, although it does not
change the basic action of the stabilizer, modifies this
action to make it more effective.

A typical stabilizer of this variety is the so-called
controlled-passive roll tank discussed in Bell &
Walker (1966) and sketched in Fig. 102. This tank is
similar in shape to the U-tube but the water cross-over
is much larger in cross section and the air cross-over
duct contains a servo-controlled valve system. Since
these valves control only the flow of air, very little
power is required for their activation. When the valve
is closed, the passage of air from one wing tank to
the other is prevented and the motion of the water
between the wing tanks is restricted by the resulting
compression of the air in the top of each tank. When
the valve is open, the air can pass freely and the water
can slosh without restriction from wing tank to wing
tank.
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The typical controlled-passive roll tank is designed
to have a tank tuning factor, o-,, well above unity. Fig.
103 shows three RAOs: one for a ship stabilized by a
good passive tank, one for a ship stabilized with a
controlled-passive tank, and one for a ship with the
controlled-passive tank but with the valves locked in
the open position. The first and third of these curves
are duplicates of curves in Fig. 98. As seen in these
figures, there is little difference between the controlled-
passive tank and the equivalent high-tuning-factor,
(i.e., high-natural-frequency) passive tank at frequen-
cies above the roll resonance. Both tanks produce
smaller roll motions at these frequencies than either
the ship alone or the ship with a well designed passive
tank.

At frequencies in the neighborhood of the roll res-
onance and below the roll resonance, however, the fluid
in the high-natural-frequency tank with the valves
locked open can slosh from one side of the ship to the
other much too fast. The result is the greatly exag-
gerated low-frequency roll motions which are more
severe than either the ship alone, or the ship with a
well designed passive tank. The control system pre-
vents this unsatisfactory behavior at low frequencies
by closing the valves and slowing the flow whenever
it would otherwise lead to large roll motions. The con-
trol system thus regulates the phasing of the fluid
motion primarily in the low-frequency regime. A well
designed controlled-passive tank has superior roll sta-
bilization (as much as a 20-40 percent better) over all
frequencies compared to those of a well designed pas-
sive tank of the same size, .

Controlled-passive tanks have several disadvan-
tages, and these have generally prevented their wide-
spread use. First, in order to achieve the high-natural-
frequency tank that a simple control system can slow
down, a large crossover duct is required. Therefore, a
controlled passive tank has a larger weight of fluid for
a tank of the same size, p. Second, a controlled-passive
tank depends on the operation of both the control sys-
tem (which normally includes gyros and sophisticated
electronics) and the mechanical activation system for
the valves. If any of this mechanical equipment fails,
the tank is either ineffective (the valves locked closed)
or inferior (the valves locked open). Nonetheless, sev-
eral of these stabilizers have been installed and they
appear to have a good operating record.

(d) Active stabilization. The border between con-
trolled-passive and active stabilization is not distinct.
Active stabilization generally implies that the system
requires the use of machinery of significant power and,
in order to justify the expense of this equipment, the
system is designed to be much more effective in elim-
inating roll motions than passive systems. Each system

_“consistg of two essential parts: a control system to
.+ detebt motjons of the ship and to predict the roll mo-
' ment, that will be applied to the ship by the seaway in
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that will apply a roll moment to cancel the predicted
moment.

The possible moment-generating systems include:
fin stabilization, gyro stabilization and active-tank sta-
bilization. Whereas the control system for each type
of stabilization system is similar, the means by which
the counteracting roll moment is produced is entirely
different. The control system will be discussed first,
followed by a more detailed discussion of each of these
different physical systems.

1. Control system. Itis the job of the control sys-
tem to command the moment-generating system to act
in such a way that the roll motions are reduced. It is
possible to develop such a control system that ignores
the cause of the roll and produces the desired command
signal on the basis of measured roll motions and em-
pirically determined constants (known as gains). How-
ever, an insight into the capabilities and limitations of
an active system can be gained by use of the equations
of motion.

For perfect stabilization, the roll moment that the
seaway will apply to the ship must be known 7 ad-
vance of its actual application, since all of the means
of producing counteracting roll moments on the ship
have a lag between the time when the commanded
moment is received and the time when the roll moment
is actually produced. Without constantly measuring
the seaway in the neighborhood of the ship, it is clear
that the current motions of the ship alone, even if
measured perfectly, would at best yield the instanta-
neous roll moment acting on the ship. However, if the
stabilizer has a relatively small lag in its response,
then an estimate of the current seaway-induced roll
moment is sufficient to produce very good stabilization.

In principle, Equation (17 1) in Section 3 can be used
for this purpose. Its use, however, is complicated by
the fact that it is a statement in the frequency domain
(as a consequence of the coefficients 4 ,, and B, being
frequency dependent). Using a mathematical proce-
dure known as convolution, this equation can be trans-
formed so that the required roll moment can be
expressed as the sum of a constant times the instan-
taneous roll acceleration plus an integral over all pre-
vious time of the roll acceleration history. In practice,
one is principally interested in the roll moments applied
to the ship at frequencies in the neighborhood of the
roll resonance. In this case, one can approximate Equa-
tion (171) by a differential equation,

(iu + Au) My + Bt‘u Ny + 014 Ny = F'4(t) (234)

where the constants A,, and B,, are chosen to be
A, (w,,) and B ..(0,4), the values of these parameters
at roll resonance. If, in a specific sea condition, the roll
angle, the roll rate and the roll acceleration can be
accurately measured, then Equation (234) gives an es-
timate of the instantaneous roll moment, £,(¢), in that
sea state. Accurate full-scale measurements of roll
velocity are not easy and measurements of roll accel-
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eration are difficult. Instruments that perform these
tasks are susceptible to errors from many sources,
including noise originating from ship vibrations and
electrical noise. These errors are reflected in F,(¢).
The control system most frequently adopted makes
use of yet another simplifying assumption. It is usually
assumed that the commanded roll moment is given as

p4(t) = Cl N, + Cz N4 (235)

Where C, and C, are comparable in size to B*, and
C*,, and are chosen to best stabilize the roll angle
with the given stabilizer hardware.

It should be clear that the use of Equation (235)
represents a compromise between what is required and
what is measurable. However, with responsive roll sta-
bilization systems such as fin stabilizers, the approx-
imation is less severe than one would first surmise.
For waves with encounter frequencies near resonance,
the first and third terms in Equation (234), nearly can-
cel out (the cancellation is exact at resonance). Thus,
at this critical frequency, the seaway-applied roll mo-
" ment is in phase with the roll rate, and roll acceleration
is not required. In classical control theory this type of
input to the moment generation system (Equation 235)
is called position and rate feedback.

2. Stabilizing fins. By far the most popular (and
most effective) means of active stabilization of ship roll
is through the use of fins. Fins are mounted on the
side of a hull, usually near the turn of the bilge. During
operation the fins usually extend beyond the beam of
the ship and sometimes below the baseline of the ship.
See Fig. 104. As a result, some additional mechanism
must be provided for their retraction while maneuver-
ing in port and for docking. During transit of the ship,
the fins also are usually retracted unless they are

needed to reduce motions, since their drag is signifi-
cant. Many manufacturers have designed and installed
stabilizers. Each is different in the controls, shape of
the fin, the exact mechanical details of operation, ete.
Fin stabilizers have been used extensively for high-
speed vessels, particularly on warships, cruise ships
and luxury liners.

When the fins are placed at an angle of attack, the
flow over them resulting from the forward speed of
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Fig. 105 Location and orientation of active antiroll fins
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the ship causes a lift; if the lifts are opposite from one
side of the ship to the other, the difference results in
a roll moment acting on the ship. The geometric fin
angle of attack (relative to the ship axes) can be varied
by an actuator, which is usually hydraulic. The roll
moment, F,, available from a pair of fins, each of
planform area, A,, on a ship proceeding at a speed,
V, can be estimated as

aC,

da

where D is the distance along a line from the roll center
to the center of effort of one fin, and 7 is the angle
between the fin axis and this line (see Fig. 105), dC,/
da is the fin lift coefficient slope, a, and a, are the
effective angles of attack of the port and starboard
fins, respectively (measured relative to the local in-
stantaneous flow and opposite in sign). The orientation
of typical fins is such that cos 7 is very close to unity.
Lift on the fins also gives rise to an induced drag on
the fins, and this in turn is exhibited as an increase in
the resistance of the ship. Since induced drag is ap-
proximately proportional to the square of the fin lift,
the increase in ship resistance can be noticeable in
severe seaways.

Equation (236) shows that the moment available de-
pends on the square of the forward velocity and the
surface area. The maximum value of 9C,/da(a, — a,)
is in the neighborhood of % 1.0 for the symmetric foil
sections used for fins. Since the magnitude of the roll
moment applied by the seaway is not greatly affected
by the ship’s speed, it is clear that the ship must either
have large enough fins or be travelling fast enough
for the fins to develop moments comparable to those
induced by the seaway. In particular, fin stabilization
is not appropriate for ships that need stabilization at
zero speed (such as oil drilling vessels) or those with
low-speed tasks (such as oceanographic vessels).

The relationship between the geometric angle of at-
tack (relative to the ship) and the effective angle of
attack (relative to the local flow) of each fin is difficult
to determine since waves in the neighborhood of the
fins strongly affects the local flow. In many modern
fin stabilizers, the achieved roll moment from the fins
is determined by measuring directly the force on the

F,=pV*4, (a, — a,) D cos 7 (236)
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Fig. 106 Measured roll motions before and after activating fin stabilization
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fin using strain gauges on the fin-hull attachment.
When the achieved force from either fin is less than
the commanded force the angle of the fins is increased
and vice versa.

The limitations in predicting the roll moment that
will act on the ship and the time lag in controlling the
fins prevent perfect stabilization. Further, in ex-
tremely high seas, the commanded force on a fin may
be larger than the fin is able to produce and a deg-
radation in the stabilizer effectiveness occurs. How-
ever, a well designed fin stabilizer system will provide
better stabilization than other known stabilizers. Fig.
106 (Chadwick, 1955) shows the stabilization achieved
with a Denny-Brown fin stabilizer.

3. Rudder stabilization. Baitis, et al (1983) and
Killstrom, et al (1988) discuss an interesting variation
of fin stabilization which is possible to use in special
cases. In some ships, the service speed is high enough
and the center of effort of the rudder is far enough
below the roll center that placing the rudder at an
angle of attack will produce a substantial roll moment.
The effect of this moment is frequently observed as
an initial heel into a turn in the first instants after
initiating a hard turn at full speed.

If the responsiveness of the steering machinery is
such that the rudder can be quickly moved from side
to side, it may be possible to use the rudder forces
(and the corresponding roll moments) for roll stabili-
zation. In such a system the commanded rudder angle
for roll stabilization would be simply added to that
required for course keeping. The frequencies at which
the stabilizing roll moments are required are suffi-
ciently high compared to those to which the ship re-
sponds in turning, that such a system would not
adversely affect the course keeping.

Naval ships are good candidates for this type of
stabilization since they are of high speed and have
large rudders mounted low on the ship (sometimes
even below the baseline). The rudders of typical com-
mercial ships may not be sufficient to generate ade-
quate roll moments for this type of stabilization. In
almost all cases the moment arm for a rudder is much
less than that for a fin mounted at the bilge and thus,
for an equivalent stabilization, the instantaneous
forces developed on the rudder must be much larger.
Although rudders are much bigger than typical fins,
the induced drag associated with the larger forces may
or may not be larger than that for the fins.

4. Gyro stabilization. Gyros have been used for
roll stabilization for over 80 years, principally in pas-
senger ships and later in submarines. The idea is sim-
ply that a gyro spinning about a vertical axis exerts
a substantial roll moment on its foundation propor-
tional to its precession rate about a transverse axis.
In the active systems the precession rate is forced in
order to develop the commanded roll moment. It is
possible to have a passive gyro design (sometimes
called a Schlick type after its original designer), but
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these have not been used in many years. Several de-
signs of active gyro stabilizers have been put into
practice, notably the designs by Sperry. Unlike fin sta-
bilization, gyro stabilization does not increase the drag
of the ship. However, in order to generate roll mo-
ments of a size comparable to the roll moments applied
by the seaway, the gyros must be physically quite
large and will consume considerable power. Generally
the cost, weight and space requirements have miti-
gated against their recent application.

5. Active tank stabilizers. It is possible to con-
ceive of an active stabilizer using a tank of fluid, and
one such system was actually constructed by Minorsky
(Chadwick & Klotter, 1954). This concept uses an axial
flow pump to force the water in the tank from one side
of the ship to the other, rather than to have it slosh
under the natural roll, sway and yaw forces, as hap-
pens in a passive tank. Webster (1967) studied the
problem of the design of such a system in some detail.

For a number of reasons this concept is not as at-
tractive as the other active systems. First, the pump
when activated in such a system accelerates the fluid
in the tank either to the port or starboard side of the
ship. A sizable amount of fluid arrives at that side only
some time after pumping begins. That is, a consider-
able lag exists between the time that the water is set
into motion and when the desired roll moment is
achieved. As discussed above, it is not really possible
to anticipate the required roll moment, and the addition
of this large lag in the tank response limits the effec-
tiveness of the roll stabilization. Therefore, funda-
mental reasons exist that prevent active roll tanks
from achieving the stabilization level of a good, rapidly
responding active fin system.

The amount of instantaneous pumping power re-
quired to achieve considerably better stabilization than
a passive roll tank is substantial and might be as high
as 10 percent of the installed shaft power of the ship.
The average power, on the other hand, is theoretically
negative (out of the tank) since the stabilizer acts as
a wave power absorber. It is unlikely that such a sys-
tem would actually yield any net useful power, since
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the types of pumps required do not have extremely
high efliciency. , )

6.3 Control of Pitch. The possibilities of anti-pitch.
ing devices must be considered, although the wave
forces and moments on a ship are much greater thap
those that cause rolling. One device of demonstrateq
effectiveness is a pair of fixed fins near the bow (Ab-
kowitz, 1959). During synchronous pitching, the bow
motion is nearly out-of-phase with that of the oncoming
waves, and the relative vertical velocity between ship
and wave Is greatest at this location. Fixed fins de-
velop, therefore, large forces and pitch moments as a
result. Use of these devices has been very limited as
a result of the vibration associated with the separated
flow around the foils and the increased resistance
which accompanies the development of the large fin
forces. Some solutions to the former problem have
been proposed (Cummins, 1959) (Ochi, 1961).

Bow bulbs of the type used by Taylor appear to have
comparatively little damping effect, since they are
streamlined and normally well below the surface. The
very large bulbs that have become common in the last
twenty years have been reported to provide some pitch
damping. However, they also increase both the pitch
momnent of inertia and added mass moment of inertia.
These tend to lengthen the natural pitching period,
which is generally undesirable.

Fixed fins at the stern have been long used to im-
prove the flow and hence reduce propeller vibration.
Their effectiveness in producing pitch damping is, how-
ever, small since the relative velocity between ship and
wave is small at this location. The possibility of acti-
vated stern fins has been suggested as a supplement
to fixed bow fins. The use of bow and/or stern tanks
with openings to the sea that allow water to flow in
and out like an external roll tank has also been dis-
cussed. To be effective for a conventional ship hull,
these tanks would have to occupy approximately 20
percent of the ship length. Their use at forward speed
would incur an enormous momentum drag penalty. As
a result, it seems unlikely that external pitch tanks
would be attractive for most applications.
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Section 7
Assessing Ship Seaway Performance'

7.1 Measures of Performance. The necessity to
forecast the operational worth of a ship long before it
is completed and goes to sea poses a multifaceted chal-
lenge to the ship designer. One of those facets is the
ship’s response to its environment, particularly its mo-
tions in various seaways to be encountered. Not only
must the naval architect be able to predict the per-
formance of a ship in any seaway during its design
stage, but he or she also needs a methodology to assess
the overall adequacy of its predicted seaway perform-
ance. Such a methodology is described in this section.
It is intended to be useful in assessing the seaway
performance of ships engaged in their normal, oper-
ational missions, not to be used to assess the surviv-
ability of ships in extreme seas, a topic discussed in
Chapters II, III and IV, Vol. L.

St. Denis (1976) has suggested an appropriate gen-
eral measure for assessing a ship’s operational per-
formance in a seaway, which he calls environmental
operability: “Given a mission and a sea-based system
by which to fulfill it,” he said, “the environment of
weather and sea will tend to degrade the effectiveness
in which the system will perform the mission. It is this
environmental degradation that is the central subject
of inquiry, Since in airs and seas that are calm the
environmental degradation is nil, the system’s calm air
and calm sea performance of its mission can be taken
as the standard of reference. By so doing, environ-
mental operability is defined as and measured by the
degree of attainment of calm air and still water mission
performance. It is this ratio that is the index of en-
vironmental operability.”

The above will be referred to here as the measure
or index of seakeeping performance. In general, the
methodology for assessing seakeeping performance
depends upon four factors, which need definition and
quantification:

(a) Mission. Missions are assigned to the ship, in-
cluding appropriate conditions of loading. The overall
missions of virtually all the ships of the world may be
subdivided into three categories:

1. Port-to-port transportation of goods or people
either by ships operating on a fixed schedule (liners)
or by ships engaged in continuous operation (tramps
and bulk carriers). v

2. Military missions carried out entirely at sea, such
as ocean surveillance, defensive or offensive operations
of and against forces at sea or against shore targets.

8. Commercial missions at sea, such as fishing, oil

drilling, or ocean mining.

13 Section 7 written by Philip Mandel.

Each mission in any of these three overall categories
may include several different ship functions. Typical
military ship functions under a surveillance mission,
for example, are transit, helicopter launch and recov-
ery, and at-sea replenishment.

(b) Environment. Ocean surface roughness and
wind speeds are defined and quantified as a function
of both location and time in Section 2. For the purposes
of this section, the common maritime practice of quan-
tifying ocean surface roughness by strata called sea
state numbers is employed. The strata used in this
section are characterized by the significant wave
heights (and modal wave periods) shown in Tablés 6
and 7 (Section 2). While significant wave height,
H, , and modal wave period, T,, are the two param-
etérs currently used to characterize the sea state,
H,, is the prime parameter. T,,, while important, is
secondary because for every possible value of T, there
is always a positive limiting value of H,,, governing
ship speed within the ship’s operating envelope. The
opposite is not always true. For large values of H,,
there is very likely to be no value of 7, within the
bound of possible T, values observed to exist in the
ocean (0 < T, < 24 sec) that will permit operation
within the desired ship’s speed operating envelope.

(¢) Ship responses. Specific responses are examined
as a function of ocean surface roughness, ship speed
and ship-wave heading angle, maximum. attainable
speed in both calm and rough water. Ship responses,
include all of the ship responses, both absolute and
relative, discussed in Section 7.3. Methods of calculat-
ing the responses are treated in Sections 3,4 and 5.

(d) Seakeeping performance criteria. These are a
key element in developing a methodology for assessing
a ship’s seaway operational performance, and with
their prescribed limiting values, determine whether or
not a mission(s) can be carried out. This factor is cov-
ered fully in sub-sections 7.3-7.6.

Before proceeding to discuss quantitative measures
of the seakeeping performance of ships it is well to
note that the single word ship is used throughout this
section to include all marine vehicles such as the mo-
nohull, SWATH, hydrofoil, planing, and surface effect
ships, as well as air cushion vehicles. The single word
ship is also used to denote the total ship system, which
in all cases comprises at the minimum the following
four elements: , .

1. The hull or platform; its type, geometry, and
structure.

2. The systems needed to operate the hull of plat-
form, (here called platform systems) i.e., its power
plant, steering system, motion control systems, etc.

3. The systems needed to perform the mission or
missions assigned to the ship (called mission systems).
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4. The people (in number, kind and training) nec-
essary to operate the total ship system.

Two quantitative measures of ship seakeeping per-
formance, called Seakeeping Performance Indexes
(SPI), have been recognized conceptually for years.
Both of them are in accord with the St. Denis general
index. One measure, here called SPI-1, is defined as
mission effectiveness. This is the fraction of time that
a given ship in a given condition of loading can perform
a specified military or commercial mission (or mix of
missions), for a predetermined profile of ship speeds
and headings in a specified ocean area and season.

The second measure, here called SPI-2, is a transit
time index. It is uniquely appropriate for the many
ships of the world devoted solely to port-to-port trans-
portation. It also applies to fishing boats traveling to
and from fishing grounds, and it may apply to naval
vessels en route to a specific destination when mini-
mum elapsed time of transit is of overriding impor-
tance. SPI-2 is defined as transit time index, which
is the ideal time that a ship needs for a transit in calm
water between two or more specified ports divided by
the actual time that the ship would require to travel
between the same two ports in seas appropriate to a
specified season or seasons. For a designated mini-
mum-distance route SPI-2 is also the ratio of the av-
erage speed of that ship on that route in the designated
seas to the calm water speed of that ship in the same
condition of loading and with the same bottom fouling.
This index is called the expected speed fraction (St.
Denis, 1976).

The details of how to calculate the Mission Effec-
tiveness Index, SPI-1 and the Transit Time Index, SPI-
2 are outlined in Sub-Sections 7.7 and 7.8. Their general
significance is discussed here.

SPI-1 is directly useful in assessing the operational
worth of the many military ships, and some commercial
ships—such as cruise ships—whose primary missions
are conducted and completed at sea. Assuming that a
correct set of seakeeping performance criteria and
their prescribed limiting values are available for each
particular ship mission and that the probabilities of
occurrence of wave conditions in the desired ocean
areas and over the desired time periods are known,
SPI-1 can be determined. We must calculate the per-
cent of time (i.e., probability) that the actual values of
various ship response never exceed the prescribed val-
ues of the applicable performance criteria. This percent
of time, SPI-1, is used directly in judging the opera-
tional worth of a ship. Performance limitations, other
than seakeeping, may even more severely constrain
this percent of time, but the percent of time measured
by SPI-1 can never be exceeded unless the ship or its
operational doctrine is altered.

Because of its restriction to a predetermined mix of
fixed speeds, SPI-1 is not useful in calculating the
operational worth of ships engaged in the common,
commercial function of port-to-port transportation of
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cargo or people. For this function, SPI-2, the ratio of
ideal transit time in smooth water to the actual transit
time, is appropriate. SPI-2 is one of the key factors
needed to calculate voyage time on a particular route
and in a particular season to a specified degree of
certainty. This is the most essential ingredient in as-
sessing the operational worth of transportation ships
engaged in regular or a scheduled service. Other key
factors involved in calculating voyage time to a spec-
ified degree of certainty are not included in SPI-2 be-
cause they are not directly associated with ship
performance in rough seas. These key factors are as-
sociated with ocean currents, wind drag, fouling, vis-
ibility conditions, deterioration of power output, cost
of fuel, harbor conditions, etc. It should be noted that
just as SPI-1 is not applicable to the transportation
mission, SPI-2 is not suitable for the ship missions for
which SPI-1 is useful. Both SPI-1 and SPI-2 may be
useful for frigates and destroyers on convoy duty.

7.2 Involuntary and Voluntary Speed Reduc-
tions. The values of both SPI-1 and 2 are intimately
linked to seaway-induced restrictions on ship speed and
on ship-wave heading direction. In this sub-section pri-
mary emphasis is on the restrictions on ship speed in
head seas, which is the critical ship-wave heading for
most ships. The restrictions on ship speed at other ship-
wave headings are discussed in sub-sections 7.5 and
7.1.

It was shown in Section 5 that maximum power-
limited speed at any heading, in any seaway, occurs
at the point on the appropriate curve of required power
of the ship, plotted as a function of speed, correspond-
ing to the available propulsion power, Fig. 88. Avail-
able power in different sea conditions is dependent
mainly on the characteristics of the propulsion plant
and the propulsor’s interaction with the waves and the
hull of the ship. Required power as a function of speed
is dependent on sea state, ship heading, ship size and
configuration. The increase in required power due to
rough water is attributable mainly to added drag in a
seaway. But the reduction in available power in rough
water results from both the drop in power plant output
under overload and the effect of ship motions in re-
ducing propulsive efficiency. The reductions in ship
speed attributable to both reduced available power and
increased required power are called involuntary speed
reductions because they occur whether the ship captain
wants them to occur or not.

The attainable speed of large, full low-powered ships
in rough seas is determined primarily by this invol-
untary speed reduction. In fact, large low-powered su-
pertankers are usually slowed down sufficiently by
rough seas to avoid problems of severe motions.

But for moderate to high-speed ships there is also
a voluntary speed reduction related to ship motions.
Fig. 107 (Mandel, 1979) shows for a hypothetical high-
speed monohull ship, in two different conditions of
loading, how attainable speed varies with head seas
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Fig. 107 Involuntary and voluntary speed reduction from calm water speed
for a high-speed mono hull in head seas {Mandel, 1979)

of different significant heights. It illustrates both the
involuntary speed reduction, caused by added required
power and reduced available power, and the voluntary
speed reduction caused by slamming (at the lighter
draft) and by deck wetness (at the deep draft). The
figure suggests that the involuntary speed reductions
are relatively small, although this may not always be
the case. As the sea state severity increases the am-
plitudes of motion of this high-speed ship increase, and
eventually, even with active motion stabilizers, the mo-
tions of the ship will become so severe that the captain
fears for the ability of his crew to carry out their
function, for the comfort of his passengers or for pos-
sible damage to the ship or its systems and its payload.
In the case of military ships, the motions may become
so severe that one or more ship functions cannot be
performed. Vital operational capabilities, like launch
and recovery of aircraft, become very hazardous, or
detection of other ships by means of sonar may become
impossible. (In all of these cases, the seas are severe
enough to reduce operational capability, but they are
not so severe that ship survivability is threatened).
The only recourse that the ship captain has is either
to reduce the speed of his ship, or to change its heading
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with respect to the waves, or both. These speed re-
ductions and heading changes are called voluntary be-
cause they are brought about by a decision of the
master and are not imposed by factors like added drag
or decreased propulsive efficiency over which he has
no control.

Fig. 108, taken from Lewis (1959) and Marks and
Ferdinande (1960), shows quantitative speed reduction
data similar to the hypothetical data of Fig. 108 for
two classes of general cargo ships at five different ship-
wave heading angles taken from actual voyage rec-
ords. The two curves labeled “power reduced” indicate
very roughly the points of transition between invol-
untary and voluntary speed reduction for these two
types of cargo ship.

Fig. 109 shows full-scale log data for the 218-m (715~
ft) 21-knot containership Dart Europe (the same ship
as in Fig. 88) in head seas, as plotted by Sellars and
Setterstrom (1987) from data in Aertssen and van
Sluijs (1972). The figure shows greater involuntary
speed reductions for this ship before power was vol-
untarily reduced than in Figs. 108 and 109 and cor-
respondingly less voluntary speed reduction as sea
conditions become more severe.

Because SPI-2 is concerned with maximum attain-
able ship speed in all seas from calm to rough, it is
likely that both involuntary and voluntary speed re-
ductions may be important in caleulating SPI-2. On the
other hand, because SPI-1 is only concerned with pre-
determined or specified speed values (which are almost
always below the maximum calm water speed), it is
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most probable that only voluntary speed reductions
and heading restrictions will be important for SPI-1.
Of course, if the specified speed values are very close
to the ship’s maximum calm water speed, then Fig.
108 shows that the involuntary speed reduction might
slightly degrade the range of sea state severities in
which the ship may carry out its mission. However, in
most practical cases, the values of speed at which it
is desired to calculate the values of SPI-1 are below
the speed at which the involuntary speed reductions
play a large role, and the voluntary speed reductions
are more important.

The process by which a ship captain makes his de-
cision to voluntarily reduce ship speed or change the
ship-wave heading direction is necessarily subjective.
The concepts of seakeeping performance criteria and
of limiting prescribed values for those criteria dis-
cussed in the following sections were developed to
quantify this subjective process. The increasing trend
toward installing motion monitoring instrumentation
on modern ships can be of great assistance in devel-
oping useful and reliable limiting values of the various
performance criteria, as well as providing useful op-
erating guidance to the ship master.

In this section emphasis is on the medium and high-
speed ship for which voluntary speed reductions are
of particular importance. It is assumed that available
power is always adequate, and both mission perform-
ance (SPI-1) and attainable speed (SPI-2) depend
mainly on direct and indirect effects of motions. For
slow-speed vessels where available power affects SPI-
2, and for all ships where lost time in rough seas must
be made up in good weather, the problem of required
maximum installed power (or service power allowance)
is important. See Sections 5 and 8.

7.3 Sedkeeping Performance Criteria and Ship Sea-
way Responses. In general usage, the words index
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way Responses. In general usage, the words index
and criterion have similar meanings. But in the lit-
erature on seakeeping, a clear distinction has gradu-
ally taken form. The term seakeeping performance
index, or index of environmental operability (Section
7.1), is used here as an overall statistical measure of
the degradation of seaway performance of a total ship
system over a period of time. In contrast, the term
seakeeping performance criterion refers to a specific
aspect of ship response to a seaway (amplitude of
motion, individual event or frequency of occurrence of
events), each of which—if severe enough—can de-
grade the performance of one or more of the elements
of a total ship system to an unacceptable level. (See
sub-section 7.4).

Twelve examples of currently used seaway perform-
ance criteria are given in Table 19, together with the
elements of the total ship system that they may affect
and the performance degradations they may cause.
The twelve seakeeping performance criteria are sub-
divided in the table into four categories of response,
as follows:

(a) Amplitudes of motion, such as absolute displace-
ments and roll, pitch, and yaw angles of the ship.

(b) Absolute vertical, transverse, and longitudinal
velocities and accelerations of points at selected lo-
cations on the ship with respect to the earth.

(c) Relative vertical displacements and velocities of
points at selected locations on the platform with re-
spect to the ocean surface at these locations.

(d) Relative motions between platform and aircraft.

All twelve criteria of Table 19 may apply to both
commercial and military ships. However, Criteria Nos.
3, 9 and 12 apply primarily to military ships. Criterion
6 is defined and discussed in Section 7.6.

There is a fifth category of seaway responses that
is important to some ships but is not reflected in any
of the criteria of Table 19. This category is:

(e) Vertical, transverse, and longitudinal displace-
ments, velocities and accelerations of platform or pay-
load components with respect to the ship, caused by
ship motions.

This category includes the motions of ship or payload
components sliding on a ship’s deck because of the
motions of the ship. Aspects of these motions are fur-
ther discussed at the end of this subsection, but data
are scarce.

The evaluation of the long-term seakeeping per-
formance of a proposed new design, to operate on an
assigned mission in a specified environment (Sections
7.7 and 7.8), involves the comparison of calculated re-
sponses against the prescribed values of the appro-
priate criteria, such as those given subsequently In
Table 20 and discussed fully in Sections 7.4 and 7.6,
for many short-term situations. The actual values of
the responses measure the severity of the motions and
the frequency of the seakeeping-related events that a
ship experiences while at sea. How to predict these
values is the major subject of Sections 3, 4, and 5 of
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Table 19— Twelve Examples of Seakeeping Performance Criteria

No.
(a) Absolute Motion Amplitudes

1. Roll angle }
2. Pitch angle

Seaway Performance Criteria

Systems

People
3 Vertical displacement of points {
" on flight deck

(b) Absolute Velocities and Accelerations

4. Vertical acce]eration}
5. Lateral acceleration

6. Motion sickness incidence (MSI) People

7 Slam acceleration (vibratory,

Affected Elements

People, Mission and Platform

Mission Systems

People and Mission Systems

People, Mission and Platform

Performance Degradations

proficiency, and mission and hull

{Personnel injury, reduced task
system degradation.

Injury to personnel handling
aircraft.

Inability to safely launch or
recover aircraft.

proficiency and mission system

{Personnel fatigue, reduced task
degradation

Reduced task proficiency.

Personnel fatigue, injury,
reduced task proficiency and
mission and hull system

" vertical Systems degradation. Preclusion of towed
sonar operation.
(¢} Motions Relative to Sea
8. Frequency of slamming. Hull Whipping stresses and
(Simultaneous bow reimmersion .. damage to sensors on the masts
& exceedance of a threshold {M’SS‘On Systems Slamming damage to bott
ertical velocity. mmin ma ottom

v ocity.) Platform System forward hull structure.

9. Frequency of emergence of a
sonar dome

10. Frequency of deck wetness
(submergence of the main deck {People
forward.

11. Probability of propeller
emergence

(d) Motions relative to aircraft

12. Vertical velocity of aircraft
relative to the flight deck

this chapter.

The actual values of all responses, except those in-
volving the motions of a body independent of the ship
platform (like Criterion No. 12 of Table 19, are totally
dependent on the motions of the ship in the seaway.
Hence the values of the responses corresponding to
Criteria 1 through 7 are directly calculable from the
response spectra associated with Categories (a) and
(b). The motion sickness corresponding to Criterion No.
6 is assumed to be dependent on the values of vertical
acceleration and on the frequency of occurrence of
those values of acceleration, as discussed in Section
7.6. Under Criterion No. 7 the actual values of peak
vertical acceleration due to slamming are difficult to
calculate because they are the result of a transient
event. The actual values of the responses correspond-
ing to Criteria Nos. 8-11, category (c), can be calcu-
lated using the methods of Sections 4 and 5 to obtain
the spectra of responses at different speeds and head-
ings in representative sea spectra. Finally, the actual

Mission Systems

Mission Systems

Platform System

Mission Systems

Reduced efficiency of sonar.

Injury or drowning of personnel.
Damage to deck-mounted
equipment.

Damage to the main propulsion
plant.

Damage to aircraft landing gear
and/or loss of aircraft.

values of response for Criterion No. 12 are calculable
from the spectra of the vertical velocities of Category
(b) for both the flight deck and the aircraft. (A more
accurate but much more expensive determination of
the values of these responses can be obtained by re-
peated time domain solutions).

A short-term evaluation of ship performance can be
obtained by making systematic calculations of the var-
ious responses at different speeds and headings in spe-
cific sea conditions, as defined by their directional sea
spectra. Results can then be plotted on the basis of
speed. For any specific set of performance criteria, the
speeds at which the criteria will be met can then be
determined for any combination of sea state and ship
heading. Such plots form the basis for the long-term
evaluations discussed in Sections 7.7 and 7.8.

The ship response spectra mentioned in the previous
paragraphs can be calculated by a Standard Ship Mo-
tion Program, utilizing the most suitable of the pro-
cedures described in Sections 8 and 4, as published by



142

Meyers, et al (1981). Some users of this (and other)
programs have developed their own extensions to time-
domain solutions.

Baitis, et al (1976b) utilized earlier versions of the
above standard program to create a comprehensive
ship motion data base, including both frequency do-
main and time domain responses, for five current
classes of Navy ships. A somewhat less comprehensive
data base exists for four classes of U.S. commercial
ships and for several liquefied natural gas (LNG) car-
riers (S. Bales, et al 1975) (Baitis, et al 1976a). Such
data bases are useful for readily obtaining seaway
performance information on existing ships, either for
comparison with similar information on new designs
or for use in the design of new ship systems and/or
components, Section 4.

While a frequency-domain data base is sufficient to
calculate the actual values of most responses of spe-
cific ships, it is not sufficient for the responses corre-
sponding to all applicable criteria. Vehicle motions in
the time domain are often desirable for the four classes
of criteria that:

(a) Involve the relative motion of two bodies whose
motions are independent of one another (e.g., Criterion
No. 12 of Table 19).

(b) Involve highly nonlinear combinations of various
ship motion components (e.g., shoring forces on ob-
jects carried on a deck of a ship that involve motion
dependent friction forces).

(c) Depend on the joint (simultaneous) occurrence
of any two or more independent ship motion compo-
nents exceeding a certain specified value (e.g., a cri-
terion that stated that the joint probability of
occurrence of roll = 5 deg and pitch = 2 deg could
not be tolerated).

(d) Involve time in an absolute, not relative, sense
(e.g., a criterion that states that a specified event can-
not occur at intervals less than x seconds duration).

These considerations account for the fact that many
computer programs, as well as the Baitis data base,
have been extended to obtain time domain responses.

7.4 Prescribed Limiting Values of the Seaway Per-
formance Criteria. Given that ship motions do degrade
the performance of elements of the total ship system,
the prescribed limiting values of the seaway per-
formance criteria are intended to correspond to the
boundary between acceptable and unacceptable per-
formance, i.e., the limit of operability. Ideally, it would
be very helpful if acceptability corresponded to an ab-
rupt discontinuity in the relation between motions and
performance degradation. In reality such abrupt dis-
continuities do not, of course, exist. It should be pos-
sible, however, to establish relationships in probability
terms between motions and degredation of perform-
ance for the various criteria (referred to as degrada-
tion functions by Comstock and Keane (1980). Such
a scheme can be fully realized only through the col-
lection and statisticle analysis of large amounts of
service data. It would permit a more precise definition
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to be made of limits associated with different levels of
performance.

Actually, the prescribed values are largely judgment
values coming from the experience and knowledge of
those who formulate the operational requirements for
ships, the medical profession concerned with human
performance, the naval architects and other engineers
concerned with the design and performance of the ship
and its subsystems, the various kinds of engineers
concerned with the mission systems, and—most im-
portant—the officers and men who operate the sys-
tems. Each of the prescribed values is viewed by these
people as a reasonable, average operational limit as-
sociated with no significant impairment of functions
or degradation of performance (unless otherwise
stated) in one of the following three categories:

(a) Personnel

o Comfort

o Motion sickness

« Personnel fatigue

« Task proficiency

« Safety

(b) Ship payload

o Helicopter and aircraft landing

o Cargo shifting.

(¢) The ship

o Hull damage

e Deck equipment damage

« System damage

o System efficiency

 Propulsion plant.

The prescribed values of the seakeeping criteria de-
veloped for Categories (a) and (b) should be completely
independent of sea, wind, and weather conditions; lo-
cation on the ship; or the presence or absence of active
motion controls. They are dependent on ship function
(mission) and crew experience, and may be dependent
on ship type, size, and/or mission duration. Similarly,
the prescribed values of seakeeping criteria developed
for Category (c) are also completely independent of
sea, wind, and weather conditions, and are dependent
on ship function. But they, unlike the preceding pre-
scribed values, are dependent on location in the ship.

Prescribed values for five different naval and four
commercial ship configurations, taken from several
sources, for the twelve seaway performance criteria
of Table 19 are given in Table 20 for several ship
functions. These values, and those given subsequently
in Section 7.7, are the best currently available in the
literature, but uncertainties remain in regard to many
of them. Hence, they should be considered tentative
and subject to revision as more instrumented ship data
become available. The five naval ship configurations
include monohull, SWATH, planing, hydrofoil and sur-
face effect ships. Although not necessarily so specified
in each source, it may be assumed that the prescribed
values of Table 20, except those for Criterion No. 6,
correspond to observed average operational limits for
no significant degredation of performance.



Table 20—Prescribed Values for the Twelve Performance Criteria of Table 19

Column No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14
a 2000~ . Commerical Monohulls
2. 3350 t. Planing Hydro- 3000t Bulk Gen. Cross-
@ Ship type Naval mono-hull SWATH  craft foil SES Naval mono-hull | Naval mono-hull | Carrier Cargo L. Trawler chan.
g Helicopter At sea  Sonar
=z Function Point-to-point transit operation replen. search Transit
e Comstock Allen Comstock
Olson et al. Olson et al Stark  Mandel | Olson et al. Olson  Olson
Source 1977) (1980) (1977 (1978  (1977) (1979) [Q977)  (1980) 1977)  (1977) Aertssen (1968, 1972)
Rms Roll
1 Angle, deg. 9.6 4. 9.6 — 1.25 1.5 3.2 2.5 —_ 9.6 — — — —_
Rms Pitch
2 Angle, deg. — 1.5 — — 1.5 1.5 — 1.5 2.4 — —_ — — —
Rms Vert.
3 Disp., m. - - - - - - 1.26 - - - - - - -
Rms Vert.
4 Accel., g — 0.2 — — 0.11 0.1 — 0.2 — — 0.5 0.9 1.4 1.0
Rms Lat.
5 Accel, g — 0.1 — — 0.06 0.1 — 0.1 — — —_ — — —
6 Mot. Sickness | 20% _ 20% . 10% 10% . _ . 20% . i . .
Incidence in 2 hrs in 2 hrs. ' in 4 hrs. in 2 hrs. in 2 hrs.
Slam x " "
7 Accel, g. 0.2 — — 4 0.5 0.6 0.2 — 0.2 0.2 0.2 0.2 09 04
8 Slam 3 20 # 3 20 3 3 3 4 6 5
Freq. /100 Ar. - - - /100 A]r. Aoo /100 Aoo /100 /xou /mo
9 Sonar Dome _ _ _ _ _ . _ _ . 120/ _ _ _ _
Emerg. Freq. fr.
10 IF)Il,(éqWetness 3%r. 3%!‘, - - - - a%r. a%n 3%1\ 3%". 5/100 %00 - -
11 g;‘gg Emerg. . _ # - _ _ _ _ . . 2%00 25/100 . _
Rms Rel. V.
12 Velocity, m/s - - —— - - - 1.83 1.0 - - o - - -

Notes: All values of response (angles, displacements, accelerations) are rms (root mean square) peak-to-mean (single amplitude) values unless otherwise noted.
* Extreme peak-to-mean value.
# See text, Section 7.6

Seakeeping Performance Criteria—Table 2
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The prescribed values of the criteria of Table 20, in
accordance with a principle stated early in this section,
can be applied to any location aboard ship. However,
because most of the actual values of the responses
corresponding to the criteria are very location depen-
dent (the only two exceptions are Criteria 1 and 2) use
of the seaway performance methodology requires
knowledge of the locations to be considered. The lo-
cations at which responses should be compared with
prescribed values of Criteria 8 through 12 of Table 20
are as follows, considering longitudinal, vertical and
lateral coordinates:

Criteria 3: Helicopter landing pad.

Criteria 4, 5 & 6: All locations in the ship where
personnel eat, sleep, and work (and on passenger
ships, recreate).

Criteria 7 & 8: For planing craft, hydrofoils, SES,
and ACVs: The same locations as for Criteria 4, 5 and
6. For monohulls and SWATHSs:

Locations that are dependent on hull fullness and
particularly on the extent of the flat of bottom. The
location assumed for the values given in Table 20 is
15 percent of the ship length abaft the bow, which is
the value for the 528-ft Mariner cargo ship used by
Ochi and Motter (1973).

Criterion 9: The location of the sonar dome.

Criterion 10: Any location on or above the deck of
the ship where personnel, payload, ship structure or
ship systems may be injured or damaged by impacting
sea water.

Criterion 11: The location of the propeller.

Criteria 3 and 12: The location (called the bull’s eye)
where the helicopters are launched and recovered.

Each of the prescribed values of Table 20 is dis-
cussed in detail in Section 7.6.

7.5 Governing Criteria. For a given ship, in a given
condition of loading, operating in a given sea state,
the prescribed values of one or more criteria from
Table 20 will constrain ship speed and ship-wave head-
ing direction. These criteria are called the governing
criteria. The governing criteria will change as speed
and ship-wave heading direction are altered, and they
will also change as the sea state changes. Insuring
that the governing criteria are identified for each sea
state and each ship condition requires that all of the
seakeeping criteria applicable to the ship and to its
function(s) be individually considered.

The governing criteria for a given mission, speed,
and heading may also be different for different ships
of the same general type and may even be different
for the same ship in different conditions of loading.
The latter point is illustrated in Fig. 109 for ahead
seas. In a light condition of loading (shallow draft and
large freeboard) the governing criterion for a mono-
hull performing the transit function is the slamming
frequency criterion No. 8 for the greater part of the
speed regime. Only at speeds in the lower 28 percent
of the speed regime is the deck wetness Criterion No.
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10 governing. However, in a heavy condition of loading
(large draft and smaller freeboard), the slamming cj.
terion is governing only in the upper 20 percent of the
speed regime, whereas the wetness criterion is gov-
erning over most of the speed range.

7.6 Discussion of Prescribed V